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A Proofs of Main Results

In the appendix, we use a,, < b, to denote there exists ¢ > 0 such that a, < cb,.

~

A.1 Proof of Theorem 3.1

Step 1: Decomposition by recursive conditioning

To begin, note

. 1 . .
fn(1) = — (2D;(Yi(1) — 1y 5 (X5, W5)) + 101 o (X5, W3))
" <iTom
1
=5 (2D;Y;(1) — (2D; — 1)my o (X5, W5))
" <ion
1
o (2D;Y;(1) = (2D; — 1)my (X3, W;)) + op(n~'/?)
1<i<2n
1 _
= % (2Dz}/z(1) — Diml,n(Xia Wz) — (1 — Di)mlm(Xi, Wz)) + Op(n 1/2) s (Al)
1<i<2n

where the third equality follows from (9). Similarly,

,LALn(O) = — Z (2(1 — Di)YVZ(O) — Dimoyn(Xi, Wz) — (1 — Di)mo’n(Xi, Wi)) + 0P(ﬂ71/2) . (AQ)

1<i<2n

It follows from (A.1)—(A.2) that

1
Ap=— Di1mi — (1 = Dy)po.ni +op(n=?), (A.3)

1<i<2n 1<i<2n

3=

where

1
G1m,i = Yi(1) — §(m1,n(Xi, W;) + mon (X5, W;))

1
Go,n,i = Yi(0) — §(m1,n(Xi, W;) + mon (X5, W3)) .
Next, consider

1
L, = NG > (2D = D)E[my o (Xi, Wi) + mo.n(Xi, Wi)|Xi] -

1<i<2n

For simplicity, define My, (X;) = E[mgn(X;, W;)|X;] for d € {0,1}. It follows from Assumption 2.2 that
E[L,|X™)] = 0. On the other hand,

m 1 2
VaT[Ln\X( 1/)] i Z (Ml,n(Xﬂ(ijl)) + Mo (Xr2j-1)) — (M1, (Xr(25)) + MO,n(Xw(2j))>)

1<j<n
1 1
. > My (Xr(2jm1) = My (Xageg)]” + - > Mo n(Xr(2j-1) = Mo (X))
1<j<n 1<j<n



P
=0,

where the inequality follows from (a + b)? < 2(a? 4 b2) and the convergence follows from Assumptions 2.3
and 3.1(c). By Markov’s inequality and the fact that E[L,|X™] = 0, for any € > 0,

Var[L,|X (™)
P{La| > xmy < Yl X7 2
€
Since probabilities are bounded, we have L,, = op(1). This fact, together with (A.3), imply

\/E(An 7A(Q)) = An *Bn‘i’Cn *Dn 5

where
1
An = = z¢ n,. ’L¢ n,s |X(n) D(n)]
\/’E 1<i<2n ( " " )
_ 1 _ _ D, 1 x pm)
Bn - \/ﬁ o ( ¢0 n,t [( Dz)¢0,n,z|X 7D })
1
Cn=— Di(E[Y:(1)|Xi] — E[Y;(1)])
\/ﬁ 1<i<2n
1
Dy =—= (1= Di)(EYi(0)|X;] — E[Y;(0)]) -
Vn 1<i<2n

Note that conditional on X and D("), A, and B, are independent while C,, and D,, are constants.

Step 2: Conditional central limit theorems

We first analyze the limiting behavior of A,,. Define

Z DiVar[¢17n7i\Xi] .

1<i<2n

Note by Assumption 2.2 that s2 = n Var[A,|X (™, D(™]. We proceed verify the Lindeberg condition for 4,

conditional on X and D™ i.e., we show that for every e > 0,

1
= Z E[Di(d1,ni — El61,0,:| X)) P2I{| Di(1,0,5 — El1.nil Xi])| > €5} X™, D] 5o (A4)
n1<i<2n

To that end, first note Lemma B.2 implies

2
Sn, P

nE[Var[g nq| Xi]]

—1. (A.5)
(A.5) and Assumption 3.1(a) imply that for all A > 0,

Ples, > A} 5 1. (A.6)



Furthermore, for some ¢ > 0,

P{S’%>c}—>1. (A7)

n

Next, note for any A > 0 and d; > 0, the left-hand side of (A.4) can be written as

1 1
=7 Z E[|¢1,n,i — Eld1,n,4 Xil PI{| 61,0, — Elpr,nl Xi]| > esyn }[ X ™, D]

——=
sn/nn 1<i<2n:D;=1
1 1

< Zinn S° Bllérni — Elprn XillPH{|é1,n: — Elérni|Xi)| > s, }| X ™, D]

n 1<i<2n

11
< LS Bl Bl X610 — Elon sl X1 > X, DO 4 0p (1)

1<i<2n

21
< —— E|¢1ni — Elo1,n,i| X P T{|¢1,n,i — E[d1,n:1X:]| > AHXi] +op(1) (A.8)

c2n

1<i<2n

where the first inequality follows by inspection, the second follows from (A.6)—(A.7), and the last follows

from Assumption 2.2. We then argue

1
o Z El|¢1.i — Elp1,n,i Xil PI{|¢1..i — Eld1,nel Xil| > A} Xi]

1<i<2n

= El|p1ni — Elo10: Xi)|PT{|d1,0i — Eld1,04 Xi]| > A} +o0p(1) . (A.9)

To this end, we once again verify the Lindeberg condition in Lemma 11.4.2 of Lehmann and Romano (2005).
Note

6100 — Elorni Xil PI{|¢1.n.: — Blprn.il Xil| > A} < |¢1.0.i — Eldrnl Xil* -

Therefore, in light of Lemma B.1, we only need to verify

lim limsup E[|¢1,n,i — E[61,0.,: Xi][*I{|¢1,n,i — Eld1,n,:1Xi]1> > 7} =0, (A.10)

YT=X p—oco
which follows immediately from Lemma B.3.

Another application of (A.10) implies (A.4). Lindeberg’s central limit theorem and (A.5) then imply
that

sup |P{An/\/E[var[¢1,n,i|Xi]] <#xX™ DM} — o) L0 .
teR

Similar arguments lead to

sup [P{B,,/\/ E[Varlg i X;]] < )X, D} —a(t)| 50
teR

Step 3: Combining conditional and unconditional components

Meanwhile, it follows from the same arguments as those in (S.22)—(S.25) of Bai et al. (2022) that

G~ D, 4 ¥ (0.3 B (B ()1 - B - (BO)1X] - BV O] )



To establish (10), define 12 = V%n + ugyn + 3, where

E[Var[p1 | Xi]]
E[V&T[(bo,n’ﬂXi”
1
2

2
Vl,n
2
VO,n

v? = S E[(BIY;(1)|Xi] - E[Yi(1)] - (E[Y;(0)|X,] - E[Y;:(0)]))?]

Note

VI(Bn = A@)) _ An 1m - Bn Vom | Cn = Dn e

Un Vin Vn Yo,n Vn Vo Vn

Further note v, v1 1, Vo n, V2 are all constants conditional on X (") and D™ . Suppose by contradiction that
w does not converge in distribution to N (0, 1). Then, there exists € > 0 and a subsequence {ny}

such that
sup |P{Vni(An, — A(Q)) /v, <t} —(t)] — €. (A.11)

Because the sequence v4 ,,, and vp,, are bounded by Assumptions 3.1(b), there is a further subsequence,
which with some abuse of notation we still denote by {ny}, along which 14 ,,, — v§ and vy, — v for some
vi,vg > 0. Then, v1 0, /Vnys Yo,ny/Vng» V2/Vn,, all converge to constants. Therefore, it follows from Lemma
S.1.2 of Bai et al. (2022) that

d
\/ﬁk(Ank - A(Q))/Vnk - N(Ov 1) ’
a contradiction to (A.11). Therefore, the desired convergence in Theorem 3.1 follows.

