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A Proofs of Main Results

In the appendix, we use an . bn to denote there exists c > 0 such that an ≤ cbn.

A.1 Proof of Theorem 3.1

Step 1: Decomposition by recursive conditioning

To begin, note

µ̂n(1) =
1

2n

∑
1≤i≤2n

(2Di(Yi(1)− m̂1,n(Xi,Wi)) + m̂1,n(Xi,Wi))

=
1

2n

∑
1≤i≤2n

(2DiYi(1)− (2Di − 1)m̂1,n(Xi,Wi))

=
1

2n

∑
1≤i≤2n

(2DiYi(1)− (2Di − 1)m1,n(Xi,Wi)) + oP (n−1/2)

=
1

2n

∑
1≤i≤2n

(2DiYi(1)−Dim1,n(Xi,Wi)− (1−Di)m1,n(Xi,Wi)) + oP (n−1/2) , (A.1)

where the third equality follows from (9). Similarly,

µ̂n(0) =
1

2n

∑
1≤i≤2n

(2(1−Di)Yi(0)−Dim0,n(Xi,Wi)− (1−Di)m0,n(Xi,Wi)) + oP (n−1/2) . (A.2)

It follows from (A.1)–(A.2) that

∆̂n =
1

n

∑
1≤i≤2n

Diφ1,n,i −
1

n

∑
1≤i≤2n

(1−Di)φ0,n,i + oP (n−1/2) , (A.3)

where

φ1,n,i = Yi(1)− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))

φ0,n,i = Yi(0)− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi)) .

Next, consider

Ln =
1

2
√
n

∑
1≤i≤2n

(2Di − 1)E[m1,n(Xi,Wi) +m0,n(Xi,Wi)|Xi] .

For simplicity, define Md,n(Xi) = E[md,n(Xi,Wi)|Xi] for d ∈ {0, 1}. It follows from Assumption 2.2 that

E[Ln|X(n)] = 0. On the other hand,

Var[Ln|X(n)] =
1

4n

∑
1≤j≤n

(
M1,n(Xπ(2j−1)) +M0,n(Xπ(2j−1))− (M1,n(Xπ(2j)) +M0,n(Xπ(2j)))

)2
.

1

n

∑
1≤j≤n

|M1,n(Xπ(2j−1))−M1,n(Xπ(2j))|2 +
1

n

∑
1≤j≤n

|M0,n(Xπ(2j−1))−M0,n(Xπ(2j))|2

1



P→ 0 ,

where the inequality follows from (a + b)2 ≤ 2(a2 + b2) and the convergence follows from Assumptions 2.3

and 3.1(c). By Markov’s inequality and the fact that E[Ln|X(n)] = 0, for any ε > 0,

P{|Ln| > ε|X(n)} ≤ Var[Ln|X(n)]

ε2
P→ 0 .

Since probabilities are bounded, we have Ln = oP (1). This fact, together with (A.3), imply

√
n(∆̂n −∆(Q)) = An −Bn + Cn −Dn ,

where

An =
1√
n

∑
1≤i≤2n

(
Diφ1,n,i − E[Diφ1,n,i|X(n), D(n)]

)
Bn =

1√
n

∑
1≤i≤2n

(
(1−Di)φ0,n,i − E[(1−Di)φ0,n,i|X(n), D(n)]

)
Cn =

1√
n

∑
1≤i≤2n

Di(E[Yi(1)|Xi]− E[Yi(1)])

Dn =
1√
n

∑
1≤i≤2n

(1−Di)(E[Yi(0)|Xi]− E[Yi(0)]) .

Note that conditional on X(n) and D(n), An and Bn are independent while Cn and Dn are constants.

Step 2: Conditional central limit theorems

We first analyze the limiting behavior of An. Define

s2
n =

∑
1≤i≤2n

Di Var[φ1,n,i|Xi] .

Note by Assumption 2.2 that s2
n = nVar[An|X(n), D(n)]. We proceed verify the Lindeberg condition for An

conditional on X(n) and D(n), i.e., we show that for every ε > 0,

1

s2
n

∑
1≤i≤2n

E[|Di(φ1,n,i − E[φ1,n,i|Xi])|2I{|Di(φ1,n,i − E[φ1,n,i|Xi])| > εsn}|X(n), D(n)]
P→ 0 . (A.4)

To that end, first note Lemma B.2 implies

s2
n

nE[Var[φ1,n,i|Xi]]

P→ 1 . (A.5)

(A.5) and Assumption 3.1(a) imply that for all λ > 0,

P{εsn > λ} P→ 1 . (A.6)
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Furthermore, for some c > 0,

P

{
s2
n

n
> c

}
→ 1 . (A.7)

Next, note for any λ > 0 and δ1 > 0, the left-hand side of (A.4) can be written as

1

s2
n/n

1

n

∑
1≤i≤2n:Di=1

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]| > εsn}|X(n), D(n)]

≤ 1

s2
n/n

1

n

∑
1≤i≤2n

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]| > εsn}|X(n), D(n)]

≤ 1

c

1

n

∑
1≤i≤2n

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]| > λ}|X(n), D(n)] + oP (1)

≤ 2

c

1

2n

∑
1≤i≤2n

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]| > λ}|Xi] + oP (1) , (A.8)

where the first inequality follows by inspection, the second follows from (A.6)–(A.7), and the last follows

from Assumption 2.2. We then argue

1

2n

∑
1≤i≤2n

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]| > λ}|Xi]

= E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]| > λ}] + oP (1) . (A.9)

To this end, we once again verify the Lindeberg condition in Lemma 11.4.2 of Lehmann and Romano (2005).

Note

|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]| > λ} ≤ |φ1,n,i − E[φ1,n,i|Xi]|2 .

Therefore, in light of Lemma B.1, we only need to verify

lim
γ→∞

lim sup
n→∞

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]|2 > γ}] = 0 , (A.10)

which follows immediately from Lemma B.3.

Another application of (A.10) implies (A.4). Lindeberg’s central limit theorem and (A.5) then imply

that

sup
t∈R
|P{An/

√
E[Var[φ1,n,i|Xi]] ≤ t|X(n), D(n)} − Φ(t)| P→ 0 .

Similar arguments lead to

sup
t∈R
|P{Bn/

√
E[Var[φ0,n,i|Xi]] ≤ t|X(n), D(n)} − Φ(t)| P→ 0 .

Step 3: Combining conditional and unconditional components

Meanwhile, it follows from the same arguments as those in (S.22)–(S.25) of Bai et al. (2022) that

Cn −Dn
d→ N

(
0,

1

2
E
[
(E[Yi(1)|Xi]− E[Yi(1)]− (E[Yi(0)|Xi]− E[Yi(0)]))2

])
.
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To establish (10), define ν2
n = ν2

1,n + ν2
0,n + ν2

2 , where

ν2
1,n = E[Var[φ1,n,i|Xi]]

ν2
0,n = E[Var[φ0,n,i|Xi]]

ν2 =
1

2
E
[
(E[Yi(1)|Xi]− E[Yi(1)]− (E[Yi(0)|Xi]− E[Yi(0)]))2

]
Note √

n(∆̂n −∆(Q))

νn
=

An
ν1,n

ν1,n

νn
− Bn
ν0,n

ν0,n

νn
+
Cn −Dn

ν2

ν2

νn
.

Further note νn, ν1,n, ν0,n, ν2 are all constants conditional on X(n) and D(n). Suppose by contradiction that
√
n(∆̂n−∆(Q))

νn
does not converge in distribution to N(0, 1). Then, there exists ε > 0 and a subsequence {nk}

such that

sup
t∈R
|P{
√
nk(∆̂nk

−∆(Q))/νnk
≤ t} − Φ(t)| → ε . (A.11)

Because the sequence ν1,nk
and ν0,nk

are bounded by Assumptions 3.1(b), there is a further subsequence,

which with some abuse of notation we still denote by {nk}, along which ν1,nk
→ ν∗1 and ν0,nk

→ ν∗0 for some

ν∗1 , ν
∗
0 ≥ 0. Then, ν1,nk

/νnk
, ν0,nk

/νnk
, ν2/νnk

all converge to constants. Therefore, it follows from Lemma

S.1.2 of Bai et al. (2022) that
√
nk(∆̂nk

−∆(Q))/νnk

d→ N(0, 1) ,

a contradiction to (A.11). Therefore, the desired convergence in Theorem 3.1 follows.

Step 4: Rearranging the variance formula

To conclude the proof with the the variance formula as stated in the theorem, note

Var
[
Yi(0)− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))

∣∣∣Xi

]
= Var

[
E
[
Yi(0)− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))

∣∣∣Xi,Wi

]∣∣∣Xi

]
+ E

[
Var

[
Yi(0)− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))

∣∣∣Xi,Wi

]∣∣∣Xi

]
= Var

[
E
[Yi(1) + Yi(0)

2

∣∣∣Xi,Wi

]
− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))− E

[Yi(1)− Yi(0)

2

∣∣∣Xi,Wi

]∣∣∣Xi

]
+ E[Var[Yi(0)|Xi,Wi]|Xi]

= Var
[
E
[Yi(1) + Yi(0)

2

∣∣∣Xi,Wi

]
− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))

∣∣∣Xi

]
+ Var

[
E
[Yi(1)− Yi(0)

2

∣∣∣Xi,Wi

]∣∣∣Xi

]
− 2Cov

[
E
[Yi(1) + Yi(0)

2

∣∣∣Xi,Wi

]
− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi)), E

[Yi(1)− Yi(0)

2

∣∣∣Xi,Wi

]∣∣∣Xi

]
+ E[Var[Yi(0)|Xi,Wi]|Xi] , (A.12)

where the first equality follows from the law of total variance, the second one follows by direct calculation,

and the last one follows by expanding the variance of the sum. Similarly,

Var
[
Yi(1)− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))

∣∣∣Xi

]
4



= Var
[
E
[Yi(1) + Yi(0)

2

∣∣∣Xi,Wi

]
− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi))

∣∣∣Xi

]
+ Var

[
E
[Yi(1)− Yi(0)

2

∣∣∣Xi,Wi

]∣∣∣Xi

]
+ 2Cov

[
E
[Yi(1) + Yi(0)

2

∣∣∣Xi,Wi

]
− 1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi)), E

[Yi(1)− Yi(0)

2

∣∣∣Xi,Wi

]∣∣∣Xi

]
+ E[Var[Yi(1)|Xi,Wi]|Xi] . (A.13)

It follows that

σ2
n(Q) =

1

2
E[Var[E[Yi(1) + Yi(0)|Xi,Wi]− (m1,n(Xi,Wi) +m0,n(Xi,Wi))|Xi]]

+
1

2
E[Var[E[Yi(1)− Yi(0)|Xi,Wi]|Xi]] +

1

2
Var[E[Yi(1)− Yi(0)|Xi]]

+ E[Var[Yi(0)|Xi,Wi]|Xi] + E[Var[Yi(1)|Xi,Wi]|Xi]

=
1

2
E[Var[E[Yi(1) + Yi(0)|Xi,Wi]− (m1,n(Xi,Wi) +m0,n(Xi,Wi))|Xi]]

+
1

2
E[(E[Yi(1)− Yi(0)|Xi,Wi]− E[Yi(1)− Yi(0)|Xi])

2]

+
1

2
E[(E[Yi(1)− Yi(0)|Xi]− E[Yi(1)− Yi(0)])2]

+ E[(Yi(0)− E[Yi(0)|Xi,Wi])
2] + E[(Yi(1)− E[Yi(1)|Xi,Wi])

2]

=
1

2
E[Var[E[Yi(1) + Yi(0)|Xi,Wi]− (m1,n(Xi,Wi) +m0,n(Xi,Wi))|Xi]]

+
1

2
Var[E[Yi(1)− Yi(0)|Xi,Wi]] + E[Var[Yi(0)|Xi,Wi]] + E[Var[Yi(1)|Xi,Wi]] ,

where the first equality follows by definition, the second one follows from (A.12)–(A.13), the third one again

follows by definition, and the last one follows because by the law of iterated expectations,

E[(E[Yi(1)− Yi(0)|Xi,Wi]− E[Yi(1)− Yi(0)|Xi])(E[Yi(1)− Yi(0)|Xi]− E[Yi(1)− Yi(0)])] = 0 .

