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APPENDIX A: PROOFS OF MAIN RESULTS

A.1. Proof of Theorem 3.1. First note (10) follows from (9) and Lemma A.6. In par-
ticular, the second component of the decomposition therein is zero because E[¢*| X, A] =
E[¢*|X]. To show (9), we first establish (12), i.e.,

A 1
\/ﬁ(en—eo):—M*% > m(Xi, Ay, R, 00) + op(1) .
1<i<n

By the proof of Theorem 5.21 in [14], to show (12), it suffices to show
(S.h) La(6n) 50,

where L, () = (Lq(v,l)(e), e ngdg)(e))/ for

L&) (9) = (ms(Xi, Ai, Ri, 0) — Ep[mg(X;, Ai, R;,0)])

1<i<n

1

NG Z (ms(Xi, Ai, Ri, 00) — Ep[ms(Xi, Ai, Ri, 00)]) -
1<i<n

To accomplish this, we study L,(f) (0) for 1 < s < djp separately. It follows from Assumption

3.3(c)—(d), Proposition 8.11 in [9], and the arguments to establish (S.24) that

sup  [LP(@O) = sup L))
0€0:(|0—0,||<5 0€0:[|0—0,] <5

ik

Therefore, since 6, L 0o by Lemma A.8, to show (S.1) it suffices to argue that for every
€ > 0 and every sequence J,, | 0 [p.89 of 15],

(S.2) lim P sup L (0)] >ep=0.
o0 | €100 | <6n
Following the arguments in the proof of Lemma A.8, we decompose L) (#) =L 8)1 (0) +
]Lgf’%) (0), where
s 1
L0 = 72 3 Ailms(Xi, 1, Ri(1),60) = ms(Xi, 1, Bi(1), o)
1<i<n
- E[m(Xl, 1, Rz(l), 9) - ’/TLS(XZ‘, 1, Rl(l), 90)])
1
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s 1
Liy(6) = =

3

(1 — Az’)(ms(Xh 0, Rz(O),G) — ms(Xi,O, Ri(O),Ho)

1<i<n

— E[ms(Xi,O,Ri(O), 9) - ms(Xia OaRi([))»gO)]) :
Define

pq(0,60) = Eg[(ms(X,a,R(a),0) —ms(X,a, R(a),0)

— Bg[ms(X, a, R(a),0) = my(X, a, R(a), 00)))*]'/* .
Note by Assumption 3.3(c) that pg (6, 6) is continuous in 6, i.e., as ||§ — 6y|| — 0,
pq(0,60) < Egl(ms(X,a, R(a),0) — ms(X,a, R(a),00))*"* = 0.

Fix any sequence 0,, 1 0. For every n, there exists n’ such that {# € ©* : ||6 — 6| <,/ } C
{0 €©*:pg(6,60) < d,}. By Proposition C.1 in [7],

Bl s LOOI|E] sw
pQ(0’90)<8n PQ(9,90)<STL

1
N lg;n(ms(xi, 1,R;(1),6)

—mgs(X;,1,Ri(1),00) — E[(ms(Xi, 1, Ri(1),0) — mg(X;, 1,Ri(1),00)])H —0.

where the convergence follows from Assumption 3.3(e) and Corollary 2.3.12 in [15]. We
then obtain (S.2) by Markov’s inequality.
Finally, we derive (9) from (12). Note that
1
% Z m(Xl7 Ai7 Ria 00)

<i<n

(TIE[m(Xz‘, 1, Ri(1),00)| Xi] + (1 — n) E[m(X;,0, R;(0),00)| X;]

1<i<n
+ I{Al = 1}(m(X,-, 1, Ri, 90) - E[m(XZ, 1, Ri(l), QO)IXZ])
+ I{Ai = 0}(m(Xi, 0, R;, (90) — E[m(XZ, 0, Ri(O), 90)’X1])
+ (Ai = n)(Elm(X;, 1, Ri(1),6) = m(X;,0, Ri(0), 60)| X)) )
Let Q(X;) = E[m(X;,1,Ri(1),00) — m(X;,0, R;(0),600)| X;] and note that by Assumption
2,
1
E[\/ﬁ Z (Ai —n)Q(X;)

1<i<n

XW} =0.