Step 4: Rearranging the variance formula

To conclude the proof with the the variance formula as stated in the theorem, note

Var [Yi(O) - %(ml,n(Xi, Wi) + mo,n (X, Wz))‘Xz}

— Var [E [m(O) - %(an(XZ-, W) + mon (X, Wi)))XZ-, WZ}

x|

1
+ E[Var {Yi(O) — §(m1,n(Xi,Wi) + mO,n(XiaWi)>‘Xi7Wi:|

x]

~ Var [E[w‘x Wi - %(ml,n(Xh W) + mon (X5, W3)) — E[M‘X ]

q
+ E[Var[Y;(0)|X;, Wi]| X;]

— Var [E[M‘X Wl} - %(ml,n(Xi Wi) + mo,n(Xi,Wi))‘Xl}
v 0 )

— 2Cov [E[M’X Wz} — %(ml,n(xi, Wi) + mon(Xi, Wi)), E[M‘X Wz}

x|

x|

+ E[Var[Y;(0)| X;, Wi]| Xi] , (A.12)

where the first equality follows from the law of total variance, the second one follows by direct calculation,

and the last one follows by expanding the variance of the sum. Similarly,

1
Var [Yi(1) = 5 (mn (X, W) + mon (X, Wi))‘XZ}



= Var [E[M‘Xi, Wl} - %(ml,n(Xi, W;) 4+ mon (X, Wz))‘Xl:|
]

+ Var [E{w‘)ﬁ,wz]
+2Cov [E[wlx Wl} — %(ml,n(xi, Wi) + mo.n (X, Wi)), E[M‘X WZ}

x|

+ E[Var[Y;(1)|X;, Wi] | Xi] . (A.13)
It follows that

02(Q) = 5 EVar[B[¥i(1) + Yi(O)|X:, Wil — (o (Xi, W) + mo (Ko, W) X,
+ 3 BIVarlBIYi(1) — ¥i(0)| Xo, Wil Xil] + 3 VarBIYi(1) ~ ¥;(0)|X]]
+ BVarlYi(0)X:, Wi|XG] 4+ E[Var[¥i(1)| X, WX
SE[Var[E[Y;(1) + Yi(0)| Xy, Wi — (m1,0(Xs, Wi) + mo  (Xi, Wi)) | Xi]]
+ BB - Yi(0)|X:, W] ~ B[¥i(1) — Yi(0)| X;])?
+ S EI(EQ) - Yi(0)X1] - BI¥i(1) - Yi(0)])]
+ EI(¥i(0) — B[Y:(0)|X:, Wi])?] + B[(Y;(1) ~ BIYi(D]X;, Wil)?
SE[Var[B[Y;(1) + Y (0)| Xy, Wi] = (1,0 (X5, Wi) + mo,n (X, Wi)) | X]]

+ %VﬂT[E[Yi(l) = Y;(0)| Xy, Wi]] + E[Var[Y;(0)| X3, Wi]| + E[Var[Y;(1)|X;, Wi]] ,

where the first equality follows by definition, the second one follows from (A.12)—(A.13), the third one again

follows by definition, and the last one follows because by the law of iterated expectations,
E[(EYi(1) = Y;(0)|X:, Wi] — E[Yi(1) — Y3(0)| X)) (B[Y:(1) — Y;(0)[X3] — E[Yi(1) = Y;(0)]))] =0 .

The conclusion then follows. &

A.2 Proof of Theorem 3.2
Theorem 3.1 implies A, £ A(Q). Next, we show
— E[Var[p1,,:| Xi]] + E[Var[go,;| Xi]] + E(E[Yi(1)|X] - E[Vi(0)|X:])*] 5 0. (A.14)

To that end, define )
}D/z’ =Y - §(m1,n(Xi, W) + mon(Xs, Ws)) .

Note

3\*—‘

- N o 2
§ ( w(2j-1) ~ w(2;>+(Yn<2j—1>—Yw(zﬂ—(Yw(zj—l)—Yw@j))))
i<n



B B 1 ~ ~ B B
(Yrzj-1) = Ya(zp)? + - > Vaj—1) = Vaej) — Va@i—1) — Yaei))?

1<j<n 1<j<n
2 - - . . . .
+ n Z (Yﬂ(2i—1) - YW(Qj) - (YW(Zj—l) - Yﬂ(2j)))(yﬂ(2j—1) - Yﬂ-(Qj)) .
1<j<n

Therefore, to establish (A.14), we first show

- Z Ve2jo1) = Ya(zj)? — E[Var(p1,n,i Xi]] + E[Var[gon.:| X,]] + E[(E[Y:(1)|X;] — E[Y;(0)]X,])?] Lo

(A.15)

and

~ ~ o o P
(Ye2j—1) — Yai2j) — Vrzj—1) — Ya(2j)))”> = 0. (A.16)
1<j<n

SRS

(A.16) immediately follows from repeated applications of the inequality (a — b)? < 2(a? + b?) and (12). To
verify (A.15), note

v 2
(Yezj—1) = Vaep)® = Z vP-= Z Vej-1)Ya(2) -

1<j<n " <i<on 1<]<n

S|

It follows from similar arguments to those in the proof of Lemma B.2 below that

P

Z }O/i2_E 1nz]+E[¢0nz] = 0.

1<i<2n

Similarly, it follows from the proof of the same lemma that

P . . P
- Z Yri—1)Yr2j) — 2E[E[¢1,n,i| Xi] E[pon,i| Xi]] = 0 .

1<j<n

To establish (A.15), note

E[7 ] + B[00 s
= E[Var[¢1 5| Xi]
= E[Var[¢y n | Xi]
= E[Var[¢1 n | Xi]

2E[E[$1,n,i| Xi] Edon,i| Xi]]
+ E[Var[go ni| Xil] + E[E[$1,n,i Xi]*] + E[E[¢o0,n,i| Xi]*] = 2E[E[¢1,n,i| Xi] E[¢0,n,i Xil]
+ EVar[¢o ni| Xil] + E[(E[¢1,n,:|X:] — Eldo,ni Xi])?)
+ E[Var[po .| Xl + E(E[Y;(1)|X,] — E[Y;(0)| X4])%]

)

I -
]
]
]

where the last equality follows from the definition of ¢1,,; and ¢g ;. It then follows from the Cauchy-
Schwarz inequality that

1 . - . . . .
- > (Vejmn) = Yei) — Vr@ion) = Yren) Ye@i-1) — Ye@j)

1<j<n
1 . 5 1 - . . p
< n Z (Yﬂ@j*l) - Yﬂ(2j))2 n Z (Yz (25-1) — (21) (Y, m(2j—-1) — YT{'(Qj)))z =0,

1<j<n 1<j<n

which, together with (A.15)-(A.16) as well as Assumptions 2.1(b) and 3.1(b), imply (A.14).



Next, we show

A B E[(E[Y:(1)]X] - E[Y:(0)|1X:])?] . (A.17)
Note

2 . . . .
An = — > Vej—s) — Yai—2) Ye@j—1) — Yaj)(Da(aj—3) — Dr(aj—2))(Draj—1) — Drqajy)  (A.18)

1<5=1%)
2 - . . . . .
== Y (Vrwjms) = Yaj-s) = Vetaj—2) = Ya4j-2) Vrj-1) = Yeay)
1<5=18)

X (Dr(aj-3) — Dr(aj—2))(Dr(aj—1) — Dr(aj))

2 o o ~ o ~ o
+ Y Veos) = Yaai—2) Vegaj—1) = Yaeaj—n) = Vecag) = Yaa)
1<5< (2]

X (Dr(aj-3) = Dr(4j-2))(Dr(aj-1) = Dr(az)

2 N . _ .
+ o Z (Yr(aj—3) = Yrj—3) — Yr@j—2) — Yruj-2)))
1<5< %]

X (Yrj—1) = Ya(aj-1)) = Yrj) = Yay)))(Draj—3) = Draj-2)) (Dr(aj—1) = Draj)) -

In what follows, we show

2 o o
- Z (Yr(aj-3) — Yr(aj—2))> = Op(1) (A.19)
1<5<1 %]
2 o o
-~ Z (Ya(aj-1) — Yu(aj))® = Op(1) (A.20)
1<5<| 3]
2 N . . .
- Z (Yeaj—3) = Yaaj-3) — Ya@j—2) — Yaj-2)))* = op(1) (A.21)
1<5<| %]
2 ~ . . .
n Y Vrjon = Yaso1) = Yaqay) = Yaap))® = 0p(1) (A.22)
1< %]
2 . . . .
- Z (Yr(aj—3) = Yraj—2)) Yr@i-1) = Yr(a)) (Dr(aj—3) — Drj—2))(Draj—1) — Dr(aj))
1<5<1 %]
P
= B[(B[Y;(1)|X] - B[Y;(0)|X:])?] - (A.23)

To establish (A.19)—(A.20), note they follow directly from (A.15) and Assumptions 2.1(b) and 3.1(b). Next,
note (A.21) follows from repeated applications of the inequality (a + b)? < 2(a? + b?) and (12). (A.22)
can be established by similar arguments. (A.23) follows from similar arguments to those in the proof of
Lemma S.1.7 of Bai et al. (2022), with the uniform integrability arguments replaced by arguments similar to
those in the proof of Lemma B.2, together with Assumptions 2.1-2.4 and 3.1. (A.18)—(A.23) imply (A.17)

immediately.