The conclusion then follows.

A.2 Proof of Theorem 3.2

Theorem 3.1 implies ∆̂n
P→ ∆(Q). Next, we show

τ̂2
n − E[Var[φ1,n,i|Xi]] + E[Var[φ0,n,i|Xi]] + E[(E[Yi(1)|Xi]− E[Yi(0)|Xi])

2]
P→ 0 . (A.14)

To that end, define

Y̊i = Yi −
1

2
(m1,n(Xi,Wi) +m0,n(Xi,Wi)) .

Note

τ̂2
n =

1

n

∑
1≤j≤n

(
Y̊π(2j−1) − Y̊π(2j) + (Ỹπ(2j−1) − Ỹπ(2j) − (Y̊π(2j−1) − Y̊π(2j)))

)2

5



=
1

n

∑
1≤j≤n

(Y̊π(2j−1) − Y̊π(2j))
2 +

1

n

∑
1≤j≤n

(Ỹπ(2j−1) − Ỹπ(2j) − (Y̊π(2j−1) − Y̊π(2j)))
2

+
2

n

∑
1≤j≤n

(Ỹπ(2j−1) − Ỹπ(2j) − (Y̊π(2j−1) − Y̊π(2j)))(Y̊π(2j−1) − Y̊π(2j)) .

Therefore, to establish (A.14), we first show

1

n

∑
1≤j≤n

(Y̊π(2j−1) − Y̊π(2j))
2 − E[Var[φ1,n,i|Xi]] + E[Var[φ0,n,i|Xi]] + E[(E[Yi(1)|Xi]− E[Yi(0)|Xi])

2]
P→ 0

(A.15)

and
1

n

∑
1≤j≤n

(Ỹπ(2j−1) − Ỹπ(2j) − (Y̊π(2j−1) − Y̊π(2j)))
2 P→ 0 . (A.16)

(A.16) immediately follows from repeated applications of the inequality (a − b)2 ≤ 2(a2 + b2) and (12). To

verify (A.15), note

1

n

∑
1≤j≤n

(Y̊π(2j−1) − Y̊π(2j))
2 =

1

n

∑
1≤i≤2n

Y̊ 2
i −

2

n

∑
1≤j≤n

Y̊π(2j−1)Y̊π(2j) .

It follows from similar arguments to those in the proof of Lemma B.2 below that

1

n

∑
1≤i≤2n

Y̊ 2
i − E[φ2

1,n,i] + E[φ2
0,n,i]

P→ 0 .

Similarly, it follows from the proof of the same lemma that

2

n

∑
1≤j≤n

Y̊π(2j−1)Y̊π(2j) − 2E[E[φ1,n,i|Xi]E[φ0,n,i|Xi]]
P→ 0 .

To establish (A.15), note

E[φ2
1,n,i] + E[φ2

0,n,i]− 2E[E[φ1,n,i|Xi]E[φ0,n,i|Xi]]

= E[Var[φ1,n,i|Xi]] + E[Var[φ0,n,i|Xi]] + E[E[φ1,n,i|Xi]
2] + E[E[φ0,n,i|Xi]

2]− 2E[E[φ1,n,i|Xi]E[φ0,n,i|Xi]]

= E[Var[φ1,n,i|Xi]] + E[Var[φ0,n,i|Xi]] + E[(E[φ1,n,i|Xi]− E[φ0,n,i|Xi])
2]

= E[Var[φ1,n,i|Xi]] + E[Var[φ0,n,i|Xi]] + E[(E[Yi(1)|Xi]− E[Yi(0)|Xi])
2] ,

where the last equality follows from the definition of φ1,n,i and φ0,n,i. It then follows from the Cauchy-

Schwarz inequality that

∣∣∣∣∣∣ 1n
∑

1≤j≤n

(Ỹπ(2j−1) − Ỹπ(2j) − (Y̊π(2j−1) − Y̊π(2j)))(Y̊π(2j−1) − Y̊π(2j))

∣∣∣∣∣∣
≤

 1

n

∑
1≤j≤n

(Y̊π(2j−1) − Y̊π(2j))
2

 1

n

∑
1≤j≤n

(Ỹπ(2j−1) − Ỹπ(2j) − (Y̊π(2j−1) − Y̊π(2j)))
2

 P→ 0 ,

which, together with (A.15)–(A.16) as well as Assumptions 2.1(b) and 3.1(b), imply (A.14).
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Next, we show

λ̂n
P→ E[(E[Yi(1)|Xi]− E[Yi(0)|Xi])

2] . (A.17)

Note

λ̂n −
2

n

∑
1≤j≤bn2 c

(Y̊π(4j−3) − Y̊π(4j−2))(Y̊π(4j−1) − Y̊π(4j))(Dπ(4j−3) −Dπ(4j−2))(Dπ(4j−1) −Dπ(4j)) (A.18)

=
2

n

∑
1≤j≤bn2 c

(Ỹπ(4j−3) − Y̊π(4j−3) − (Ỹπ(4j−2) − Y̊π(4j−2)))(Y̊π(4j−1) − Y̊π(4j))

× (Dπ(4j−3) −Dπ(4j−2))(Dπ(4j−1) −Dπ(4j))

+
2

n

∑
1≤j≤bn2 c

(Y̊π(4j−3) − Y̊π(4j−2))(Ỹπ(4j−1) − Y̊π(4j−1))− (Ỹπ(4j) − Y̊π(4j)))

× (Dπ(4j−3) −Dπ(4j−2))(Dπ(4j−1) −Dπ(4j))

+
2

n

∑
1≤j≤bn2 c

(Ỹπ(4j−3) − Y̊π(4j−3) − (Ỹπ(4j−2) − Y̊π(4j−2)))

× (Ỹπ(4j−1) − Y̊π(4j−1))− (Ỹπ(4j) − Y̊π(4j)))(Dπ(4j−3) −Dπ(4j−2))(Dπ(4j−1) −Dπ(4j)) .

In what follows, we show

2

n

∑
1≤j≤bn2 c

(Y̊π(4j−3) − Y̊π(4j−2))
2 = OP (1) (A.19)

2

n

∑
1≤j≤bn2 c

(Y̊π(4j−1) − Y̊π(4j))
2 = OP (1) (A.20)

2

n

∑
1≤j≤bn2 c

(Ỹπ(4j−3) − Y̊π(4j−3) − (Ỹπ(4j−2) − Y̊π(4j−2)))
2 = oP (1) (A.21)

2

n

∑
1≤j≤bn2 c

(Ỹπ(4j−1) − Y̊π(4j−1))− (Ỹπ(4j) − Y̊π(4j)))
2 = oP (1) (A.22)

2

n

∑
1≤j≤bn2 c

(Y̊π(4j−3) − Y̊π(4j−2))(Y̊π(4j−1) − Y̊π(4j))(Dπ(4j−3) −Dπ(4j−2))(Dπ(4j−1) −Dπ(4j))

P→ E[(E[Yi(1)|Xi]− E[Yi(0)|Xi])
2] . (A.23)

To establish (A.19)–(A.20), note they follow directly from (A.15) and Assumptions 2.1(b) and 3.1(b). Next,

note (A.21) follows from repeated applications of the inequality (a + b)2 ≤ 2(a2 + b2) and (12). (A.22)

can be established by similar arguments. (A.23) follows from similar arguments to those in the proof of

Lemma S.1.7 of Bai et al. (2022), with the uniform integrability arguments replaced by arguments similar to

those in the proof of Lemma B.2, together with Assumptions 2.1–2.4 and 3.1. (A.18)–(A.23) imply (A.17)

immediately.

Finally, note we have shown

σ̂2
n − σ2

n
P→ 0 .

7



Assumption 3.1(a) implies σ2
n is bounded away from zero, so

σ̂n
σn

P→ 1 .

The conclusion of the theorem then follows.

A.3 Proof of Theorem 4.1

We will apply the Frisch-Waugh-Lovell theorem to obtain an expression for β̂naive
n . Consider the linear

regression of ψi on 1 and Di. Define

µ̂ψ,n(d) =
1

n

∑
1≤i≤2n

ψiI{Di = d}

for d ∈ {0, 1} and

∆̂ψ,n = µ̂ψ,n(1)− µ̂ψ,n(0) .

The ith residual based on the OLS estimation of this linear regression model is given by

ψ̃i = ψi − µ̂ψ,n(0)− ∆̂ψ,nDi .

β̂naive
n is then given by the OLS estimator of the coefficient in the linear regression of Yi on ψ̃i. Note

1

2n

∑
1≤i≤2n

ψ̃iψ̃
′
i =

1

2n

∑
1≤i≤2n

(ψi − µ̂ψ,n(1))(ψi − µ̂ψ,n(1))′Di +
1

2n

∑
1≤i≤2n

(ψi − µ̂ψ,n(0))(ψi − µ̂ψ,n(0))′(1−Di)

=
1

2n

∑
1≤i≤2n

ψiψ
′
i −

1

2
µ̂ψ,n(1)µ̂ψ,n(1)′ − 1

2
µ̂ψ,n(0)µ̂ψ,n(0)′ .

It follows from Assumption 4.1(b) and the weak law of large number that

1

2n

∑
1≤i≤2n

ψiψ
′
i
P→ E[ψiψ

′
i] .

On the other hand, it follows from Assumptions 2.2–2.3 and 4.1(b)–(c) as well as similar arguments to those

in the proof of Lemma S.1.5 of Bai et al. (2022) that

µ̂ψ,n(d)
P→ E[ψi]

for d ∈ {0, 1}. Therefore,
1

2n

∑
1≤i≤2n

ψ̃iψ̃
′
i
P→ Var[ψi] .

Next,

1

2n

∑
1≤i≤2n

ψ̃iYi =
1

2n

∑
1≤i≤2n

(ψi − µ̂ψ,n(1))Yi(1)Di +
1

2n

∑
1≤i≤2n

(ψi − µ̂ψ,n(0))Yi(0)(1−Di)

8



It follows from similar arguments as above as well as Assumptions 2.1(b), 2.2–2.3, and 4.1(b)–(c) that

1

2n

∑
1≤i≤2n

ψ̃iYi
P→ Cov[ψi, Yi(1) + Yi(0)] .

The convergence of β̂naive
n therefore follows from the continuous mapping theorem and Assumption 4.1(a).

To see (12) is satisfied, note

1

2n

∑
1≤i≤2n

(m̂d,n(Xi,Wi)−md,n(Xi,Wi))
2 = (β̂naive

n − βnaive)′

 1

2n

∑
1≤i≤2n

ψiψ
′
i

 (β̂naive
n − βnaive) .