Recall Q) (X;) is the sth component of Q(X;). Next, it follows from Assumption 3.1, 3.3(f),
and equation (12.3) in [12] that for 1 < s < djy,

L s w|_ 1 Uk~ ¢ 9ol
vor [ LS i matioxo] < Ly 0 5o g
l<isn 1<j<n/k =y
SCQMl max [ X; — Xi|?,
k-1 n ii'E€N;
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where Q =z ZIE by (5)(X;), and so the conditional variance converges in probability
to zero under Assumptlon 3.2. It then follows from Markov’s inequality and the fact that
probabilities are bounded and hence uniformly integrable that

1
—= > (Ai—m)UX;) =op(1).
Vin 1<i<n
Therefore,
1
_M_li (XMA”MRM&O)*_M_ Xz,AZ,RZ,eo)—‘rOp(l)
f 1321‘;71 \/> I;n

which, together with (12), implies the desired result in (9). m

A.2. Proof of Theorem 3.2. By assumption ]\/Zn 2om. Therefore, it suffices to show

that

(S.3) IFJEES )1
(S.4) Som 2 %y,
where

X1 = nVar[m(Xi, 1, Rz(l), 90)] + (1 - 77) Var[m(Xi, 0, Rz(O), 90)]
22 = —77(1 - ’I’]) Var [E[m(Xz, 1, Rz(l), 90)|X1] - E[m(XZ, 1, Rl(l), 90)]
— (E[m(X;,0,R;i(0),60)|X;] — E[m(X;,0,R;i(0),00)])] -

In what follows, we will show (S.3). The proof of (S.4) will follow from similar steps, but
with the calculations below replaced by the ones in the proof of Lemmas C.2—-C.3 in [2],
along with Assumptions 3.4-3.5. To that end, we show for 1 < s < dj,

1 N s
S5 A= — > me(Xi, 1, Ri,00) D> Elme(X,1, Ri(1),60)] = i,
’ m 1<i<n

and similar arguments will establish the results for a = 0 as well as for the second moments
and therefore (S.3). For 6 € O, define

1

(S.6) A0 =— 3 my(Xi,1,R;.0)
M Si<n
and note [@L = [ ( n)- Suppose (S.5) doesn’t hold. Then, there exists a subsequence
{nik}r>1 and €1, €2 > 0, such that
(S.7) lim P{a{") — i) > el e,
k—00 ’

Because 6, . L, 6o by Theorem 3.1, there exists a further subsequence, which we still denote
by {ni}x>1 by an abuse of notation, along which 6,,, — 6y with probability one. Along that

subsequence, Lemma A.9 implies that ,&(8) Lif ,ugs) , in contradiction to (S.7). Therefore, (S.5)

17
holds, and the theorem follows as discussgd above. m



A.3. Proofs for Section 4.1. Recall that F,, denotes the distribution of the observed data
(X, A R(M) and Q denotes the marginal distribution of the vector (R;(1), R;(0), X;).
Note that any treatment assignment mechanism A (™) satisfying Assumption 2.1 can be repre-
sented as a function of X (™) and some additional exogenous randomization device U,, € R.
Let pU» denote the density function for U,, with respect to a dominating measure . In
what follows, we consider a family {Q; : t € R%} of marginal distributions indexed by t,
and let ¢* denote the density function for X; with respect to a dominating measure %,
qtR (a)‘X(r|:c) denote the conditional density of R;(a) given X; with respect to a dominat-
ing measure ;. With some abuse of notation, continue letting P, denote the distribu-
tion of (Un,X("),R(")). We require that Qo = @ and F,, = P, and define ¢~ = q()f and
R(a)|X _ qR(a)IX

q . As a consequence, the density function of P, is given by
8 L=pl) [T @) [T ] o™ @lxn =
1<i<n 1<i<nae{0,1}

Because the density pZ» does not depend on ¢, and in general we will only concern ourselves
with the ratio of likelihoods at different values of ¢ (so that p,({" in the ratio will cancel), in
what follows we suppress the dependence on n and simply denote the distribution P ,, by
P,.

We consider parametric submodels { P, : t € R%}, where Py = P, such that the following
holds for some g = (g%, ghOIX gR(O)‘X ), each component of which is a dy-dimensional
function:

(a) Ast—0,
1 1 2
59 [ (@ =¥ @) - 5@ e @) e (@) 0.
(b) Fora€{0,1},ast— 0,

(8.10)
1 a a 1 a 2
iz [ (O ) 72 = O ()2 = S X i) 2 MO )

x du*(r)g™ (x)dp™ (z) =0 .

In what follows, we will index a parametric submodel by its associated function g, denoted
by P} 4, to emphasize the role of g. Similarly we denote the density of Q) 4 by ¢;4. When
writing expectations and variances, we suppress the subscripts P and () whenever doing so
does not lead to confusion. For completeness, we document the following properties of score
functions which satisfy (S.9)—(S.10):

LEMMA A.1. For a parametric submodel {P,; ,:t € R%} with Py, = P that satisfies
(5.9)—(S.10),

(a) E[gX(X>jcz (X)] <

(b) Elg*(X)]=0.
(©) Elg®9IX(R(a)|X) g WIX(R(a)|X)] < 0o and hence I'™IX (X)) < oo with probabil-
ity one under Q.