Finally, note we have shown

Q>
3
3

1w

o



on P
L

Assumption 3.1(a) implies o2 is bounded away from zero, so

On
The conclusion of the theorem then follows. B

A.3 Proof of Theorem 4.1

We will apply the Frisch-Waugh-Lovell theorem to obtain an expression for Bﬁai"e. Consider the linear

fpn(d) = o )
1<i<2n

! Z Y I{D; = d}

regression of ¢; on 1 and D;. Define

for d € {0,1} and
Aw,n = /lw,n(l) - ﬂw,n(o)
The ith residual based on the OLS estimation of this linear regression model is given by

in = 1;[}1 - ,[L'L/J,n(o) - Aw,nDz .

B;{ai"e is then given by the OLS estimator of the coefficient in the linear regression of Y; on ;. Note
Y (i . (0) (Wi — iy (0)) (1 = Dy)

1 -1 . A 1
on Z Vi = n Z (Vi = fip,n (1)) (Wi — frp,n (1)) Ds + o 2
1<i<2n 1<i<2n 1<i<2n
1 1. R 1. .
= n Z "/Jﬂ/}; - iﬂw,n(l)ﬂw,n(l)/ - gﬂw,n(o)ﬂw,n(o)/
1<i<2n
It follows from Assumption 4.1(b) and the weak law of large number that
1 1 P, ’
o Z Vit — Ehink]
1<i<2n
On the other hand, it follows from Assumptions 2.2-2.3 and 4.1(b)—(c) as well as similar arguments to those
in the proof of Lemma S.1.5 of Bai et al. (2022) that

fpn(d) 5 B[]

in Z D B Var[yy] .

for d € {0,1}. Therefore,
1<i<2n



It follows from similar arguments as above as well as Assumptions 2.1(b), 2.2-2.3, and 4.1(b)—(c) that

oo Y BB Covlun Yilh) + Yi(0)]

1<i<2n

The convergence of Bgaive therefore follows from the continuous mapping theorem and Assumption 4.1(a).

To see (12) is satisfied, note

1 A Anaive naive 1 Anaive naive
o Z (M, (Xi, Wi) = man(Xs, Wi))? = (B — grave)’ o Z Pay | (B = 7).

1<i<2n 1<i<2n

(12) then follows from the fact that Braive KR B, Assumption 4.1(b), and the weak law of large numbers. To
establish (9), first note

L Z (2D; — 1) (g (X, Ws) — man (X, W;)) = 1

\/EA/ n(/g)gaivc _ ﬁnaivc) ]
V2n S, V2

In what follows, we establish

VnAy, =0p(1), (A.24)

from which (9) follows immediately because 522Ve—gmaive — (1), Note by Assumption 2.2 that E[y/nA,, | X ™] =
0. Also note
ViAyn =F,— G, + H, ,

where
Fa=—= 3 - Bl XD,
\/ﬁ 1<i<2n
1
Gn = —= (wl — E[wZ|Xl])(1 — Dz) 5 and
\/’77, 1<i<2n
1
H, = 7n (ElYr@j-1)|Xr@2j-0)] = E[Vx@2)| Xa@i]) (Dr@j-1) — Dre2j)) -

1<j<n

We will argue F,, G, H, are all Op(1). Since this could be carried out separately for each entry of F, and
G, we assume without loss of generality that k, = 1. First, it follows from Assumptions 2.2-2.3 and 4.1(c)

as well as similar arguments to those in the proof of Lemma S.1.4 of Bai et al. (2022) that

1
Var[F | X ™, D] = = N Varly,| X;]D; 5 E[Var[y;] X;]] > 0 .
n

1<i<2n

It then follows from similar arguments using the Lindeberg central limit theorem as in the proof of Lemma
S.1.4 of Bai et al. (2022) that F,, = Op(1). Similar arguments establish G,, = Op(1). Finally, we show
H, = Op(1). Note that E[H,|X ] = 0 and by Assumptions 2.2-2.3 and 4.1(c),

1 P
Var[H,| X (™] = - Z (BElYn(2j-1)| Xn(2j—1)) = Elton(2j)| Xn2i])? = 0 .

1<j<n



Therefore, for any fixed € > 0, Markov’s inequality implies

Var[H,,| X ™) 2,

P{|H, — B[Ha | X")| > e XM} < ~250

Since probabilities are bounded and therefore uniformly integrable, we have that
P{|H, — E[H,|X™]| > ¢} = 0.

Therefore, (A.24) follows. Finally, it is straightforward to see Assumption 3.1 is implied by Assumption 4.1.
|

A.4 Proof of Theorem 4.2

By the Frisch-Waugh-Lovell theorem, Bgfe is equal to the OLS estimator in the linear regression of {(Yﬂ—(g i—1)—
Yr@iys Yaes) — Yrj—) + 1 < J < n} on {(2Dr2j-1) — 1,2D25y — 1) : 1 < j < n} and {(¢¥r2j-1) —
Yr25), Ur25) — Pr(2j—1)) : 1 < j < n}. To apply the Frisch-Waugh-Lovell theorem again, we study the linear
regression of {(Vr(2j—1) = Vr(2j)s Yr(2j) = Vr(2j—1)) 1 1 < j <n}on {(2Dr2j-1)—1,2D(25y—1) : 1 < j < n}.
The OLS estimator of the regression coefficient in such a regression equals

1

Apyn == (Dr@j-1) = Drj)) @ri—1) — Yr(2j)) -

1<j<n

The residual is therefore {(1%(2]‘—1) —’l,[)ﬂ-(Qj) — (2D7'r(2j—1) — I)AQ/J,'VH 1/)7‘-(27) _1/)7T(2j—1) — (2Dﬂ-(2j) — 1)Aw7n) 01 S
j<n}. Bgfe equals the OLS estimator of the coefficient in the linear regression of { (Y (2j—1) = Yr(25), Yr(25) —
Yij—1)):1<j < n} on those residuals. Define

Ovj = (Dr(2j—1) = Dr(2j)) Yr(2j—1) — Yr(2j)) and
dp,j = (Dr(2j—1) — Dr(25)) (¥r(2j-1) = ¥r(25))

Apparently Ay, = L3 <j<nOv,j- A moment’s thought reveals that fBPfe further equals the coefficient
estimate using least squares in the linear regression of dy; on dy ; — Ay n for 1 < j < n. It follows from
Assumptions 2.1(b)—(c), 2.2-2.3, and 4.1(b)—(c) as well as similar arguments to those in the proof of Lemma
S.1.5 of Bai et al. (2022) that

Ay L0 and (A.25)
1
= av S AQ)
"<
Next, note that
1
-~ Z 030y,
1<j<n
1
= D (Wrim1) — Yrei) Wn@i—1) — Yre)’
1<j<n

10



1 1
= Vit; — -~ Z (Ym(2i—1)Un(aj) T Vr(2i) Vn(aj—1)) - (A.26)

1<i<2n 1<j<n

For convenience, we introduce the following notation:

pa(Xi) = E[Y;(d)| X;]
U(X;) = B[] Xi]
§a(Xi) = E[iYi(d)| X -

The first term in (A.26) converges in probability to 2E[1);¢!] by the weak law of large numbers. For the

second term, we have that

1 n
E[E > (wﬂ@j_l)w;@j)+wﬂ(21)¢;(2j71))‘X( )}

1<5%n
1 1
“n D UX)U(X) — = Y (U(Xr(2jo1) = V(Ko (¥ (Xrizj1) = U(Xr2))
1<i<2n 1<j<n

5 2B (X,)¥(X)]
where the convergence in probability holds because of Assumptions 2.2-2.3 and 4.1(c). It follows from

Assumptions 2.2-2.3 and 4.1(b)—(c) as well as similar arguments to those in the proof of Lemma S.1.6 of Bai
et al. (2022) that

1 1 n P
‘H Z (1/Jﬂ(2j_1)¢;(2].) + 1/17r(2j)1/);r(2j71)) — E[ﬁ Z (wﬂ-(2j—1)¢;—(2j) + 1/)77(2j)1/};r(2j71))’X( )H =0.

1<j<n 1<j<n

Therefore, .
P
ﬁ E §¢»j5:b,j — 2E[Var[z/11\Xl]] .

1<j<n

We now turn to

1 1
- Z dyj0y,5 = - Z (Vr(2j-1) = Yr(2) Yr2i-1) — Ya(2s) -

1<j<n 1<j<n

Note that

oy 1 1
Eln(2j—1)Yr(2j-1| XM = 561 (Xn(2j-1) + 560(Xr(2j-1)

1
Eln(zj—1)Ya(p| X "] = 5 ¥ (Xr2j-1)) (11 (X2)) + Ho(Xr(25))) -

It follows from Assumptions 2.1(b)—(c), 2.2-2.3, 4.1(b)—(c) as well as similar arguments to those in the proof
of Lemma S.1.6 of Bai et al. (2022) that

LS bty B BRY(1) + Yil0))] — BI(X) (m(X0) + 0 (X))

1<j<n

The convergence in probability of /3’5&’ now follows from Assumption 4.1(a) and the continuous mapping

theorem. (9)—(12) can be established using similar arguments to those in the proof of Theorem 4.1. Finally,

11



it is straightforward to see Assumption 3.1 is implied by Assumption 4.1. &

A.5 Proof of Theorem 5.1

We divide the proof into three steps. In the first step, we show

|afi,n - afi,n| + ”B(I;,n - 52,77,”1 = OP (Sn)‘;,) . (A27)

In the second step, we show (9), (12), and Assumption 3.1 hold. In the third step, we show the asymptotic

variance achieves the minimum under the approximately correct specification condition in Theorem 5.1.