(12) then follows from the fact that β̂naive
n

P→ β, Assumption 4.1(b), and the weak law of large numbers. To

establish (9), first note

1√
2n

∑
1≤i≤2n

(2Di − 1)(m̂d,n(Xi,Wi)−md,n(Xi,Wi)) =
1√
2

√
n∆̂′ψ,n(β̂naive

n − βnaive) .

In what follows, we establish
√
n∆̂ψ,n = OP (1) , (A.24)

from which (9) follows immediately because β̂naive
n −βnaive = oP (1). Note by Assumption 2.2 that E[

√
n∆̂ψ,n|X(n)] =

0. Also note
√
n∆̂ψ,n = Fn −Gn +Hn ,

where

Fn =
1√
n

∑
1≤i≤2n

(ψi − E[ψi|Xi])Di ,

Gn =
1√
n

∑
1≤i≤2n

(ψi − E[ψi|Xi])(1−Di) , and

Hn =
1√
n

∑
1≤j≤n

(E[ψπ(2j−1)|Xπ(2j−1)]− E[ψπ(2j)|Xπ(2j)])(Dπ(2j−1) −Dπ(2j)) .

We will argue Fn, Gn, Hn are all OP (1). Since this could be carried out separately for each entry of Fn and

Gn, we assume without loss of generality that kψ = 1. First, it follows from Assumptions 2.2–2.3 and 4.1(c)

as well as similar arguments to those in the proof of Lemma S.1.4 of Bai et al. (2022) that

Var[Fn|X(n), D(n)] =
1

n

∑
1≤i≤2n

Var[ψi|Xi]Di
P→ E[Var[ψi|Xi]] > 0 .

It then follows from similar arguments using the Lindeberg central limit theorem as in the proof of Lemma

S.1.4 of Bai et al. (2022) that Fn = OP (1). Similar arguments establish Gn = OP (1). Finally, we show

Hn = OP (1). Note that E[Hn|X(n)] = 0 and by Assumptions 2.2–2.3 and 4.1(c),

Var[Hn|X(n)] =
1

n

∑
1≤j≤n

(E[ψπ(2j−1)|Xπ(2j−1)]− E[ψπ(2j)|Xπ(2j)])
2 P→ 0 .

9



Therefore, for any fixed ε > 0, Markov’s inequality implies

P{|Hn − E[Hn|X(n)]| > ε|X(n)} ≤ Var[Hn|X(n)]

ε2
P→ 0 .

Since probabilities are bounded and therefore uniformly integrable, we have that

P{|Hn − E[Hn|X(n)]| > ε} → 0 .

Therefore, (A.24) follows. Finally, it is straightforward to see Assumption 3.1 is implied by Assumption 4.1.

A.4 Proof of Theorem 4.2

By the Frisch-Waugh-Lovell theorem, β̂pfe
n is equal to the OLS estimator in the linear regression of {(Yπ(2j−1)−

Yπ(2j), Yπ(2j) − Yπ(2j−1)) : 1 ≤ j ≤ n} on {(2Dπ(2j−1) − 1, 2Dπ(2j) − 1) : 1 ≤ j ≤ n} and {(ψπ(2j−1) −
ψπ(2j), ψπ(2j)−ψπ(2j−1)) : 1 ≤ j ≤ n}. To apply the Frisch-Waugh-Lovell theorem again, we study the linear

regression of {(ψπ(2j−1)−ψπ(2j), ψπ(2j)−ψπ(2j−1)) : 1 ≤ j ≤ n} on {(2Dπ(2j−1)−1, 2Dπ(2j)−1) : 1 ≤ j ≤ n}.
The OLS estimator of the regression coefficient in such a regression equals

∆̂ψ,n =
1

n

∑
1≤j≤n

(Dπ(2j−1) −Dπ(2j))(ψπ(2j−1) − ψπ(2j)) .

The residual is therefore {(ψπ(2j−1)−ψπ(2j)−(2Dπ(2j−1)−1)∆̂ψ,n, ψπ(2j)−ψπ(2j−1)−(2Dπ(2j)−1)∆̂ψ,n) : 1 ≤
j ≤ n}. β̂pfe

n equals the OLS estimator of the coefficient in the linear regression of {(Yπ(2j−1)−Yπ(2j), Yπ(2j)−
Yπ(2j−1)) : 1 ≤ j ≤ n} on those residuals. Define

δY,j = (Dπ(2j−1) −Dπ(2j))(Yπ(2j−1) − Yπ(2j)) and

δψ,j = (Dπ(2j−1) −Dπ(2j))(ψπ(2j−1) − ψπ(2j))

Apparently ∆̂ψ,n = 1
n

∑
1≤j≤n δψ,j . A moment’s thought reveals that β̂pfe

n further equals the coefficient

estimate using least squares in the linear regression of δY,j on δψ,j − ∆̂ψ,n for 1 ≤ j ≤ n. It follows from

Assumptions 2.1(b)–(c), 2.2–2.3, and 4.1(b)–(c) as well as similar arguments to those in the proof of Lemma

S.1.5 of Bai et al. (2022) that

∆̂ψ,n
P→ 0 and (A.25)

1

n

∑
1≤j≤n

δY,j
P→ ∆(Q) .

Next, note that

1

n

∑
1≤j≤n

δψ,jδ
′
ψ,j

=
1

n

∑
1≤j≤n

(ψπ(2j−1) − ψπ(2j))(ψπ(2j−1) − ψπ(2j))
′

10



=
1

n

∑
1≤i≤2n

ψiψ
′
i −

1

n

∑
1≤j≤n

(ψπ(2j−1)ψ
′
π(2j) + ψπ(2j)ψ

′
π(2j−1)) . (A.26)

For convenience, we introduce the following notation:

µd(Xi) = E[Yi(d)|Xi]

Ψ(Xi) = E[ψi|Xi]

ξd(Xi) = E[ψiYi(d)|Xi] .

The first term in (A.26) converges in probability to 2E[ψiψ
′
i] by the weak law of large numbers. For the

second term, we have that

E
[ 1

n

∑
1≤j≤n

(ψπ(2j−1)ψ
′
π(2j) + ψπ(2j)ψ

′
π(2j−1))

∣∣∣X(n)
]

=
1

n

∑
1≤i≤2n

Ψ(Xi)Ψ(Xi)
′ − 1

n

∑
1≤j≤n

(Ψ(Xπ(2j−1))−Ψ(Xπ(2j)))(Ψ(Xπ(2j−1))−Ψ(Xπ(2j)))
′

P→ 2E[Ψ(Xi)Ψ(Xi)
′] ,

where the convergence in probability holds because of Assumptions 2.2–2.3 and 4.1(c). It follows from

Assumptions 2.2–2.3 and 4.1(b)–(c) as well as similar arguments to those in the proof of Lemma S.1.6 of Bai

et al. (2022) that∣∣∣ 1
n

∑
1≤j≤n

(ψπ(2j−1)ψ
′
π(2j) + ψπ(2j)ψ

′
π(2j−1))− E

[ 1

n

∑
1≤j≤n

(ψπ(2j−1)ψ
′
π(2j) + ψπ(2j)ψ

′
π(2j−1))

∣∣∣X(n)
]∣∣∣ P→ 0 .

Therefore,
1

n

∑
1≤j≤n

δψ,jδ
′
ψ,j

P→ 2E[Var[ψi|Xi]] .

We now turn to
1

n

∑
1≤j≤n

δψ,jδY,j =
1

n

∑
1≤j≤n

(ψπ(2j−1) − ψπ(2j))(Yπ(2j−1) − Yπ(2j)) .

Note that

E[ψπ(2j−1)Yπ(2j−1)|X(n)] =
1

2
ξ1(Xπ(2j−1)) +

1

2
ξ0(Xπ(2j−1))

E[ψπ(2j−1)Yπ(2j)|X(n)] =
1

2
Ψ(Xπ(2j−1))(µ1(Xπ(2j)) + µ0(Xπ(2j))) .

It follows from Assumptions 2.1(b)–(c), 2.2–2.3, 4.1(b)–(c) as well as similar arguments to those in the proof

of Lemma S.1.6 of Bai et al. (2022) that

1

n

∑
1≤j≤n

δψ,jδY,j
P→ E[ψi(Yi(1) + Yi(0))]− E[Ψ(Xi)(µ1(Xi) + µ0(Xi))] .

The convergence in probability of β̂pfe
n now follows from Assumption 4.1(a) and the continuous mapping

theorem. (9)–(12) can be established using similar arguments to those in the proof of Theorem 4.1. Finally,
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it is straightforward to see Assumption 3.1 is implied by Assumption 4.1.

A.5 Proof of Theorem 5.1

We divide the proof into three steps. In the first step, we show

|α̂r
d,n − αr

d,n|+ ‖β̂r
d,n − βr

d,n‖1 = OP (snλ
r
n) . (A.27)

In the second step, we show (9), (12), and Assumption 3.1 hold. In the third step, we show the asymptotic

variance achieves the minimum under the approximately correct specification condition in Theorem 5.1.

Step 1: Proof of (A.27)

Note that

1

n

∑
1≤i≤2n

I{Di = d}(Yi(d)− α̂r
d,n − ψ′n,iβ̂r

d,n)2 + λr
d,n‖Ω̂n(d)β̂r

d,n‖1

≤ 1

n

∑
1≤i≤2n

I{Di = d}(Yi(d)− αr
d,n − ψ′n,iβr

d,n)2 + λr
d,n‖Ω̂n(d)βr

d,n‖1 .

Rearranging the terms, we then have

1

n

∑
1≤i≤2n

I{Di = d}(α̂r
d,n − αr

d,n + ψ′n,i(β̂
r
d,n − βr

d,n))2 + λr
d,n‖Ω̂n(d)β̂r

d,n‖1

≤

 2

n

∑
1≤i≤2n

I{Di = d}εn,i(d)ψ′n,i

 (β̂r
d,n − βr

d,n) +

 2

n

∑
1≤i≤2n

I{Di = d}εn,i(d)

 (α̂r
d,n − αr

d,n)

+ λr
d,n‖Ω̂n(d)βr

d,n‖1 (A.28)

Next, define

Un(d) = Ω−1
n (d)

1

n

∑
1≤i≤2n

I{Di = d}(ψn,iεn,i(d)− E[ψn,iεn,i(d)])

and

En(d) =

‖Un(d)‖∞ ≤
6σ̄

¯
σ

√
log(2npn)

n
,

∣∣∣∣∣∣ 1n
∑
i∈[2n]

I{Di = d}εn,i(d)− E[εn,i(d)]

∣∣∣∣∣∣ ≤
√

log(2npn)

n

 .

Lemma B.4 implies P{En(d)} → 1 for d ∈ {0, 1}.