(d) E[gR@IX(R(a)|X)|X] =0 with probability one under Q.

PROOF. (a) and (b) follow from Lemma 14.2.1 in [12]. (c) follows from the same lemma.
In order to show (d), fix ¢,, — 0. Note (S.10) and Markov’s inequality imply that along a
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subsequence t,,,,

! a o 1 n ) )
A / <Q£i X (p|2) V2 = gR@IX () )1/2 _ 5qR( WX (r|z) /24, R )|X(T’x))

x dpft(r) =0

for (Q-almost every x. Along that subsequence, another application of Lemma 14.2.1 in [12]
implies (d). m

Define the information of X as I = E[g* (X)g™ (X)']. Define the conditional informa-
tion of R(a) given X = x as

IO () = E[gMOX(R(a)| X) ¢RI X (R(a)| X)| X = 2] .

Further define I = I 4 nE[IFWX (X)) + (1 — n) E[TROIX(X)]. We restrict ourselves to
parametric submodels that satisfy (S.9)—(S.10) for a g that satisfies the following conditions.
These submodels exist by Lemma A.2 below.

CONDITION A.1. The function g satisfies that

(a) E[¢gX(X)]=0and Var[g* (X)] < occ.

(b) Fora € {0,1}, E[¢"@X(R(a)|X)|X] = 0, and Var[¢®@IX(R(a)| X)] < oo with prob-
ability one.

(c) I is nonsingular.

LEMMA A.2. For any g that satisfies Condition A.1, there exists a parametric submodel
{P;4:t € R%} such that (S.9)~(S.10) hold.

PROOF. We use a vector version of the construction in in Example 25.16 in [14]. Let
k(z) be any strictly positive function that is bounded from above and away from zero with
a bounded derivative such that k(0) = &’(0) = 1; for example, take k(z) = 2(1 + e~2%)~L.
Define

¢ (z) = C(t)g™ (2)k(t'g™ (2)) ,

where C(t) = ([ ¢* (2)k(t' g% (z))dp™ (z ))71 so that ¢i* () is a probability density func-
tlon leferentlatlng both sides of C(t) [ ¢* (2)k(t' g (z))du*X (z) =1 at t = 0, we get that
5 | —oC (t) = 0. It can then be verified through dlrect calculation that

a1, o5 ¢ (2) =g (2).

The quadratic mean differentiability requirement in (S.9) follows from Lemma 7.6 in [14].
Next, for each z € R%, we define

R(1)|X
a7 (rla) = C(O) "X (rlo)k (g "X (1))
As above, it can be verified through direct calculation that

log g/ M (rlz) = gD (r|z) .

t=0

ot
To show (S.10) for a = 1 (and symmetric arguments apply for a = 0), we modify the
arguments in the proof of Lemma 7.6 in [14]. Define s;(r|x) = qi"%(l)‘X(Hx)l/2 and de-

note the /th component by sy) (r|x) for 1 < ¢ < dy. By the mean-value theorem, we have



se(r|x) — s(r|x) = fol t'$yt(r]x)du, where §; = %st, so that it follows from Jensen’s in-
equality that

TP / / su(rl) — so(rlz) — ao(r|e)) duf (1) g™ (2)dy™ ()

— 'étrx—érx2uRTX:c Xz
< o3 [ @utrla) = sotrian) duda )0 () 0
1
(S.11) g///o |$ut(r|z) — $0(r|x)||2dudp®(r)g™ (x)du™ (z)

where the first inequality follows from Jensen’s inequality and the second by Cauchy-
Schwarz. It then suffices to show (S.11) goes to zero as ¢ — 0. Analyzing componentwise, it
suffices to show that for 1 </ <dy, as t — 0,

(5.12) // / (rla) — &) (r[a)) 2 dudp® (r) ™ (2)d™ () 0.

The integrand in (S. 12) obviously converges to zero as ¢ — 0 by continuous differentiability
of ¢;. Recall that fs (r|x)2du®(r) = 4[IR( X (7)](¢,0)» where Iﬁ(l)‘x(x) is the condi-
tional information for a = 1 given x at P 4. Therefore, it follows from Fubini’s theorem
that

(rlr)2dud®(r) g () (@) = = [ TEOX (@)] g™ (2)duX (2)
[f] 4/

JI[ stotraan o0 @@ = [ 05X @ pau @i @)

To apply Vitali’s theorem [Proposition 2.29 in 14], it suffices to show that

1
/ /0 1" (@) dug ™ (@ )= / 2] na” (@)du™ ()

as t — 0. To do so, we fix any arbitrarily small 6 > 0 and note that at least for ¢ small enough,
|lut|| < for u € [0, 1], so we can apply the dominated convergence theorem with