Step 1: Proof of (A.27)

Note that

H{Di = d}(Yi(d) = Gy = U0 iBin)* + N1 (d) B 01

1<i<2n

1 r T r A T
< ﬁ Z I{DZ = d}(}/l(d) —OQgpn w;,iﬂd,n)Z + )\d,nHQn(d)/Bd,nnl .

1<i<2n

Rearranging the terms, we then have

1

ﬁ Z I{Dl = d}(dfi,n - afi,n + 1/1;,1(351,77 - Bfl,n))z + )‘fi,n”Q”(d)Bé,nHl
1<i<2n
2 AT r 2 AT r
< ﬁ Z I{DZ - d}enyl(d)w;,z (/Bd,n - ﬂd,n) + E Z I{DZ = d}enﬂ(d) (ad,n - ad,n)
1<i<2n 1<i<2n
Next, define )
Un(d) = Qﬁl(d)g Z I{D; = d}(¢n,i€n,i(d) — E[thn,i€ni(d)])
1<i<2n
and
60 [log(2npy, 1 log(2np,
£u(d) = 4 10u(@)l < 2 OBCP) TS 1D e (@)~ Blen ()] < /222
- i€[2n]

Lemma B.4 implies P{&,(d)} — 1 for d € {0, 1}.

On the event &,(d), we have

2 .
Z I{Dl = d}emi (d)w;,z (ﬂ(rim - ﬁ(ri;n)
1<i<2n
2 A
<%t @ > H{Di=dYeni( | 190(d) By, — Bl
1<i<2n

oo

12



< 2| Un(d) oo 120 (@) (B, = B )l + Qﬁl(d)% > H{Di=d}Eleni(d)vnil|  190(d) By — Bin)

1<i<2n
oo

126 . . .
= (a%n +dn) d’nHQn(d)(ﬁd,n _5d,n)”1 3

where d,, = o(1) and the last inequality follows from (18) and the fact that

log(2npy)

an = Uy -

Next, define

6d1n = /Bcrl,n - /Bcrl,n

and let Sg., be the support of §; ,,. Then, we have

1920 (d) Bl = 1(Qu(d) B )50 1+ 1 Qn(d)Bin) 55, It = 1(Qa(d)Bh0) 500 1 + 1 Qn(d)dan)ss, N1
120 (d)Benllt = 1(Qn(d) B )50 1 < N (d)Bi 1) 50,011+ 1(Q20 (D)5 1) 5,

15

and thus,

1= 120 (d) 55 0 l1x

120 2 A
(ot + o) 190l + 120 @)

124
125 . 125 . . S
— (B + ) VDSl + (o ) I @)y, + 100 @~ 10 @l
126 . 126 . s s
< (22 ) N @Ba)si+ (e o) N @Dty o + I DB )5, 1 = 10 @) s -

!/

Further define d4, = (6., — ozfiyn,(%,n)’ and Sy, = {1,854, + 1}' and recall 4, ; = (1, n.i)'- Then,
together with (A.28), we have

1

o<l S HDi= B sy
" SiTon
[ 125 . 126 .
< r ~ — _— — Q c
< i | (o 4 €) N D)l = (2= 2 = o ) 1On@Ban)sy,

+ )‘(ri,n(]'/gﬂ + dn)|&2,n - a27n|

[/ 125 A 126 "
<N | (o + o+ ) alan)sa i = (2= o = do) @l Gy, I

o oll,
+ )‘g,n(l/ﬁﬂ + d’ﬂ)|d¢ri,n - afi,n'
. [/ 126 N\ e 126 y
< i | (o + 4 0) allGan)s, I = (2= 2o = da ) ellandsy ] - (A2

Define

20¢
- ntl .
Cn = {u € R? : ||U§§)n||1 < ?Q||u§d,7l 1} .

1For example, if Sa.n ={2,4,9}, we have gdn ={1,3,5,10}.

13



For sufficiently large n, we have 5d’n € Cp. It follows from Bickel et al. (2009) and Assumption 5.4 that

1 vy
3 . -2 A - Al > 0. 2 .
ulencfn(”usdm 1) "=(sn + Du . 1<§<2n H{D; = d}tpn iy, ; | u> 0.25k7

Therefore, we have

v 1 . 5
0.25:‘<&%||(5d,n)§dm”% < I{D; = d}(, :54.)?
1<i<2n
126 N )
= (aéén +dn + C) dn(8n + DI0dn)sa. 1

which implies

[(0d,n) 54

125 i .
1 §4<g€€n+dn+c> (8n+1) d,n/"i? .

We then have

(& = @l + 180 = Bl < 1Gan)s, 11+ 1Gan)gg I
< (1425 1Bans,

20¢c 120 _ r
§4(1+00) ((%L+d7L+C> (sn+1) d,n/’i%'

20¢

Then, we have (A.27) holds because P{&,(d)} — 1.

Step 2: Verifying (9), (12), and Assumption 3.1

By (A.29), on &,(d) we have

1 . . . . (125 N o
- Z I{D’L = d}(ad,n - ad,n + w;,iédm)z S )‘d,n (O’éﬁ + dn + C) O—H(éd’”)gdynnl
OLLn

1<i<2n

125 2
<a(=Z td,+¢c) o(sn+DN2 /K2
all, "

Because P{&,(d)} — 1, we have

LS D= )@ — 0+ W (Ban — Fan)) = Op (su(X)?) = 0p(1)

1<i<2n

which implies (12) holds.

Next, we show (9) for B;yn. First note

‘\/12—71 Z (2D; — 1) (g (Xis Wai) — man(Xi, Whi))

1<i<2n

14



1 .
‘\/ﬁ Z (ZDI - l)w;L,i(ﬂé,n - ﬂ;,n)

1 )
<|—= > @Di—1)n; b = Bl
< 7”19@( Joni|l NBan = Banlh

oo

Next, note that it follows from Assumption 2.2 that conditional on X () and Wén),
{Dr2j—1) = Dr2jy : 1 < j < n}

is a sequence of independent Rademacher random variables. Therefore, Hoeffding’s inequality implies

XMy n)

1

1<:<2n
- = oo

1 n n
< Z P Von Z (Vnom(2i—1) = Ynr25)) (Dr2j—1) — Dr2j))| >t X0 i

1<i<p, 1<j<n

< > zexp< r ) .

% Z1gj§n(¢n,rr(2j—1) - wn,w(zj))Q

Define
1

2 2
VS = max — 5 o
" 1<i<p. Vil
== 1<i<2n

We then have

XM Wy < (p,vn)Tt. (A.30)

1<i<2n

P |\/127n Z (2D; — )by i|| > vn/210g(pn V 1)

o0

Next, we determine the order of v2. Note

1
E[V2] < max 2E[¢Z,¢,l]+2E o Z Wi,z‘,l_EW?L,i,l])

- 1<ispn 1<i<2n

1
S1+E| max |— Z eiwi,i,l

1<i<pn | 21

1
<14E,F | max |— E €itn. il
1<i<pn |2n _ £

1<i<2n

1
SI+E.E [sup |[—— Y fleitnia)
feF, |20 1<i<2n

where {e; : 1 <i < n} is an i.i.d. sequence of Rademacher random variables,

Fn={f:RxR" =R, f(e,) = e, 1 <I<pn},
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and 1); is the Ith element of ¢. Note the second inequality follows from Lemma 2.3.1 of van der Vaart and
Wellner (1996), the third inequality follows from Theorem 4.12 of Ledoux and Talagrand (1991) and the

definition of Z,,, and the last follows from Assumption 5.1. Note also F,, has an envelope F' = =Z,, and

sup sup E[f?] < oo
n>1 feF,

because of Assumption 5.1. Because the cardinality of F,, is p,, for any € < 1 we have that

sup N(elFllga F, L2(@) < 7 |

Q:Q is a discrete distribution with finite support

where N (e, F, L2(Q)) is the covering number for class F under the metric L2(Q) using balls of radius e.
Therefore, Corollary 5.1 of Chernozhukov et al. (2014) implies

1 logp, Z,logpn _
E | sup |- WUnai|| S/ + =o(Z,") .
feuJI-:'jz 2 Z Citnit|| 5 n n o)

n -
1<i<2n

Therefore, v, = O,(1). Together with (A.30), they imply

H\/IQTZ Z (2D; — Dy i|| =Op ( log(pn V n)) )

1<i<2n
- - o0

In light of (A.27) and Assumption 5.3, we have

1 A $nlly log(pn V 1)
— E 2D; — D)n s = Bhnlli =0
‘ /7271 1Si§2n( )d) ) Hﬂd, ﬂd, Hl P < \/E

o

> = op(1) .