On the event En(d), we have∣∣∣∣∣∣
 2

n

∑
1≤i≤2n

I{Di = d}εn,i(d)ψ′n,i

 (β̂r
d,n − βr

d,n)

∣∣∣∣∣∣
≤

∥∥∥∥∥∥Ω−1
n (d)

2

n

∑
1≤i≤2n

I{Di = d}εn,i(d)ψn,i

∥∥∥∥∥∥
∞

‖Ωn(d)(β̂r
d,n − βr

d,n)‖1
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≤ 2‖Un(d)‖∞‖Ωn(d)(β̂r
d,n − βr

d,n)‖1 +

∥∥∥∥∥∥Ω−1
n (d)

2

n

∑
1≤i≤2n

I{Di = d}E[εn,i(d)ψn,i]

∥∥∥∥∥∥
∞

‖Ωn(d)(β̂r
d,n − βr

d,n)‖1

≤ 2‖Un(d)‖∞‖Ωn(d)(β̂r
d,n − βr

d,n)‖1 +
∥∥Ω−1

n (d)2E[εn,i(d)ψn,i]
∥∥
∞ ‖Ωn(d)(β̂r

d,n − βr
d,n)‖1

≤
(

12σ̄

¯
σ``n

+ dn

)
λr
d,n‖Ωn(d)(β̂r

d,n − βr
d,n)‖1 ,

where dn = o(1) and the last inequality follows from (18) and the fact that

λr
d,n ≥ ``n

√
log(2npn)

n
.

Next, define

δ̂d,n = β̂r
d,n − βr

d,n

and let Sd,n be the support of βr
d,n. Then, we have

‖Ω̂n(d)β̂r
d,n‖1 = ‖(Ω̂n(d)β̂r

d,n)Sd,n
‖1 + ‖(Ω̂n(d)β̂r

d,n)Sc
d,n
‖1 = ‖(Ω̂n(d)β̂r

d,n)Sd,n
‖1 + ‖(Ω̂n(d)δ̂d,n)Sc

d,n
‖1 ,

‖Ω̂n(d)βr
d,n‖1 = ‖(Ω̂n(d)βr

d,n)Sd,n
‖1 ≤ ‖(Ω̂n(d)β̂r

d,n)Sd,n
‖1 + ‖(Ω̂n(d)δ̂r

d,n)Sd,n
‖1 ,

and thus,(
12σ̄

¯
σ``n

+ dn

)
‖Ωn(d)δ̂d,n‖1 + ‖Ω̂n(d)βr

d,n‖1 − ‖Ω̂n(d)β̂r
d,n‖1

=

(
12σ̄

¯
σ``n

+ dn

)
‖(Ωn(d)δ̂d,n)Sd,n

‖1 +

(
12σ̄

¯
σ``n

+ dn

)
‖(Ωn(d)δ̂d,n)Sc

d,n
‖1 + ‖Ω̂n(d)βr

d,n‖1 − ‖Ω̂n(d)β̂r
d,n‖1

≤
(

12σ̄

¯
σ``n

+ dn

)
‖(Ωn(d)δ̂d,n)Sd,n

‖1 +

(
12σ̄

¯
σ``n

+ dn

)
‖(Ωn(d)δ̂d,n)Sc

d,n
‖1 + ‖(Ω̂n(d)δ̂r

d,n)Sd,n
‖1 − ‖(Ω̂n(d)δ̂r

d,n)Sc
d,n
‖1 .

Further define δ̆d,n = (α̂r
d,n − αr

d,n, δ̂
′
d,n)′ and S̆d,n = {1, Sd,n + 1}1 and recall ψ̆n,i = (1, ψ′n,i)

′. Then,

together with (A.28), we have

0 ≤ 1

n

∑
1≤i≤2n

I{Di = d}(ψ̆′n,iδ̆d,n)2

≤ λr
d,n

[(
12σ̄

¯
σ``n

+ dn + c̄

)
‖(Ωn(d)δ̂d,n)Sd,n

‖1 −
(
c− 12σ̄

¯
σ``n

− dn
)
‖(Ωn(d)δ̂d,n)Sc

d,n
‖1
]

+ λr
d,n(1/`n + dn)|α̂r

d,n − αr
d,n|

≤ λr
d,n

[(
12σ̄

¯
σ``n

+ dn + c̄

)
σ̄‖(δ̂d,n)Sd,n

‖1 −
(
c− 12σ̄

¯
σ``n

− dn
)

¯
σ‖(δ̂d,n)Sc

d,n
‖1
]

+ λr
d,n(1/`n + dn)|α̂r

d,n − αr
d,n|

≤ λr
d,n

[(
12σ̄

¯
σ``n

+ dn + c̄

)
σ̄‖(δ̆d,n)S̆d,n

‖1 −
(
c− 12σ̄

¯
σ``n

− dn
)

¯
σ‖(δ̆d,n)S̆c

d,n
‖1
]
. (A.29)

Define

Cn =

{
u ∈ Rpn+1 : ‖uS̆c

d,n
‖1 ≤

2σ̄c̄

¯
σc
‖uS̆d,n

‖1
}
.

1For example, if Sd,n = {2, 4, 9}, we have S̆d,n = {1, 3, 5, 10}.
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For sufficiently large n, we have δ̆d,n ∈ Cn. It follows from Bickel et al. (2009) and Assumption 5.4 that

inf
u∈Cn

(‖uS̆d,n
‖1)−2(sn + 1)u′

 1

n

∑
1≤i≤2n

I{Di = d}ψ̆n,iψ̆′n,i

u ≥ 0.25κ2
1 .

Therefore, we have

0.25κ2
1‖(δ̆d,n)S̆d,n

‖21 ≤
1

n

∑
1≤i≤2n

I{Di = d}(ψ̆′n,iδ̆d,n)2

≤
(

12σ̄

¯
σ``n

+ dn + c̄

)
λr
d,n(sn + 1)‖(δ̆d,n)Sd,n

‖1 ,

which implies

‖(δ̆d,n)Sd,n
‖1 ≤ 4

(
12σ̄

¯
σ``n

+ dn + c̄

)
(sn + 1)λr

d,n/κ
2
1 .

We then have

|α̂r
d,n − αr

d,n|+ ‖β̂r
d,n − βr

d,n‖1 ≤ ‖(δ̆d,n)S̆d,n
‖1 + ‖(δ̆d,n)S̆c

d,n
‖1

≤
(

1 +
2σ̄c̄

¯
σc

)
‖(δ̆d,n)S̆d,n

‖1

≤ 4

(
1 +

2σ̄c̄

¯
σc

)(
12σ̄

¯
σ``n

+ dn + c̄

)
(sn + 1)λr

d,n/κ
2
1 .

Then, we have (A.27) holds because P{En(d)} → 1.

Step 2: Verifying (9), (12), and Assumption 3.1

By (A.29), on En(d) we have

1

n

∑
1≤i≤2n

I{Di = d}(α̂r
d,n − αr

d,n + ψ′n,iδ̂d,n)2 ≤ λr
d,n

(
12σ̄

¯
σ``n

+ dn + c̄

)
σ̄‖(δ̆d,n)S̆d,n

‖1

≤ 4

(
12σ̄

¯
σ``n

+ dn + c̄

)2

σ̄(sn + 1)λr,2
d,n/κ

2
1 .

Because P{En(d)} → 1, we have

1

n

∑
1≤i≤2n

I{Di = d}(α̂r
d,n − αr

d,n + ψ′n,i(β̂d,n − βd,n))2 = OP
(
sn(λr

n)2
)

= oP (1) ,

which implies (12) holds.

Next, we show (9) for β̂r
d,n. First note∣∣∣∣∣∣ 1√
2n

∑
1≤i≤2n

(2Di − 1)(m̂d,n(Xi,Wn,i)−md,n(Xi,Wn,i))

∣∣∣∣∣∣
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∣∣∣∣∣∣ 1√
2n

∑
1≤i≤2n

(2Di − 1)ψ′n,i(β̂
r
d,n − βr

d,n)

∣∣∣∣∣∣
≤

∥∥∥∥∥∥ 1√
2n

∑
1≤i≤n

(2Di − 1)ψn,i

∥∥∥∥∥∥
∞

‖β̂r
d,n − βr

d,n‖1 .

Next, note that it follows from Assumption 2.2 that conditional on X(n) and W
(n)
n ,

{Dπ(2j−1) −Dπ(2j) : 1 ≤ j ≤ n}

is a sequence of independent Rademacher random variables. Therefore, Hoeffding’s inequality implies

P


∥∥∥∥∥∥ 1√

2n

∑
1≤i≤2n

(2Di − 1)ψn,i

∥∥∥∥∥∥
∞

> t

∣∣∣∣∣X(n),W (n)
n


≤

∑
1≤l≤pn

P


∣∣∣∣∣∣ 1√

2n

∑
1≤j≤n

(ψn,π(2j−1) − ψn,π(2j))(Dπ(2j−1) −Dπ(2j))

∣∣∣∣∣∣ > t

∣∣∣∣∣X(n),W (n)
n


≤

∑
1≤l≤pn

2 exp

(
− t2

1
n

∑
1≤j≤n(ψn,π(2j−1) − ψn,π(2j))2

)
.

Define

ν2
n = max

1≤l≤pn

1

n

∑
1≤i≤2n

ψ2
n,i,l .

We then have

P


∥∥∥∥∥∥ 1√

2n

∑
1≤i≤2n

(2Di − 1)ψn,i

∥∥∥∥∥∥
∞

> νn
√

2 log(pn ∨ n)

∣∣∣∣∣X(n),W (n)
n

 ≤ (pn ∨ n)−1 . (A.30)

Next, we determine the order of ν2
n. Note

E[ν2
n] ≤ max

1≤l≤pn
2E[ψ2

n,i,l] + 2E

 1

2n

∑
1≤i≤2n

(ψ2
n,i,l − E[ψ2

n,i,l])


. 1 + E

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

eiψ
2
n,i,l

∣∣∣∣∣∣


. 1 + ΞnE

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

eiψn,i,l

∣∣∣∣∣∣


. 1 + ΞnE

 sup
f∈Fn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

f(ei, ψn,i,l)

∣∣∣∣∣∣


where {ei : 1 ≤ i ≤ n} is an i.i.d. sequence of Rademacher random variables,

Fn = {f : R×Rpn 7→ R, f(e, ψ) = eψl, 1 ≤ l ≤ pn} ,
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and ψl is the lth element of ψ. Note the second inequality follows from Lemma 2.3.1 of van der Vaart and

Wellner (1996), the third inequality follows from Theorem 4.12 of Ledoux and Talagrand (1991) and the

definition of Ξn, and the last follows from Assumption 5.1. Note also Fn has an envelope F = Ξn and

sup
n≥1

sup
f∈Fn

E[f2] <∞

because of Assumption 5.1. Because the cardinality of Fn is pn, for any ε < 1 we have that

sup
Q:Q is a discrete distribution with finite support

N (ε‖F‖Q,2,F , L2(Q)) ≤ pn
ε
,

where N (ε,F , L2(Q)) is the covering number for class F under the metric L2(Q) using balls of radius ε.

Therefore, Corollary 5.1 of Chernozhukov et al. (2014) implies

E

 sup
f∈Fn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

eiψn,i,l

∣∣∣∣∣∣
 .

√
log pn
n

+
Ξn log pn

n
= o(Ξ−1

n ) .

Therefore, νn = Op(1). Together with (A.30), they imply∥∥∥∥∥∥ 1√
2n

∑
1≤i≤2n

(2Di − 1)ψn,i

∥∥∥∥∥∥
∞

= OP

(√
log(pn ∨ n)

)
.

In light of (A.27) and Assumption 5.3, we have∥∥∥∥∥∥ 1√
2n

∑
1≤i≤2n

(2Di − 1)ψn,i

∥∥∥∥∥∥
∞

‖β̂r
d,n − βr

d,n‖1 = OP

(
sn``n log(pn ∨ n)√

n

)
= oP (1) .

Next, note that Assumption 3.1(a) and 3.1(b) follow Assumption 5.1, and Assumption 3.1(c) follows

Assumptions 5.1 and 5.2.

Step 3: Asymptotic variance

Suppose the true specification is approximately sparse as specified in Theorem 5.1. Let Ỹi(d) = Yi(d)−
µd(Xi), ψ̃n,i = ψn,i − E[ψn,i|Xi], and R̃n,i(d) = Rn,i(d)− E[Rn,i(d)|Xi]. Then, we have

E
[
(E[Ỹi(1) + Ỹi(0)|Wn,i, Xi]− ψ̃′n,i(βr

1,n + βr
0,n))2

]
= E[(R̃n,i(1) + R̃n,i(0))2] = o(1) .

This concludes the proof.

A.6 Proof of Theorem 5.2

We divide the proof into three steps. In the first step, we show

β̂refit
n − βrefit

n = oP (1) . (A.31)
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In the second step, we show (9), (12), and Assumption 3.1 hold. In the third step, we show that σna,2
n ≥ σrefit,2

n

and σr,2
n ≥ σrefit,2

n .

Step 1: Proof of (A.31)

Let

∆̂Γ,n =
1

n

∑
1≤j≤n

(Dπ(2j−1) −Dπ(2j))(Γn,π(2j−1) − Γn,π(2j)) ,

∆̂Γ̂,n =
1

n

∑
1≤j≤n

(Dπ(2j−1) −Dπ(2j))(Γ̂n,π(2j−1) − Γ̂n,π(2j)) ,

δΓ,j = (Dπ(2j−1) −Dπ(2j))(Γn,π(2j−1) − Γn,π(2j)) ,

δΓ̂,j = (Dπ(2j−1) −Dπ(2j))(Γ̂n,π(2j−1) − Γ̂n,π(2j)) .

Then, by the proof of Theorem 4.2, we have β̂refit
n equals the coefficient estimate using least squares in the

linear regression of δY,j on δΓ̂,j − ∆̂Γ̂,n. Then, for any u ∈ R2 such that ||u||2 = 1, we have∣∣∣∣∣∣∣
 1

n

∑
1≤j≤n

((δΓ̂,j − ∆̂Γ̂,n)′u)2

1/2

−

 1

n

∑
1≤j≤n

((δΓ,j − ∆̂Γ,n)′u)2

1/2
∣∣∣∣∣∣∣

≤

 1

n

∑
1≤j≤n

((δΓ̂,j − δΓ,j)
′u)2 − ((∆̂Γ̂,n − ∆̂Γ,n)′u)2

1/2

≤

 2

n

∑
1≤i≤2n

∥∥∥Γ̂n,i + (α̂r
1,n, α̂

r
0,n)′ − Γn,i − (αr

1,n, α
r
0,n)′

∥∥∥2

2

1/2

.
∑

d∈{0,1}

1

2n

∑
1≤i≤2n

(α̂r
d,n − αr

d,n + ψ′n,i(β̂
r
d,n − βr

d,n))2 = oP (1) ,

where the second inequality is by the fact that

δΓ,j = (Dπ(2j−1) −Dπ(2j))(Γn,π(2j−1) + (αr
1,n, α

r
0,n)′ − Γn,π(2j) − (αr

1,n, α
r
0,n)′) ,

δΓ̂,j = (Dπ(2j−1) −Dπ(2j))(Γ̂n,π(2j−1) + (α̂r
1,n, α̂

r
0,n)′ − Γ̂n,π(2j) − (α̂r

1,n, α̂
r
0,n)′) ,

and the last equality is by the proof of Theorem 5.1. This implies

1

n

∑
1≤j≤n

(δΓ̂,j − ∆̂Γ̂,n)(δΓ̂,j − ∆̂Γ̂,n)′ − 2E[Var[Γn,i|Xi]]

=
1

n

∑
1≤j≤n

(δΓ̂,j − ∆̂Γ̂,n)(δΓ̂,j − ∆̂Γ̂,n)′ − 1

n

∑
1≤j≤n

(δΓ,j − ∆̂Γ,n)(δΓ,j − ∆̂Γ,n)′

+
1

n

∑
1≤j≤n

(δΓ,j − ∆̂Γ,n)(δΓ,j − ∆̂Γ,n)′ − 2E[Var[Γn,i|Xi]] = oP (1) ,

where the last equality holds due to the same argument as used in the proof of Theorem 4.2. Similarly, we
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can show that

1

n

∑
1≤j≤n

δY,j(δΓ̂,j − ∆̂Γ̂,n)− E[Cov[Γn,i, Yi(1) + Yi(0)|Xi]] = oP (1) ,

which leads to (A.31).

Step 2: Verifying (9), (12), and Assumption 3.1

We first show (9). We have

1√
2n

∑
1≤i≤2n

(2Di − 1)(m̂d,n(Xi,Wn,i)−md,n(Xi,Wn,i))

=
1√
2n

∑
1≤i≤2n

(2Di − 1)(Γ̂n,i − Γn,i)
′β̂refit
n +

1√
2n

∑
1≤i≤2n

(2Di − 1)Γ′n,i(β̂
refit
n − βrefit

n )

=
(

1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,i(β̂

r
1,n − βr

1,n), 1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,i(β̂

r
0,n − βr

0,n)
)
β̂refit
n

+
(

1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,iβ

r
1,n,

1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,iβ

r
0,n

)
(β̂refit

1,n − βrefit
1,n )

= oP (1) ,

where the last equality holds by (A.31) and the facts that(
1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,i(β̂

r
1,n − βr

1,n), 1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,i(β̂

r
0,n − βr

0,n)
)

= oP (1)

as shown in Theorem 5.1 and(
1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,iβ

r
1,n,

1√
2n

∑
1≤i≤2n(2Di − 1)ψ′n,iβ

r
0,n

)
= OP (1) .

Next, we show (12). We note that

1

2n

∑
1≤i≤2n

(m̂d,n(Xi,Wn,i)−md,n(Xi,Wn,i))
2

.
1

2n

∑
1≤i≤2n

((Γ̂n,i − Γn,i)
′β̂refit
n )2 +

1

2n

∑
1≤i≤2n

(Γ′n,i(β̂
refit
n − βrefit

n ))2

.
1

2n

∑
1≤i≤2n

((ψ′n,i(β
r
1,n − β̂r

1,n))2 + (ψ′n,i(β
r
0,n − β̂r

0,n))2)||β̂refit
n ||22

+
1

2n

∑
1≤i≤2n

[(ψ′n,iβ
r
1,n)2 + (ψ′n,iβ

r
0,n)2]||β̂refit

n − βrefit
n ||22

.
∑
d=0,1

1

2n

∑
1≤i≤2n

[
(αr
d,n − α̂r

d,n + ψ′n,i(β
r
d,n − β̂r

d,n))2 + (αr
d,n − α̂r

d,n)2
]
||β̂refit

n ||22 + oP (1)

= oP (1) .

Last, Assumption 3.1(1) can be verified in the same manner as we did in the proof of Theorem 5.1.

Step 3: Asymptotic variance
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Recall σ2
2(Q) and σ2

3(Q) defined in Theorem 3.1. As we have already verified (9) for m̂d,n(Xi,Wn,i) =

Γ̂n,iβ̂
refit
n and md,n(Xi,Wn,i) = Γn,iβ

refit
n , we have, for b ∈ {unadj, r, refit}, that

σb,2
n − σ2

2(Q)− σ2
3(Q) =

1

2
E
[
Var[E[Yi(1) + Yi(0)|Xi,Wn,i]− Γ′n,iγ

b|Xi]
]

with

γunadj = (0, 0)′ , γr = (1, 1)′ , and γrefit = βrefit
n .

In addition, we note that

1

2
E
[
Var[E[Yi(1) + Yi(0)|Xi,Wn,i]− Γ′n,iγ|Xi]

]
is minimized at γ = βrefit

n , which leads to the desired result.

B Auxiliary Lemmas

Lemma B.1. Suppose φn, n ≥ 1 is a sequence of random variables satisfying

lim
λ→∞

lim sup
n→∞

E[|φn|I{|φn| > λ}] = 0 . (B.1)

Suppose X is another random variable defined on the same probability space with φn, n ≥ 1. Then,

lim
γ→∞

lim sup
n→∞

E[E[|φn||X]I{E[|φn||X] > γ}] = 0 . (B.2)

Proof. Fix ε > 0. We will show there exists γ > 0 so that

lim sup
n→∞

E[E[|φn||X]I{E[|φn||X] > γ}] < ε . (B.3)

First note the event {E[|φn||X] > γ} is measurable with respect to the σ-algebra generated by X, and

therefore

E[E[|φn||X]I{E[|φn||X] > γ}] = E[|φn|I{E[|φn||X] > γ}] . (B.4)

Next, by Theorem 10.3.5 of Dudley (1989), (B.1) implies that there exists a δ > 0 such that for any sequence

of events An such that lim supn→∞ P{An} < δ, we have

lim sup
n→∞

E[|φn|I{An}] < ε . (B.5)

In light of the previous result, note

P{E[|φn||X] > γ} ≤ E[E[|φn||X]]

γ
=
E[|φn|]
γ

By Theorem 10.3.5 of Dudley (1989) again, (B.1) implies lim supn→∞E[|φn|] < ∞, so by choosing γ large
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enough, we can make sure

lim sup
n→∞

P{E[|φn||X] > γ} < δ for all n .

(B.3) then follows from (B.4)–(B.5).

Lemma B.2. Suppose Assumptions 2.1–2.3 and 3.1 hold. Then,

s2
n

nE[Var[φ1,n,i|Xi]]

P→ 1 .

Proof. To begin, note it follows from Assumption 2.2 and Qn = Q2n that

1

n

∑
1≤i≤2n

Di Var[φ1,n,i|Xi] =
1

2n

∑
1≤i≤2n

Var[φ1,n,i|Xi]

+
1

2n

∑
1≤i≤2n:Di=1

Var[φ1,n,i|Xi]−
1

2n

∑
1≤i≤2n:Di=0

Var[φ1,n,i|Xi] . (B.6)

Next,

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n:Di=1

Var[φ1,n,i|Xi]−
1

2n

∑
1≤i≤2n:Di=0

Var[φ1,n,i|Xi]

∣∣∣∣∣∣
≤ 1

2n

∑
1≤j≤n

|Var[φ1,n,π(2j−1)|Xπ(2j−1)]−Var[φ1,n,π(2j)|Xπ(2j)]| . (B.7)

In what follows, we will show

1

n

∑
1≤j≤n

|Cov[Yπ(2j−1)(1),m1,n(Xπ(2j−1),Wπ(2j−1))|Xπ(2j−1)]]

− Cov[Yπ(2j)(1),m1,n(Xπ(2j),Wπ(2j))|Xπ(2j)]]|
P→ 0 .

To that end, first note from Assumptions 2.3 and 3.1(c) that

1

n

∑
1≤j≤n

|E[Yπ(2j−1)(1)m1,n(Xπ(2j−1),Wπ(2j−1))|Xπ(2j−1)]− E[Yπ(2j)(1)m1,n(Xπ(2j),Wπ(2j))|Xπ(2j)]|

.
1

n

∑
1≤j≤n

|Xπ(2j−1) −Xπ(2j)|
P→ 0 .