Next, note that Assumption 3.1(a) and 3.1(b) follow Assumption 5.1, and Assumption 3.1(c) follows
Assumptions 5.1 and 5.2.

Step 3: Asymptotic variance

Suppose the true specification is approximately sparse as specified in Theorem 5.1. Let }Z(d) =Yi(d) —
11a(X3), Yni = Ui — B[ | Xi], and R, ;(d) = Ry,i(d) — B[Ry ;(d)|X;]. Then, we have

E ((E[Yi(1) + Yi(0)| Wi, Xi] = 47, (85 0 + ﬁé,n))z] = E[(Rni(1) + Ryi(0))*] = o(1) .

This concludes the proof. ®

A.6 Proof of Theorem 5.2
We divide the proof into three steps. In the first step, we show

grefit — grefit — op(1) (A.31)
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In the second step, we show (9), (12), and Assumption 3.1 hold. In the third step, we show that g2 > grefit.2

r,2 refit,2
and o);° > orohhe,

Step 1: Proof of (A.31)

Let

(Dr(2j-1) = Dr(2j)) Tnir2j—1) = Tnm2iy)

(Dr2j-1) = Dr(2j)) Tnir2i—1) — Tnm2i))

or,j = (Dr2j—1) — Dr(2j)) Tnr2i—1) — Tnm2s))

I (Dw(2j—1) - Dﬂ(2j))(rn,ﬂ(2j—1) - Fn,ﬂ(zj)) .

Then, by the proof of Theorem 4.2, we have B;eﬁt equals the coefficient estimate using least squares in the

linear regression of dy,; on dp ; — Af .- Then, for any u € R? such that ||u|] = 1, we have

1/2 1/2
1 A 1 .
= > (0, = A, w)? |5 > ((0r; = Ara)w)’
1<j<n 1<j<n
1/2
1 R .
<= D (6, =) w)? = ((Ap,, — Arn)w)
1<j<n
1/2
2 - AT AT / T T / 2
< - Z HFTL,i + (aLn?aO;ﬂ) - F’ﬂ,i - (al,rw O[O,n) 9
1<i<2n
1 AT r ar T
5 Z % Z (ad,n — g n + w%,i(ﬂd,n - /Bd,n))2 = OP(l) )

defo,1} 7 1<i<2n

where the second inequality is by the fact that

orj = (Dr2j—1) = Dx2j)) Tnmzj—1) + (@1 0,00 1) = Trmzgy — (@4 05 00.0)")

0t ; = (Dr(2j—1) = Dr(2) (Cnmzjo1) + (81s @5,0) = Tmizgy = (64,0,85,0)")

and the last equality is by the proof of Theorem 5.1. This implies

1 « .
- (Op ;= Bp ) (0p ; — Ap ) — 2B [Var([y, ;] Xi]]
1<j<n
1 . o, 1 A o
= (Op; = Bp)Op ;= Ap ) = > (Orj = Arw)(0r; — Arn)
1<j<n 1<j<n
1 A A ’
+o Z (6rj — Arn)(0r; — Ar )" — 2E[Var[l', ;| X;]] = op(1) ,
1<j<n

where the last equality holds due to the same argument as used in the proof of Theorem 4.2. Similarly, we
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can show that

LS vy Ap,) — BlCov[Ts Yil) + V(01X = 0p(1)

1<j<n
which leads to (A.31).

Step 2: Verifying (9), (12), and Assumption 3.1

We first show (9). We have

(2Di — 1) (Man(Xs, Wh i) — man(Xi, Wi i)

1<

i

1 . o 1
e QD._l .. —T. .Y reﬁt_|_ 2D; — 1 Arefit refit
Vo, 2, 0T DO TP g 2 DTG A
= (\/T Z <1<2n(2D ) ;z,z(ﬁi,n - ﬁ{,n)v \/% Zl§z§2n(2Dl - 1) ’;L,’i(BB,TL - BSn)) ﬁzeﬁt
<\/T Z <1<2n( 1) ’I/’L,Z‘/B{,Wﬂ \/% Z1§i§2n(2Di - 1) ’;L,iﬂ(r),7l) ( {?flit - iiflit)
=op(1),

where the last equality holds by (A.31) and the facts that

(\/%771 Zl§i§2n(2Di - 1) ;“(B{n - ﬁf,n)a \/%*n Z1gig2n(2Di - 1) ;z(ﬁén - Bém)) = OP(l)
as shown in Theorem 5.1 and

(ﬁ Zl§i§2n(2D’i - 1) ;,iﬂf,m \/% Zl§i§2n(2Di - 1) ;uﬁ{)n) = OP(l) :

Next, we show (12). We note that

1

7 D (Man(Xi, W) = man (Xi, W)
n 1<i<2n

1 . N 1 R

Son O (i =Tui) B o > (8™ — B
n 1<i<2n n 1<i<2n
1 T Ar T Ar Are

S5 (Yni(BLn = BLa))* + (i (Bom = B0, ))IBE™IIE

1<i<2n

1 .
+ % Z wn zﬁl n (w;,iﬂé,n)Q]Hﬂ:ﬁﬁt - ﬂ;eﬁtH%

1<i<2n

1 AT T Ar r AT Are
SO 5 D (@ =l (B — i)+ (@ — a5 1B+ 0p ()

d=0,1 1<i<2n

= Op(].) .

Last, Assumption 3.1(1) can be verified in the same manner as we did in the proof of Theorem 5.1.

Step 3: Asymptotic variance
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Recall 03(Q) and 03(Q) defined in Theorem 3.1. As we have already verified (9) for mg n(Xi, Wy ) =
fn)iﬁzeﬁt and Mg, (X;, Wy.i) = [, 858 we have, for b € {unadj, r, refit}, that

on? —03(Q) —03(Q) = %E [Var[E[Y;(1) 4 Y;(0)| X, Whi] — F;,ﬂb|XiH
with

yumadi — (0 0) | 4f=(1,1), and At = grefit
In addition, we note that

%E [Var[E[Y;(1) + Y;(0)| Xi, Wy ] — T, 71 X]]

is minimized at v = 3:f*, which leads to the desired result. m

B Auxiliary Lemmas

Lemma B.1. Suppose ¢,,n > 1 is a sequence of random variables satisfying
lim limsup E[|¢,|I{|¢n] > A} =0 (B.1)
A—=00 p—soco

Suppose X is another random variable defined on the same probability space with ¢,,n > 1. Then,

lim_ Tim sup E[E{|6,]| X]T{El|éx]|X] > 7}] = 0. (B.2)

Y= pn—oo

PRroOOF. Fix € > 0. We will show there exists v > 0 so that
lim sup E[E[¢, || XIT{Ell6,]|X] > 7)) <. (B.3)
n—oo

First note the event {E[|¢,||X] > ~} is measurable with respect to the o-algebra generated by X, and

therefore
E[E[|¢n| [ XIH{E[|pn||X] > 7} = Ell¢n| I{E[|¢n]|X] > 1] . (B.4)

Next, by Theorem 10.3.5 of Dudley (1989), (B.1) implies that there exists a § > 0 such that for any sequence
of events A,, such that limsup,,_,., P{A,} <4, we have

limsup Ef|¢n|I{An}] < €. (B.5)

In light of the previous result, note

P{E[|¢,||X] >~} < E[E[lﬁanﬂ _ Enjn]

By Theorem 10.3.5 of Dudley (1989) again, (B.1) implies limsup,,_, . E[|¢n|] < 00, so by choosing v large
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enough, we can make sure
limsup P{E[|¢,||X] >~} < ¢ for all n .
n—oo

(B.3) then follows from (B.4)—(B.5). ®

Lemma B.2. Suppose Assumptions 2.1-2.3 and 3.1 hold. Then,

2
Sh P

ENVaroina X

PRrROOF. To begin, note it follows from Assumption 2.2 and Q,, = Q" that

1
E 4 D; Var[qbl nle 2 Z Var ¢1 nz|X}
1<i<2n 1<i<2n
1 1
*3n > Var[pyaalXi) - ol > Var[praalXi . (B6)
1<i<2n:D;=1 1<i<2n:D;=0
Next,
S ValbalXil- 5 Y VabuadX)
m ' ar|Q1,mn,i 7 m ' ar|Q1mn,i 7
1<i<2n:D;=1 1<i<2n:D;=0
> 2n Z | Var[oy n.x(2j—1) | Xr2j—1)] = Var[on n x| Xe@pll - (B.7)
1<j<n

In what follows, we will show

1
n Z |COV[Y‘IT(Qj—l)(l)’m17n(X7r(2j—1)7W‘;r(Zj—l))‘X‘/r(Zj—l)H
1<j<n

P
— Cov| 7r(2j)(1)7m1,n(X7r(2j)aWw(Zj))IXW(Zj)]H —0.