Next, note

1

n

∑
1≤j≤n

|E[Yπ(2j−1)(1)|Xπ(2j−1)]E[m1,n(Xπ(2j−1),Wπ(2j−1))|Xπ(2j−1)]

− E[Yπ(2j)(1)|Xπ(2j)]E[m1,n(Xπ(2j),Wπ(2j))|Xπ(2j)]|

≤ 1

n

∑
1≤j≤n

|E[Yπ(2j−1)(1)|Xπ(2j−1)]||E[m1,n(Xπ(2j−1),Wπ(2j−1))|Xπ(2j−1)]− E[m1,n(Xπ(2j),Wπ(2j))|Xπ(2j)]|

+
1

n

∑
1≤j≤n

|E[Yπ(2j−1)(1)|Xπ(2j−1)]− E[Yπ(2j)(1)|Xπ(2j)]||E[m1,n(Xπ(2j),Wπ(2j))|Xπ(2j)]|
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≤

 1

n

∑
1≤j≤n

|E[Yπ(2j−1)(1)|Xπ(2j−1)]|2
1/2

×

 1

n

∑
1≤j≤n

|E[m1,n(Xπ(2j−1),Wπ(2j−1))|Xπ(2j−1)]− E[m1,n(Xπ(2j),Wπ(2j))|Xπ(2j)]|2
1/2

+

 1

n

∑
1≤j≤n

|E[m1,n(Xπ(2j),Wπ(2j))|Xπ(2j)]|2
1/2

×

 1

n

∑
1≤j≤n

|E[Yπ(2j−1)(1)|Xπ(2j−1)]− E[Yπ(2j)(1)|Xπ(2j)]|2
1/2

.

 1

n

∑
1≤i≤2n

|E[Yi(1)|Xi]|2
1/2 1

n

∑
1≤j≤n

|Xπ(2j−1) −Xπ(2j)|2
1/2

+

 1

n

∑
1≤i≤2n

|E[m1,n(Xi,Wi)|Xi]|2
1/2 1

n

∑
1≤j≤n

|Xπ(2j−1) −Xπ(2j)|2
1/2

P→ 0 ,

where the first inequality follows from the triangle inequality, the second follows from the Cauchy-Schwarz

inequality, the last follows from Assumptions 2.1(c) and 3.1(c). To see the convergence holds, first note

because

E[|E[Yi(1)|Xi]|2] ≤ E[E[Y 2
i (1)|Xi]] = E[Y 2

i (1)] <∞ ,

the weak law of large numbers implies

1

n

∑
1≤i≤2n

|E[Yi(1)|Xi]|2
P→ 2E[|E[Yi(1)|Xi]|2] <∞ .

On the other hand,

1

2n

∑
1≤i≤2n

|E[m1,n(Xi,Wi)|Xi]|2 ≤
1

2n

∑
1≤i≤2n

E[m2
1,n(Xi,Wi)|Xi] .

Assumption 3.1(b) and Lemma B.1 imply

lim
λ→∞

lim sup
n→∞

E[E[m2
1,n(Xi,Wi)|Xi]I{E[m2

1,n(Xi,Wi)|Xi] > λ}] = 0 .

Therefore, Lemma 11.4.2 of Lehmann and Romano (2005) implies

1

2n

∑
1≤i≤2n

E[m2
1,n(Xi,Wi)|Xi]− E[E[m2

1,n(Xi,Wi)|Xi]]
P→ 0 .

Finally, note E[E[m2
1,n(Xi,Wi)|Xi]] = E[m2

1,n(Xi,Wi)] is bounded for n ≥ 1 by Assumption 3.1(b), so

1

n

∑
1≤i≤2n

|E[m1,n(Xi,Wi)|Xi]|2 = OP (1) .
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The desired convergence therefore follows.

Similar arguments applied termwise imply the right-hand side of (B.7) is oP (1). (B.6)–(B.7) then imply

s2
n

n
− 1

2n

∑
1≤i≤2n

Var[φ1,n,i|Xi]→ 0 . (B.8)

Next, we argue
1

2n

∑
1≤i≤2n

Var[φ1,n,i|Xi]− E[Var[φ1,n,i|Xi]]→ 0 . (B.9)

To establish (B.9), we verify the uniform integrability condition in Lemma 11.4.2 of Lehmann and Romano

(2005). To that end, we will repeatedly use the inequality∣∣∣∣∣∣
∑

1≤j≤k

aj

∣∣∣∣∣∣ I

∣∣∣∣∣∣
∑

1≤j≤k

aj

∣∣∣∣∣∣ > λ

 ≤ ∑
1≤j≤k

k|aj |I
{
|aj | >

λ

k

}
(B.10)

|ab|I{|ab| > λ} ≤ |a|2I{|a| >
√
λ}+ |b|2I{|b| >

√
λ} . (B.11)

Note

E[|Var[φ1,n,i|Xi]− E[Var[φ1,n,i|Xi]]|I{|Var[φ1,n,i|Xi]− E[Var[φ1,n,i|Xi]]| > λ}]

. E

[
|Var[φ1,n,i|Xi]|I

{
|Var[φ1,n,i|Xi]| >

λ

2

}]
+ E[Var[φ1,n,i|Xi]]I

{
E[Var[φ1,n,i|Xi]] >

λ

2

}
≤ E

[
E[φ2

1,n,i|Xi]I

{
E[φ2

1,n,i|Xi] >
λ

2

}]
+ E[φ2

1,n,i]I

{
E[φ2

1,n,i] >
λ

2

}
,

where in the second inequality we use the fact that the variance of a random variable is bounded by its

second moment. Note Assumption 3.1 implies E[φ2
1,n,i] is bounded for n ≥ 1, and therefore

lim
λ→∞

lim sup
n→∞

E[φ2
1,n,i]I

{
E[φ2

1,n,i] >
λ

2

}
= 0 .

On the other hand

E

[
E[φ2

1,n,i|Xi]I

{
E[φ2

1,n,i|Xi] >
λ

2

}]
(B.12)

. E

[
E[Y 2

i (1)|Xi]I

{
E[Y 2

i (1)|Xi] >
λ

12

}]
+ E

[
E[m2

1,n(Xi,Wi)|Xi]I

{
E[m2

1,n(Xi,Wi)|Xi] >
λ

3

}]
+ E

[
E[m2

0,n(Xi,Wi)|Xi]I

{
E[m2

0,n(Xi,Wi)|Xi] >
λ

3

}]
+ E

[
|E[Yi(1)m1,n(Xi,Wi)|Xi]|I

{
|E[Yi(1)m1,n(Xi,Wi)|Xi]| >

λ

12

}]
+ E

[
|E[Yi(1)m0,n(Xi,Wi)|Xi]|I

{
|E[Yi(1)m0,n(Xi,Wi)|Xi]| >

λ

12

}]
+ E

[
|E[m1,n(Xi,Wi)m0,n(Xi,Wi)|Xi]|I

{
|E[m1,n(Xi,Wi)m0,n(Xi,Wi)|Xi]| >

λ

6

}]
.
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It follows from Assumptions 2.1(b) and 3.1(b) together with Lemma B.1 that

lim
λ→∞

lim sup
n→∞

E

[
E[Y 2

i (1)|Xi]I

{
E[Y 2

i (1)|Xi] >
λ

12

}]
= 0

lim
λ→∞

lim sup
n→∞

E

[
E[m2

1,n(Xi,Wi)|Xi]I

{
E[m2

1,n(Xi,Wi)|Xi] >
λ

3

}]
= 0

lim
λ→∞

lim sup
n→∞

E

[
E[m2

0,n(Xi,Wi)|Xi]I

{
E[m2

0,n(Xi,Wi)|Xi] >
λ

3

}]
= 0 .

For the last term in (B.12), note

E

[
|E[m1,n(Xi,Wi)m0,n(Xi,Wi)|Xi]|I

{
|E[m1,n(Xi,Wi)m0,n(Xi,Wi)|Xi]| >

λ

6

}]
≤ E

[
E[|m1,n(Xi,Wi)m0,n(Xi,Wi)||Xi]I

{
E[|m1,n(Xi,Wi)m0,n(Xi,Wi)||Xi] >

λ

6

}]
.

Meanwhile,

E [E[|m1,n(Xi,Wi)m0,n(Xi,Wi)|I {|m1,n(Xi,Wi)m0,n(Xi,Wi)| > λ}]

≤ E[m2
1,n(Xi,Wi)I{|m1,n(Xi,Wi)| >

√
λ}] + E[m2

0,n(Xi,Wi)I{|m0,n(Xi,Wi)| >
√
λ}] .

It then follows from the previous two inqualities, Assumption 3.1(b), and Lemma B.1 that

lim
λ→∞

lim sup
n→∞

E

[
|E[m1,n(Xi,Wi)m0,n(Xi,Wi)|Xi]|I

{
|E[m1,n(Xi,Wi)m0,n(Xi,Wi)|Xi]| >

λ

6

}]
= 0 .

Similar arguments establish

lim
λ→∞

lim sup
n→∞

E

[
|E[Yi(1)m1,n(Xi,Wi)|Xi]|I

{
|E[Yi(1)m1,n(Xi,Wi)|Xi]| >

λ

12

}]
= 0

lim
λ→∞

lim sup
n→∞

E

[
|E[Yi(1)m0,n(Xi,Wi)|Xi]|I

{
|E[Yi(1)m0,n(Xi,Wi)|Xi]| >

λ

12

}]
= 0 .

Therefore, (B.9) follows. The conclusion then follows from (B.8)–(B.9) and Assumption 3.1(a).

Lemma B.3. Suppose Assumptions 2.1–2.3 and 3.1 hold. Then,

lim
γ→∞

lim sup
n→∞

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]|2 > γ}] = 0 .

Proof. Note

E[|φ1,n,i − E[φ1,n,i|Xi]|2I{|φ1,n,i − E[φ1,n,i|Xi]|2 > γ}]

. E
[
(φ2

1,n,i + E[φ1,n,i|Xi]
2)I
{
φ2

1,n,i + E[φ1,n,i|Xi]
2 >

γ

2

}]
. E

[
φ2

1,n,iI
{
φ2

1,n,i >
γ

4

}]
+ E

[
E[φ1,n,i|Xi]

2I
{
E[φ1,n,i|Xi]

2 >
γ

4

}]
.

where the first inequality follows from (a + b)2 ≤ 2(a2 + b2) and the second inequality follows from (B.10).
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Next, note

E
[
E[φ1,n,i|Xi]

2I
{
E[φ1,n,i|Xi]

2 >
γ

4

}]
. E

[
E[Yi(1)|Xi]

2I
{
E[Yi(1)|Xi]

2 >
γ

24

}]
+ E

[
E[m1,n(Xi,Wi)|Xi]

2I
{
E[m1,n(Xi,Wi)|Xi]

2 >
γ

6

}]
+ E

[
E[m0,n(Xi,Wi)|Xi]

2I
{
E[m0,n(Xi,Wi)|Xi]