To that end, first note from Assumptions 2.3 and 3.1(c) that

— Z Tr(QJ 1) )ml,n(Xn(zj—1)7Ww(2j—1))\X7r(2j—1)]_E[Yw(2j)(1)m1,n(Xﬂ(2j)vWﬂ(2j)>‘Xﬂ(2j)]|

Next, note

-~ Z Y(2j—1) (D] Xr(2j-) E[m1n (Xrn(2j-1) Wrr(2i-1)) [ X (2j-1)]

1<j<’ﬂ
= EYa(2j) (DI X2 | E[man (X (25), Wa(2)) | Xn(25) ]l
1
< " |E[Y7r(2j 1 (1)|X7r(2j 1)]||E[m1,n(X7r(2j71)aW7r(2j71))|X7r(2j71)] - E[mlm(Xﬂ'(Qj)vWﬂ'(2j))|X7r(2j)]|
1<j S
+* Y BNy (D) Xy -1)] = El¥rap (D Xr @ 1 Elman(Xa(zg), W) Xrep)]]

1<g<n
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1/2

1
<= D IENe@i—y(D)|Xn@j—p]l?
1<j<n
1/2
1 2
x| = > Emn(Xe@j—1), Waj—1)| Xa@i—1)] = Elmn(Xe@j), W) Xe@)|
1<j<n
1/2
1
| = D B (Xagag), We) [ Xnezp)]l®
1<j<n
1/2
1
x | = Z |E[Yr2j—1) ()| Xr2j-1)] = EYr(2) (1) X 2]
1<j<n
1/2 1/2
1 1
S o Z |E[Y;(1)|X]? o Z | Xr2i-1) — Xni2jl?
1<i<2n 1<j<n
1/2 1/2
1 1 »
Rl ey Z |E[ma p (Xi, Wi)| Xi]? - Z | Xr2j-1) — Xn(ep)® =0,
1<i<2n 1<j<n

where the first inequality follows from the triangle inequality, the second follows from the Cauchy-Schwarz
inequality, the last follows from Assumptions 2.1(c) and 3.1(c). To see the convergence holds, first note
because

B[IB[Y;(1)|X,]]°] < E[E[Y?(1)|X,]] = E[Y?(1)] < o0,

the weak law of large numbers implies
1
=3 IB)IXP S 2B BV (D)X < o
1<i<2n
On the other hand,
1 2
— > |Elmyn (X, Wi)|X,]]” <

1<i<2n

Emi (X, W;)|X,] .

1
2n £
1<i<2n

Assumption 3.1(b) and Lemma B.1 imply

lim limsup E[E[m? ,,(X;, Wi)| X[ I{E[m3 ,,(X;, Wi)|Xi] > A} =0.

A—=00 n—oo

Therefore, Lemma 11.4.2 of Lehmann and Romano (2005) implies

1 P
o > Em?, (X:, Wi)|Xi] - E[E[m3,,(X;, W;)|Xi]] 5 0.

1<i<2n

Finally, note E[E[m} ,,(X;, W;)|X;]] = E[m} ,,(X;, W;)] is bounded for n > 1 by Assumption 3.1(b), so

| Bl n (Xi, Wi)| Xi)|* = Op(1) -

1<i<2n

S
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The desired convergence therefore follows.

Similar arguments applied termwise imply the right-hand side of (B.7) is op(1). (B.6)—(B.7) then imply

s2 1
oo 2 VarldnalXi 0. (B.8)
1<i<2n
Next, we argue )
> K;% Var[gr ni| Xi] — E[Var[gy ;| X,]] = 0. (B.9)

To establish (B.9), we verify the uniform integrability condition in Lemma 11.4.2 of Lehmann and Romano

(2005). To that end, we will repeatedly use the inequality

Sai IS Y gAY k|aj|1{|aj|>2} (B.10)

1<j<k 1<j<k 1<j<k

labI{|ab] > A} < |a]?I{|a| > VA} + [b]>1{|b] > VA} . (B.11)
Note

E[| Var[g1,n,:| Xi] — E[Var[¢1 i | Xi]][I{] Var[¢1,n,:|Xi] — E[Var[¢1 | Xi]]] > A}]
A A
S B || Vw1 { | Varlon sl X1 > 5 | + EDVarlon o X7 { EVarlon X0 > 5 |
2 2 A 2 2 A
< E E[ 1,n,i|Xi]I E[¢1,n,i|Xi} > 5 +E[¢1,n,i]j E[¢1,n,i] > 5 )
where in the second inequality we use the fact that the variance of a random variable is bounded by its

second moment. Note Assumption 3.1 implies E[¢7,, ;] is bounded for n > 1, and therefore

A
lim limsup E[¢7 , ;|1 {E[ Tl > 2} =0.

A—=00 n—oo

H

< B |popxr { B > 5 ||+ BBt comoixar { g oo, wlx > 3

On the other hand

| >

E [E[qsin,ﬂxm {E[qéin,ixi] >

12

+E E[man(xi,Wi)|Xi]I{E[mé,AXivWiNXi] ” QH

L E |Em<1>m1,n<xi,wi>|xinf{|Em<1>mw<Xi,Wi>Xi” > SH

+E IE[E(l)mo,n(XquﬂXz‘W{|Em(1)mo,n(Xz’7Wz‘)Xi” - 1/\2}}

A
Bl (X5, W5 (s W)X { BT (X W) (e W1 > 5}
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It follows from Assumptions 2.1(b) and 3.1(b) together with Lemma B.1 that

lim lim sup £ [E[i@2<1>|xi]f{Em2<1>Xi1 >

A—=00 poo

lim limsup E [E[min(Xi, Wi)| X1 {E[m%n(Xi, W) Xi] >

—00 n—oo

H
wl> wi> o>
RS S
Il
o

lim limsup E {E[mgyn(Xi, W) | X1 {E[mg,n(xi, W) X:] >

—00 n—oo

For the last term in (B.12), note

B (1Bl 65 W50 (X5 W)X { Bl (X W (X5, W21 > 5 b

<FE {E[|m17n(Xi,Wi)m07n(Xi,Wi)||Xi]I{E[|m17n(Xi,Wi)mo)n(Xi,Wi)HXi] > 2}] .
Meanwhile,

E [E[|m1,n(X“ Wi)mo’n(Xi, Wl)|l {|m1’n(Xi, Wi)mo’n<Xi, Wl)| > )\}]
< E[m3 ,(Xi, W) I{|m1n(Xi, Wi)| > VAY] + E[mg ,, (Xi, W) I{|mo o (Xi, Wi)| > VA}] -

It then follows from the previous two inqualities, Assumption 3.1(b), and Lemma B.1 that

A—=00 p—oo

A
hrn limsup E [E[ml (X Wi)mo n (X5, Wi)| X, ”I{|E[m1,n(Xi;Wi)mO,n(Xi7Wi)|XiH > 6” =0.

Similar arguments establish

A—00 n—o00

hm limsup E [|E[ 5(1 )ml,n(Xi,Wi)|XiHI{|E[Yi( Yyma (X, Wi)| Xi]| > SH =0

hm limsup E DE[ S (D)mo o (X5, W) | XG]|1T {|E[Yi(1)m0,n(Xi7Wi)|Xi” > )\}} =0.

A—00 n—soo 12
Therefore, (B.9) follows. The conclusion then follows from (B.8)—(B.9) and Assumption 3.1(a). ®

Lemma B.3. Suppose Assumptions 2.1-2.3 and 3.1 hold. Then,

lim hmsupE[|¢1 n,g E[¢17n,i|Xi]|2[{|¢1,n7i - E[¢l,n,i|Xi]|2 > ’7}] =0.

Y= p—soo

PROOF. Note

El|¢1,n,i — 1,04l Xi] 1P I{|G1,n,i — Elb1,0.,41 X3]1* > 7}
SE [((bin,z + E[qsl,n,i X’L]2>I {(bin,i + E[¢1,n,i XZ]2 > %}:|

SE(6 {6}, > 11| + B |Blorai XPT{ Blornal X2 > 1}] -

where the first inequality follows from (a + b)? < 2(a? + b?) and the second inequality follows from (B.10).
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Next, note

B [Elp1nil X2 { Bl Xl

S E[ENQ

Blmo,n(Xi, W)l Xi 21 { Blimo (X, Wi)| X

i)

>
4
X2 { BV (OIXG2 > T2} + B [Blman (X, WX T { Bl (X W)X
g
>

o]
BIYA (1) X Bl (X0, W) X {| B (1) X Elma o (X0, W) X, > 5 ]

3

[BY: (DX Elmo. (X, W) X111 {|BIY: (1)) Elmo.n (X:, W)X > o]

| Elman (X, W) Xi] Elmo,n (X, Wi) [ Xi] [T

)

{1l (Xi, W) | X Elmo (X, W)IX)| > 25 ]

S B [ (i > ]« £ [t o Bl 0w > 7]
B {3
+E :|E'[Yi(1)|Xi]|I{|E[Yi(1)|X1’] > 274”
‘B :|E[m1n X, W3)|Xi) II{IEmln Xi, W)l Xl > \/Z}
v E :|E[m0n X, W)l Xi] |I{|Em0n X, W)l Xi)| > \/Z}
VE :|E[m1n Xi, Wi)|X,) II{IEmln Xi, Wil Xi]| > \/g}
L E :|E[m0n (X, W) X,] |I{|Em0n (X5, W) X3]| > 172}
< B[BEOXI {EYFQIXD > g7} + B [Blmd o (66 WL { Bt o (X W1X] > 5]

—|—E[E[m%)n(Xi,Wi)\Xi]I{E[mon(X“W 1X,] >

1

+E :E[Yi2(1)|Xi]I {E[ ‘(DIXi] > 214}}

+ B [Blm? ,(Xo, WX { Blm?,(X:, W) X > 72}
+Eémmuamwm4?W&@%mW“>¢iy
-HfmmhuaWM&NﬁWﬁA&Wmuﬂ> gk

where the first inequality follows from (B.10), the second one follows from the conditional Jensen’s inequality

and (B.11), and the third one follows again from the conditional Jensen’s inequality. It then follows from
Lemma B.1 together with Assumptions 2.1(b) and 3.1(b) that

lim limsup F

7= n—oo

j-o

E[¢1,n,i|X¢]QI{E[¢17n,i|Xﬂ2
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Similar arguments lead to

j-o

lim limsup F [¢1 n,i {(b%,nﬂ; >

Y= p—soo

2

The conclusion then follows. B

Lemma B.4. Suppose Assumptions in Theorem 5.1 hold. Then,

P{ % Z I{Dz = d}émi(d) _E[en,i(d)] < \/@} 1

1€[2n]

1,41 60 /log 2npn
P Q, (d) n § I{ i d} (wn,zfnﬂ(d) E[d’n,ﬁn i -

1<i<2n

and

PRrROOF. For the first result, we note that

LS D = dhenid) — Bleas(@)]| < |5 32 TD: = d}ei(d) — Bleni(d)|Xi)

1€[2n] 1€[2n]

IN

#1237 (D = )~ 1/2) (Blen (@] Xi] - Bleni(d)

1€[2n]

L QL Z [e,i(d)|X;] — Eleni(d)])|-

The first two terms on the RHS of the above display are Op(1/4/n). The last term on the RHS is also
Op(1/+4/n) by Chebyshev’s inequality. This implies the desired result.

For the second result, define

maXdE{O 1} 2n Doi<i<on Eley, ()] Xi] <ep < oo, )

Enold) =
ol ( Mini<i<p, 5 D y<icon [{Di = d} Var[wn,i,zen,i( )X >02>0,

Ena(d) = % > HDi = d}(¢ni€ni(d) — E[nini(d)|Xi])|| < 2.045+/log(2np,)/n 3

1<i<2n
- = o0

1<i<2n
oo

en,2<d>—{ LY D= BB X~ Elfnini(@))]| < 3960 log<2npn>/n} ,

1/2

— 1 2 2 2 —
. . <0.
En3(d) 1152%);” o 1<§<2 (E] nzlenz( NXil = Ely i 160.:(d)]) 0.015 » ,
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and
1/2

Y @UDi=d} = 1)(Ele (d)n 41 Xi] = Elei i(d)r )| <0017

<i<2n

En,a(d) = max o

We aim to show that P{&, 1(d)} — 1 and P{&, 2(d)} — 1. Then, by letting C' = 65 /¢ which implies

P{&.(d)} =1 - P{&(d)}

>1-p e I{D; = d}(¢n,i€n,i(d) — E[bn,ieni(d)])|| = Ca log(2npn)
" <i<om N n
1 log(2npn
=1-P ﬁ I{Dl = d}(d}n,zen,z(d) — E[wn,ien,i(d)]) 2 65\/@
1<i<2n .

> 1= P{&(d)} = P{&L(d)} — 1.

First, we show P{&, 3(d)} — 1. Let

1 ) E2
n

for some sufficiently large constant C' > 0 and {e; }1<;<2n be a sequence of i.i.d. Rademacher random variables

independent of everything else. Then, for any fixed ¢ > 0, we have

4maxi<< nVar[E[w%i efm(d)|Xl]] 1
<1_ ==F g2 Ll P max | — Z [E[wi,i,lEi,i(d)‘Xi] _E[wi,i,lei,i(d)u >t

1<i<2n

1 2 2
§2P max % Z 4eiE[wn,i,l6n,i(d)|Xi] >t

1<i<
SUSPn 1<i<2n

1 2 : 2 2 (n)
=0 —|— E; F max e 4 E . . d X . > 5‘ l f d
(1) 2 1<I<pn m = € w}n,z,len,z( )l l] >t { TL,O( )}

nt?
S o)+ preww (-2 ) = o)

n

where the first inequality is by van der Vaart and Wellner (1996, Lemma 2.3.7), the second inequality is by
the Hoeffding’s inequality conditional on X (™ and the fact that, on Eno(d),

1 1

5 Z (E[qﬁi,i,zei,i(dﬂXi])QS% Z E[wi,i,l|Xi]E[6i,i(d)|Xi]
1<i<2n 1<i<2n

=2

;7’; > BRI XEle, (d)|Xi] < ECe,

1<i<2n

IN

where C is a fixed constant, and the last equality is by the fact that log(p,)=2 = o(n). Furthermore, we
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note that

dmaxi<i<p, Var[E[y7 ;e (d)|Xi]]
2n
maxi i<y, B | Bl [ X Eleh i ()|X]|
n
=2 maxi iy, B B2 1| X Eleh ()X

A

<
~ n
_ SB[ (d)
~ n
=o(1).
Therefore, we have
1 2
— > =
P 1%%);” om 1<Z<2 [E[ n,t le ( )|X] [7/}71 )4, len 1( )H - t 0(1)

for any fixed ¢ > 0, which is the desired result.
Next, we show P{&, 4(d)} — 1. Define a,;; = E[G%J(d)@/}iiﬂXi] — Elez ;(d)y?2 ;). Then, we have

n,i,l

~ Y @QUDi=d} = 1)(Ele; j(d)v 1X0] = Elen ()7 3.4]) >t‘X(") H{&no(d)}

max 2
1<I< n
StSPn 1<i<2n

IN

1
> P o > (I{Drj—1) = d} = {Drzjy = d})(@n n(2j—1)1 = Gn,m(2i)0)| > t’X(") I{&Eno(d)}

1<i<pn 1<j<n

zz: o <_-1§:1<j<n(anﬂ2ﬁt — . 2) I{&po(d)}

1<i<p, w(2j—1),1 — On,m(24).0)
2nt?
exp <log(pn) - :202) )

where, conditional on X (), {I{Drj-1) = d} = I{Dy(2;y = d}}1<j<n is a sequence of i.i.d. Rademacher

IN

IN

random variables, the second last inequality is by Hoeffding’s inequality, and the last inequality is by that,
on &, 0(d),

1/2
1 2
n Z (an,ﬂ'(Qj—l),l *an,n(zj),l)
1<j<n
1/2 1/2
1 1
=1 D (B2 roj-1)i6mi ()| Xn@j-1))° +1. (B2 r(2)10,i (D) Xn(2p)])?

1<j<n 1<j<n

( 1/2

[\

E Z (E[ Elzlenz( )|XD

1<i<2n
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By letting t = C'y/ % for some sufficiently large C' and noting that P{&, ¢(d)} — 1, we have

1<I< 2n n
sSSP Ci<on

max Z (2I{D; =d} — 1)(E[€$1,i(d)1/}37,,i,l|Xi] - E[Ef”(d) 72”1]) 0, ( log(pn)E%> |

and thus, P{&, 4(d)} — 1.