2 >
γ

6

}]
+ E

[
|E[Yi(1)|Xi]E[m1,n(Xi,Wi)|Xi]|I

{
|E[Yi(1)|Xi]E[m1,n(Xi,Wi)|Xi]| >

γ

24

}]
+ E

[
|E[Yi(1)|Xi]E[m0,n(Xi,Wi)|Xi]|I

{
|E[Yi(1)|Xi]E[m0,n(Xi,Wi)|Xi]| >

γ

24

}]
+ E

[
|E[m1,n(Xi,Wi)|Xi]E[m0,n(Xi,Wi)|Xi]|I

{
|E[m1,n(Xi,Wi)|Xi]E[m0,n(Xi,Wi)|Xi]| >

γ

12

}]
. E

[
E[Y 2

i (1)|Xi]I
{
E[Y 2

i (1)|Xi] >
γ

24

}]
+ E

[
E[m2

1,n(Xi,Wi)|Xi]I
{
E[m2

1,n(Xi,Wi)|Xi] >
γ

6

}]
+ E

[
E[m2

0,n(Xi,Wi)|Xi]I
{
E[m2

0,n(Xi,Wi)|Xi] >
γ

6

}]
+ E

[
|E[Yi(1)|Xi]|I

{
|E[Yi(1)|Xi]| >

√
γ

24

}]
+ E

[
|E[m1,n(Xi,Wi)|Xi]|I

{
|E[m1,n(Xi,Wi)|Xi]| >

√
γ

24

}]
+ E

[
|E[m0,n(Xi,Wi)|Xi]|I

{
|E[m0,n(Xi,Wi)|Xi]| >

√
γ

24

}]
+ E

[
|E[m1,n(Xi,Wi)|Xi]|I

{
|E[m1,n(Xi,Wi)|Xi]| >

√
γ

12

}]
+ E

[
|E[m0,n(Xi,Wi)|Xi]|I

{
|E[m0,n(Xi,Wi)|Xi]| >

√
γ

12

}]
≤ E

[
E[Y 2

i (1)|Xi]I
{
E[Y 2

i (1)|Xi] >
γ

24

}]
+ E

[
E[m2

1,n(Xi,Wi)|Xi]I
{
E[m2

1,n(Xi,Wi)|Xi] >
γ

6

}]
+ E

[
E[m2

0,n(Xi,Wi)|Xi]I
{
E[m2

0,n(Xi,Wi)|Xi] >
γ

6

}]
+ E

[
E[Y 2

i (1)|Xi]I
{
E[Y 2

i (1)|Xi] >
γ

24

}]
+ E

[
E[m2

1,n(Xi,Wi)|Xi]I
{
E[m2

1,n(Xi,Wi)|Xi] >
γ

24

}]
+ E

[
E[m2

0,n(Xi,Wi)|Xi]I

{
E[m2

0,n(Xi,Wi)|Xi] >

√
γ

24

}]
+ E

[
E[m2

1,n(Xi,Wi)|Xi]I

{
E[m2

1,n(Xi,Wi)|Xi] >

√
γ

12

}]
+ E

[
E[m2

0,n(Xi,Wi)|Xi]I

{
E[m2

0,n(Xi,Wi)|Xi] >

√
γ

12

}]
,

where the first inequality follows from (B.10), the second one follows from the conditional Jensen’s inequality

and (B.11), and the third one follows again from the conditional Jensen’s inequality. It then follows from

Lemma B.1 together with Assumptions 2.1(b) and 3.1(b) that

lim
γ→∞

lim sup
n→∞

E
[
E[φ1,n,i|Xi]

2I
{
E[φ1,n,i|Xi]

2 >
γ

4

}]
= 0 .
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Similar arguments lead to

lim
γ→∞

lim sup
n→∞

E
[
φ2

1,n,iI
{
φ2

1,n,i >
γ

4

}]
= 0 .

The conclusion then follows.

Lemma B.4. Suppose Assumptions in Theorem 5.1 hold. Then,

P


∣∣∣∣∣∣ 1n

∑
i∈[2n]

I{Di = d}εn,i(d)− E[εn,i(d)]

∣∣∣∣∣∣ ≤
√

log(2npn)

n

→ 1

and

P


∥∥∥∥∥∥Ω−1

n (d)
1

n

∑
1≤i≤2n

I{Di = d}(ψn,iεn,i(d)− E[ψn,iεn,i(d)])

∥∥∥∥∥∥
∞

≤ 6σ̄

¯
σ

√
log(2npn)

n

→ 1 .

Proof. For the first result, we note that∣∣∣∣∣∣ 1n
∑
i∈[2n]

I{Di = d}εn,i(d)− E[εn,i(d)]

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣ 1n

∑
i∈[2n]

I{Di = d}(εn,i(d)− E[εn,i(d)|Xi])

∣∣∣∣∣∣
+

∣∣∣∣∣∣ 1n
∑
i∈[2n]

(I{Di = d} − 1/2)(E[εn,i(d)|Xi]− E[εn,i(d)])

∣∣∣∣∣∣
+

∣∣∣∣∣∣ 1

2n

∑
i∈[2n]

(E[εn,i(d)|Xi]− E[εn,i(d)])

∣∣∣∣∣∣ .
The first two terms on the RHS of the above display are OP (1/

√
n). The last term on the RHS is also

OP (1/
√
n) by Chebyshev’s inequality. This implies the desired result.

For the second result, define

En,0(d) =

(
maxd∈{0,1}

1
2n

∑
1≤i≤2nE[ε4n,i(d)|Xi] ≤ c0 <∞ ,

min1≤l≤pn
1
n

∑
1≤i≤2n I{Di = d}Var[ψn,i,lεn,i(d)|Xi] ≥

¯
σ2 > 0 ,

)

En,1(d) =


∥∥∥∥∥∥ 1

n

∑
1≤i≤2n

I{Di = d}(ψn,iεn,i(d)− E[ψn,iεn,i(d)|Xi])

∥∥∥∥∥∥
∞

≤ 2.04σ
√

log(2npn)/n

 ,

En,2(d) =


∥∥∥∥∥∥ 1

n

∑
1≤i≤2n

I{Di = d}(E[ψn,iεn,i(d)|Xi]− E[ψn,iεn,i(d)])

∥∥∥∥∥∥
∞

≤ 3.96σ
√

log(2npn)/n

 ,

En,3(d) =

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

(E[ψ2
n,i,lε

2
n,i(d)|Xi]− E[ψ2

n,i,lε
2
n,i(d)])

∣∣∣∣∣∣
1/2

≤ 0.01σ

 ,
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and

En,4(d) =

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

(2I{Di = d} − 1)(E[ε2n,i(d)ψ2
n,i,l|Xi]− E[ε2n,i(d)ψ2

n,i,l])

∣∣∣∣∣∣
1/2

≤ 0.01σ

 .

We aim to show that P{En,1(d)} → 1 and P{En,2(d)} → 1. Then, by letting C = 6σ̄/
¯
σ which implies

P{En(d)} = 1− P{Ecn(d)}

≥ 1− P


∥∥∥∥∥∥ 1

n

∑
1≤i≤2n

I{Di = d}(ψn,iεn,i(d)− E[ψn,iεn,i(d)])

∥∥∥∥∥∥
∞

≥ C
¯
σ

√
log(2npn)

n


= 1− P


∥∥∥∥∥∥ 1

n

∑
1≤i≤2n

I{Di = d}(ψn,iεn,i(d)− E[ψn,iεn,i(d)])

∥∥∥∥∥∥
∞

≥ 6σ̄

√
log(2npn)

n


≥ 1− P{Ecn,1(d)} − P{Ecn,2(d)} → 1 .

First, we show P{En,3(d)} → 1. Let

tn = C

√
log(npn)Ξ2

n

n
→ 0

for some sufficiently large constant C > 0 and {ei}1≤i≤2n be a sequence of i.i.d. Rademacher random variables

independent of everything else. Then, for any fixed t > 0, we have

(
1−

4 max1≤l≤pn Var[E[ψ2
n,i,lε

2
n,i(d)|Xi]]

2nt2

)
P

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

[
E[ψ2

n,i,lε
2
n,i(d)|Xi]− E[ψ2

n,i,lε
2
n,i(d)]

]∣∣∣∣∣∣ ≥ t


≤ 2P

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

4eiE[ψ2
n,i,lε

2
n,i(d)|Xi]

∣∣∣∣∣∣ ≥ t


= o(1) + 2E

P
 max

1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

4eiE[ψ2
n,i,lε

2
n,i(d)|Xi]

∣∣∣∣∣∣ ≥ t
∣∣∣∣X(n)

 I{En,0(d)}


. o(1) + pn exp

(
− nt

2

Ξ2
nc

)
= o(1),

where the first inequality is by van der Vaart and Wellner (1996, Lemma 2.3.7), the second inequality is by

the Hoeffding’s inequality conditional on X(n) and the fact that, on En,0(d),

1

2n

∑
1≤i≤2n

(E[ψ2
n,i,lε

2
n,i(d)|Xi])

2 ≤ 1

2n

∑
1≤i≤2n

E[ψ4
n,i,l|Xi]E[ε4n,i(d)|Xi]

≤ Ξ2
n

2n

∑
1≤i≤2n

E[ψ2
n,i,l|Xi]E[ε4n,i(d)|Xi] ≤ Ξ2

nCc0,

where C is a fixed constant, and the last equality is by the fact that log(pn)Ξ2
n = o(n). Furthermore, we
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note that

4 max1≤l≤pn Var[E[ψ2
n,i,lε

2
n,i(d)|Xi]]

2n

.
max1≤l≤pn E

[
E[ψ4

n,i,l|Xi]E[ε4n,i(d)|Xi]
]

n

.
Ξ2
n max1≤l≤pn E

[
E[ψ2

n,i,l|Xi]E[ε4n,i(d)|Xi]
]

n

.
Ξ2
nE[ε4n,i(d)]

n

= o(1).

Therefore, we have

P

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

[
E[ψ2

n,i,lε
2
n,i(d)|Xi]− E[ψ2

n,i,lε
2
n,i(d)]

]∣∣∣∣∣∣ ≥ t
 = o(1)

for any fixed t > 0, which is the desired result.

Next, we show P{En,4(d)} → 1. Define an,i,l = E[ε2n,i(d)ψ2
n,i,l|Xi]− E[ε2n,i(d)ψ2

n,i,l]. Then, we have

P

 max
1≤l≤pn

∣∣∣∣∣∣ 1

2n

∑
1≤i≤2n

(2I{Di = d} − 1)(E[ε2n,i(d)ψ2
n,i,l|Xi]− E[ε2n,i(d)ψ2

n,i,l])

∣∣∣∣∣∣ > t

∣∣∣∣X(n)

 I{En,0(d)}

≤
∑

1≤l≤pn

P


∣∣∣∣∣∣ 1

2n

∑
1≤j≤n

(I{Dπ(2j−1) = d} − I{Dπ(2j) = d})(an,π(2j−1),l − an,π(2j),l)

∣∣∣∣∣∣ > t

∣∣∣∣X(n)

 I{En,0(d)}

≤
∑

1≤l≤pn

exp

(
− 2nt2

1
n

∑
1≤j≤n(an,π(2j−1),l − an,π(2j),l)2

)
I{En,0(d)}

≤ exp

(
log(pn)− 2nt2

Ξ2
nc

2

)
,

where, conditional on X(n), {I{Dπ(2j−1) = d} − I{Dπ(2j) = d}}1≤j≤n is a sequence of i.i.d. Rademacher

random variables, the second last inequality is by Hoeffding’s inequality, and the last inequality is by that,

on En,0(d),

 1

n

∑
1≤j≤n

(an,π(2j−1),l − an,π(2j),l)
2

1/2

≤

 1

n

∑
1≤j≤n

(E[ψ2
n,π(2j−1),lε

2
n,i(d)|Xπ(2j−1)])

2

1/2

+

 1

n

∑
1≤j≤n

(E[ψ2
n,π(2j),lε

2
n,i(d)|Xπ(2j)])

2

1/2

≤

 2

n

∑
1≤i≤2n

(E[ψ2
n,i,lε

2
n,i(d)|Xi])

2

1/2

≤ Ξnc .
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By letting t = C

√
log(pn)Ξ2

n

n for some sufficiently large C and noting that P{En,0(d)} → 1, we have

max
1≤l≤pn

∣∣∣∣∣∣
∑

1≤i≤2n

(2I{Di = d} − 1)(E[ε2n,i(d)ψ2
n,i,l|Xi]− E[ε2n,i(d)ψ2

n,i,l])

2n

∣∣∣∣∣∣ = Op

(√
log(pn)Ξ2

n

n

)
,

and thus, P{En,4(d)} → 1.

Next, we show P{En,1(d)} → 1. We note that, for d ∈ {0, 1}, conditional on (D(n), X(n)), {ψn,iεn,i(d)}1≤i≤2n

are independent. In what follows, we couple

Un =
1

n

∑
1≤i≤2n

I{Di = d}(ψn,iεn,i(d)− E[ψn,iεn,i(d)|Xi])

with a centered Gaussian random vector as in Theorem 2.1 in Chernozhukov et al. (2017). Let Z =

(Z1, . . . , Zpn) be a Gaussian random vector with E[Zl] = 0 for 1 ≤ l ≤ pn and Var[Z] = Var[Un|X(n), D(n)]

that additionally satisfies the conditions of that theorem. Specifically, Z = (Z1, · · · , Zpn) is a centered

Gaussian random vector in Rpn such that on En,0(d) ∩ En,3(d) ∩ En,4(d),

E[ZZ ′] =
1

n2

∑
1≤i≤2n

I{Di = d}E[ε2n,i(d)ψn,iψ
′
n,i|Xi]

− 1

n

 1

n

∑
1≤i≤2n

I{Di = d}E[εn,i(d)ψn,i|Xi]

 1

n

∑
1≤i≤2n

I{Di = d}E[εn,i(d)ψn,i|Xi]

′

and

max
1≤l≤pn

E[Z2
l ] ≤

max1≤l≤pn
∑

1≤i≤2n I{Di = d}E[ε2n,i(d)ψ2
n,i,l|Xi]

n2

≤ σ2

n
+

max1≤l≤pn
∑

1≤i≤2n I{Di = d}(E[ε2n,i(d)ψ2
n,i,l|Xi]− E[ε2n,i(d)ψ2

n,i,l])

n2

≤ σ2

n
+

max1≤l≤pn
∑

1≤i≤2n(2I{Di = d} − 1)(E[ε2n,i(d)ψ2
n,i,l|Xi]− E[ε2n,i(d)ψ2

n,i,l])

2n2

+
max1≤l≤pn

∑
1≤i≤2n(E[ε2n,i(d)ψ2

n,i,l|Xi]− E[ε2n,i(d)ψ2
n,i,l])

2n2

≤ 1.02σ2

n
.

Further define q(1− α) as the (1− α) quantile of ||Z||∞. Then, we have

q(1− 1/n) ≤
1.02σ(

√
2 log(2pn) +

√
2 log(n))√

n
≤ 2.04σ

√
log(2npn)/n,

where the first inequality is by the last display in the proof of Lemma E.2 in Chetverikov and Sørensen

(2022) and the second inequality is by the fact that
√
a+
√
b ≤

√
2(a+ b) for a, b > 0. Therefore, we have

P{Ecn,1(d)) ≤ P{Ecn,1(d), En,0(d), En,3(d), En,4(d)}+ o(1)

= EP{Ecn,1(d)|D(n), X(n)}I{En,0(d), En,3(d), En,4(d)}+ o(1)
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≤ E[P{||Z||∞ ≥ 2.04σ
√

log(2npn)/n|D(n), X(n))}I{En,0(d), En,3(d), En,4(d)}] + o(1)

≤ E[P{||Z||∞ ≥ q(1− 1/n)|D(n), X(n)}] = o(1),

where the second inequality is by Theorem 2.1 in Chernozhukov et al. (2017).

Finally, we turn to En,2(d) with d = 1. We have

1

n

∑
1≤i≤2n

I{Di = 1}(E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)])

=
1

2n

∑
1≤i≤2n

(E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)]) +
1

2n

∑
1≤i≤2n

(2Di − 1)(E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)]).

(B.13)

Note {E[ψn,iεn,i(1)|Xi]−E[ψn,iεn,i(1)]}1≤i≤2n is a sequence of independent centered random variables and

max
1≤l≤pn

E[(E[ψn,i,lεn,i(1)|Xi]− E[ψn,i,lεn,i(1)])2] ≤ σ2.

Following Theorem 2.1 in Chernozhukov et al. (2017), Lemma E.2 in Chetverikov and Sørensen (2022), and

similar arguments to the ones above, we have

P


∥∥∥∥∥∥ 1

2n

∑
1≤i≤2n

(E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)])

∥∥∥∥∥∥
∞

≤ σ
√

2 log(2npn)/n

→ 1. (B.14)

For the second term on the RHS of (B.13), we define gn,i,l = E[ψn,i,lεn,i(1)|Xi]− E[ψn,i,lεn,i(1)]. We have

P


∥∥∥∥∥∥ 1

2n

∑
1≤i≤2n

(2Di − 1)E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)]

∥∥∥∥∥∥
∞

> t

∣∣∣∣X(n)


≤

∑
1≤l≤pn

P


∣∣∣∣∣∣ 1

2n

∑
1≤j≤n

(Dπ(2j−1) −Dπ(2j))(gn,π(2j−1),l − gn,π(2j),l)

∣∣∣∣∣∣ > t

∣∣∣∣X(n)


≤

∑
1≤l≤pn

exp

(
− 2nt2

1
n

∑
1≤j≤n(gn,π(2j−1),l − gn,π(2j),l)2

)
,

where, conditional on X(n), {(Dπ(2j−1)−Dπ(2j))}1≤j≤n is a sequence of i.i.d. Rademacher random variables

and the last inequality is by Hoeffding’s inequality. In addition, on En,3(1), we have

 1

n

∑
1≤j≤n

(gn,π(2j−1),l − gn,π(2j),l)
2

1/2

≤

 1

n

∑
1≤j≤n

(E[ψn,π(2j−1),lεn,i(1)|Xπ(2j−1)])
2

1/2

+

 1

n

∑
1≤j≤n

(E[ψn,π(2j),lεn,i(1)|Xπ(2j)])
2

1/2

≤

 2

n

∑
1≤i≤2n

(E[ψn,i,lεn,i(1)|Xi])
2

1/2
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≤

 2

n

∑
1≤i≤2n

E[ψ2
n,i,lε

2
n,i(1)|Xi]

1/2

≤

 2

n

∑
1≤i≤2n

[
E[ψ2

n,i,lε
2
n,i(1)|Xi]− E[ψ2

n,i,lε
2
n,i(1)]

]1/2

+ 2σ

≤ 2.02σ.

Therefore, we have

P


∥∥∥∥∥∥ 1

2n

∑
1≤i≤2n

(2Di − 1)E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)]

∥∥∥∥∥∥
∞

> 2.02

√
log(npn)σ2

n


≤ P


∥∥∥∥∥∥ 1

2n

∑
1≤i≤2n

(2Di − 1)E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)]

∥∥∥∥∥∥
∞

> 2.02

√
log(npn)σ2

n
, En,3(1)

+ o(1)

≤ E

P

∥∥∥∥∥∥ 1

2n

∑
1≤i≤2n

(2Di − 1)E[ψn,iεn,i(1)|Xi]− E[ψn,iεn,i(1)]

∥∥∥∥∥∥
∞

> 2.02

√
log(npn)σ2

n

∣∣∣∣X(n)

 I{En,3(1)}

+ o(1)

= o(1) . (B.15)

Combining (B.13), (B.14), (B.15), and the fact that
√

2 + 2.02 ≤ 3.98, we have P{En,2(1)} → 1. The same

result holds for En,2(0).

C Details for Simulations

The regressors in the LASSO-based adjustment are as follows.

(i) For Models 1-6, we use {1, Xi,Wi, X
2
i ,W

2
i , XiWi, (Xi − X̃)I{Xi > X̃}, (Wi − W̃ )I{Wi > W̃}, (Xi −

X̃)2I{Xi > X̃}, (Wi − W̃ )2I{Wi > W̃}} where X̃ and W̃ are the sample medians of {Xi}i∈[2n] and

{Wi}i∈[2n], respectively.

(ii) For Models 7-9, we use {1, Xi,Wi, X
2
i ,W

2
i , Xi1Wi1, Xi2Wi1, Xi1Wi2, Xi2Wi2, (Xij−X̃j)I{Xij > X̃j}, (Xij−

X̃j)
2I{Xij > X̃j}, (Wij − W̃1)I{Wij > W̃j}, (Wij − W̃j)

2I{Wij > W̃j}} where X̃j and W̃j , for j = 1, 2,

are the sample medians of {Xij}i∈[2n] and {Wij}i∈[2n], respectively.

(iii) For Models 10-11, we use {1, Xi,Wi, X
2
i ,W

2
i , Xi1Wi1, Xi2Wi2, Xi3Wi1, Xi4Wi2, (Xij − X̃j)I{Xij >

X̃j}, (Xij − X̃j)
2I{Xij > X̃j}, (Wij − W̃j)I{Wij > W̃j}, (Wij − W̃j)

2I{Wij > W̃j}} where X̃j ,for

j = 1, 2, 3, 4, and W̃j , for j = 1, 2, are the sample medians of {Xij}i∈[2n] and {Wij}i∈[2n], respectively.

(iv) Models 12-15 already contain high-dimensional covariates. We just use Xi and Wi as the LASSO

regressors.
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D Details for Empirical Application

“GM” corresponds to the method used in Groh and McKenzie (2016). Groh and McKenzie (2016) estimated

the effect by regression with regressors including some baseline variables, a dummy for missing observations,

and dummies for the pairs. Specifically, for profits and revenues, the regressors are the baseline value for

the outcome of interest, a dummy for missing observations, and pair dummies; for investment, the regressors

only include pair dummies. The standard errors for the “GM” ATE estimate are calculated by the usual

heteroskedastity-consistent estimator. The “GM” results in Table 5 were obtained by applying the Stata

code provided by Groh and McKenzie (2016).

The description of other methods is similar to that in Section 6.2. Specifically:

(i) Xi includes gender and 13 additional matching variables for all adjustments. Three of the matching

variables are continuous, and the others are dummies.

(ii) To maintain comparability, we keep Xi and Wi consistent across all adjustments except for “refit” for

each outcome variable. For profits and revenue, Wi includes the baseline value for the outcome of

interest, a dummy for whether the firm is above the 95th percentile of the control firms’ distributions

of the outcome variable, and a dummy for missing observations. For investment, Wi includes all the

covariates used for the first two outcome variables.

(iii) For “refit”, we intentionally expand the dimensions of Wi. In addition to the baseline values used in

the other adjustments and the dummy variables for missing observations, the Wi used in “refit” also

includes the interaction of the continuous original Wi variables with three continuous variables and the

first three discrete variables in Xi.

(iv) All the continuous variables in Xi and Wi are standardized initially when the regression-adjusted

estimators are employed.
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