Next, we show P{&, 1(d)} — 1. We note that, for d € {0, 1}, conditional on (D™, X (™)) {4}, ;e :(d)}1<i<an

are independent. In what follows, we couple

[Un — % Z I{Dz = d}(wn,ien,i(d) - E[wnzén,l(dﬂxi])

1<i<2n

with a centered Gaussian random vector as in Theorem 2.1 in Chernozhukov et al. (2017). Let Z =
(Zy1,...,Zp,) be a Gaussian random vector with E[Z;] = 0 for 1 <[ < p,, and Var[Z] = Var[U,|X ™, D]
that additionally satisfies the conditions of that theorem. Specifically, Z = (Z3,---,Z,,) is a centered
Gaussian random vector in RP» such that on &, o(d) N &, 3(d) N &, a(d),

Bl22)= 2 3 D= dYELE, (d)n v Xi

1<i<2n
!
1 (1 1
—— = Y HDi= Bl @bl Xi | | = D 1D = d}Elena(dinlXi]
1<i<2n 1<i<2n

and

maxi1<i<p, 219‘9” I{D; = d}E[G%,i(dWii,ﬂXﬂ

max E[Z}] <

1<i<pn n?2
o I maxi<i<p, Zlgigzn I{D; = d}(E[er%,z(d)d)?Lzl‘Xl] - E[ef”(d) 72”1])
~n n2
< z? i maxi<i<p, Zlgigzn(QI{Di =d} - 1)(E[€$z,i(d)1/}r2p,i,l|Xi] - E[eiz(d) 72”1])
~n 2n2
n maxi<i<p, Zlgngn(E[ei,i(d)wi,i,l|Xi] - E[fiz(d) 72”1})
2n2
< 1.0252 .
n

Further define ¢(1 — «) as the (1 — «) quantile of ||Z]||oc. Then, we have

1.025(+/21og(2p,) + 1/21og(n))
Vn

where the first inequality is by the last display in the proof of Lemma E.2 in Chetverikov and Sgrensen
(2022) and the second inequality is by the fact that v/a + Vb < \/2(a + b) for a,b > 0. Therefore, we have

q(1—1/n) < < 2.045\/log(2npn)/n,

P{E; 1(d)) < PLE; 1(d), En0(d), En3(d), Ena(d)} + o(1)
= EP{; 1(d)| D™, X"} {En0(d), En3(d), Ena(d)} + o(1)
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< E[P{||Z||s > 2.045\/10g(2np,,)/n| D™, X "N {E, 0(d), Ens(d), En.a(d)}] + o(1)
< E[P{||Z|los > q(1 = 1/n)| D™, XM}] = o(1),

where the second inequality is by Theorem 2.1 in Chernozhukov et al. (2017).

Finally, we turn to &, 2(d) with d = 1. We have

=S D = DB seni (DI~ Blbiena(1))
=0 Y EluieniDIX] = Elnseni) + 50 Y (@Ds = D(ElWniens)IXi] - Eldniena(1)):

(B.13)

Note {E[tn,i€n.i(1)|X;] — Eltbn i€ni(1)] }1<i<2n is a sequence of independent centered random variables and

max E[(E[tn,i€n,i(1)|Xi] = E[Yn.i160,i(1)])%] < 72

1<i<pn

Following Theorem 2.1 in Chernozhukov et al. (2017), Lemma E.2 in Chetverikov and Sgrensen (2022), and

similar arguments to the ones above, we have

P % Z (Eltn,i€n,i(1)|Xi] — E[Yni€n:(1)])|| < Tv2l0g(2np,)/n | — 1. (B.14)

1<i<2n -

For the second term on the RHS of (B.13), we define ¢,,,,1 = E[Yn,i1€n,i(1)|Xi] — E[¥n,i1€6n,i(1)]. We have

1
Pillss > (2Di = 1)E[$ni€ni(1)|Xi] — Etn,i€ni(1)] >t’X(")
1<i<2n -
1
<> P o > (Dr@j—1) = Da(2j) (gnm(@2-1).0 — nm(2i).0) >f’X(")
1<i<p, 1<j<n

2nt?
S exp | — )
1§§pn ( % Zlgjsn(gn,ﬂ@j—l),l - 9n,n(2j),l)2>

where, conditional on X (™), {(Dx(2j-1) = Dx(2j)) }1<j<n is a sequence of i.i.d. Rademacher random variables

and the last inequality is by Hoeflding’s inequality. In addition, on &, 3(1), we have

1/2
! 2
- Z (In,m(2j-1),0 = Gn,m(24),0)
1<j<n
1/2 1/2
1 1
< ﬁ Z (E[wn,ﬂ'(Qj—l),lcn,i(l)|X7T(2j—1)])2 + ﬁ (E[wn,ﬂ@j),len,i(]-)|X7r(2j)])2
1<j<n 1<j<n
1/2
2
=1 > (Elnigeni(1)|Xi])?
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1/2

2
= > En e (1)IXi]
1<i<2n
1/2
2 g—
< |2 X [BWEa X - Bl ) | 2
1<i<2n
< 2.027.
Therefore, we have
PSS @D = VW ens()1Xi] — Eltnieni(V)][| > 202 log(npn)o”
2 ' 7 n,i€n,i i n,i€n,i . .
1<i<2n N
1 log(npn )™
<Pl— Y 2D — DE[eni(1)|Xi] = Elnieni(D)]|| >2.02/ —=—"— &,5(1) p +0(1)
2n & -
1<i<2n N
: log(np, &> )
<B (P S @D - VEWeni()IXi] ~ BlbniensD]| > 202/ 22T 0§ e, s} | +o(1)
n1§i§2n _ n
o (B.15)

Combining (B.13), (B.14), (B.15), and the fact that v/2 4+ 2.02 < 3.98, we have P{&,2(1)} — 1. The same
result holds for &, 2(0). ®

C Details for Simulations

The regressors in the LASSO-based adjustment are as follows.

(i) For Models 16, we use {1, X, Wi, X2, W2, X;Wi, (X; = X)I{X; > X}, (W; = W)I{W; > W}, (X; -
X)QI{XZ' > X}7 (W; — W)QI{Wi > W}} where X and W are the sample medians of {X;}icpen) and
{Wi}ician), respectively.

(11) For Models 7—9, we use {1, Xi7 m, X,?, Wi27 XilWrL'17 XiQWil, XﬂWiQ, XZ‘QW,'Q, (XZJ—XJ)I{XZ] > Xj}, (X'L'j_
Xj)QI{Xij > Xj}, (le — Wl)I{W” > Wj}, (W” — W])2I{le > WJ}} where Xj and Wj, fOl"j =1,2,
are the sample medians of {X;;}ic[2n) and {Wi;}ie[zn), respectively.

(lll) For Models 10-117 we use {1, Xi7 VVZ‘7 XZQ, Wiz, XilWZ‘17 XZ‘QWZ‘Q, Xig,Wil, XZ‘4WZ‘27 (X” - XJ)I{X” >
Xih (X = X)) H{Xy; > X5}, (Wiy — W) I{Wi; > Wk, (Wiy — W))2I{W,; > W;}} where X for
j=1,2,3,4, and Wj, for j = 1,2, are the sample medians of {X; }icj2n) and {Wi; }icj2n), respectively.

(iv) Models 12-15 already contain high-dimensional covariates. We just use X; and W; as the LASSO

regressors.
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D Details for Empirical Application

“GM” corresponds to the method used in Groh and McKenzie (2016). Groh and McKenzie (2016) estimated
the effect by regression with regressors including some baseline variables, a dummy for missing observations,
and dummies for the pairs. Specifically, for profits and revenues, the regressors are the baseline value for
the outcome of interest, a dummy for missing observations, and pair dummies; for investment, the regressors
only include pair dummies. The standard errors for the “GM” ATE estimate are calculated by the usual
heteroskedastity-consistent estimator. The “GM” results in Table 5 were obtained by applying the Stata
code provided by Groh and McKenzie (2016).

The description of other methods is similar to that in Section 6.2. Specifically:

(i) X; includes gender and 13 additional matching variables for all adjustments. Three of the matching

variables are continuous, and the others are dummies.

(ii) To maintain comparability, we keep X; and W; consistent across all adjustments except for “refit” for
each outcome variable. For profits and revenue, W; includes the baseline value for the outcome of
interest, a dummy for whether the firm is above the 95th percentile of the control firms’ distributions
of the outcome variable, and a dummy for missing observations. For investment, W; includes all the

covariates used for the first two outcome variables.

(iii) For “refit”, we intentionally expand the dimensions of W;. In addition to the baseline values used in
the other adjustments and the dummy variables for missing observations, the W; used in “refit” also
includes the interaction of the continuous original W; variables with three continuous variables and the

first three discrete variables in Xj.

(iv) All the continuous variables in X; and W; are standardized initially when the regression-adjusted

estimators are employed.
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