TEOX (@) 00 < sup IO (@) 0
Ihll<é
as long as

1
/ /0 sup [IFOX (2)] .o dug™ (2)dp™ ()

[[h]I<é
(S.13)

= [ sup O (@) @i (@) < oc

lAll<é
To show (S.13), we calculate the conditional information as
o)
Sl (8O0 | K (g" X (R W) 0¥ ) ) i
C(h)  k(hgROX(R(1)[X))”

Note that &’ is bounded above and k is bounded below, C'(h) is continuously differentiable
with C'(0) = 1, and so is bounded for ||h|| < §. Therefore, an application of the Cauchy-
Schwarz inequality implies the previous expectation is bounded by a constant plus a con-

x=al.

stant multiple of [IéR (1)‘X(m)](w). The desired conclusion in (S.13) then follows because
E[I(I)%(INX(X)] < 00, and the proof is complete. m
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For t € R%, the log-likelihood ratio between P, /g and Py =P is

o (X)) X (R X;)
Lin(g9)= Z log t/fg — Z Z I{A; —a}log t/fg

X
1<z<n 1<z<nae{0 1} o) (R |X)
The following lemma establishes an expansion of the log-likelihood ratio and local asymp-
totic normality of { P, /5 .}

LEMMA A.3. Suppose the treatment assignment mechanism satisfies Assumption 2.1 and
the path satisfies (S.9)—(S.10) for g satisfying Condition A.1. Then,

1 1
Lin(g) = — t'sq(Xi, As, Ri) — =t' It
tn(9) ﬁl;n ol ) 5
- Z > H{Ai=alt TR (X))t +op(1)
1<z<na€{0 1}
where
(S.14) sg(w,a,7) = g% () + I{a = 1}¢"VX (r[2) + I{a = 0} g™ O (r|z)

and I = IX +nEq [IR(l)‘X(Xi)] + (1 — n)Eq[IOIX(X,)]. If in addition the assignment
mechanism satisfies Assumption 4.1, then, under P,

1
Lin(g) % N( _ 5t’ht,lt’ht) ,

PROOF. The first result follows from Theorem 3.1 of [1]. The second result follows from

Lemma A.6 given Assumption 4.1 and the assumption that each component of 71X (z) is
integrable, noting that E[s,(X,1, R(1)) — s4(X,0,R(0))|X] =

We emphasize that Lemma A.7 implies
Z Sg(Xia Aiv Rl)
1<i<n

is the sum of n identically distributed, although possibly dependent, random variables. There-
fore, in what follows, quantities like E'p[s,] are well defined.

Let O(P) € R% be a parameter of interest. Further suppose that there exists a dy x 1 vector
of functions 1/* € L2(P) such that for each g satisfying Condition A.1, for all t € R%, as
n — 0o,

(S.15) Vi(0(Py mg) — 0(P)) — Ep[¢™syt] .

In Lemma A.5 below, we provide explicit conditions which guarantee this is possible when
0(P) is defined by (3). _
We call an estimator 6,, for §( P) regular if for all g satisfying Condition A.1 and t € R%,

(S.16) \/’(9 —0( t/fg)) Py g I

for a fixed probability measure L.
The following lemma establishes a convolution theorem for regular estimators:



LEMMA A.4. Suppose 0 satisfies (S.15). Let 6,, be a regular estimator for 0. Further
suppose that |* = s, for some function g satisfying Condition A.1. Then,

L=N(0, Ep[w*w*/]) x B,
where B is a fixed probability measure.
PROOF. In what follows, for each g satisfying Condition A.1, we consider the linear sub-
space given by
My ={t's;: t c R} .

Note that t's, appears in the expansion of the log-likelihood ratio between P, //n,g and P. To
align our setting with Theorem 3.11.2 in [15], we first characterize the adjoint map (viewed
as a mapping into M,) of the function v — E[t)*v] € R%, where v € M. To that end,
implicitly identifying each b € R% with the functional b* : R% — R given by = — bz, we
construct a w(b) € R% such that

VEp[y*syt] = Eplw(b)'sgsyt]

for all t € R%, where we note w(b)’ 54 € Mg, and is thus the output of the adjoint map when
applied to the functional b*. Because E|s, s;] is invertible, we immediately obtain

w(b) = E[sgslg]_lE[sgw*/]b .

Here we use the assumption that I is nonsingular. It then follows from the local asymptotic
normality established in Lemma A.3 and Theorem 3.11.2 in [15] that

L=N(0,Vy)* By ,
where B is a fixed probability measure and b'V,b = E[(w(b)’s,)?], so that we have
Vy = Ep[4" sy Eplsgsy] " Elsgv™]

Furthermore, by a standard projection argument, in particular the fact that the second moment
of Y* — Ep[y*sy|Ep [sgs;]_lsg is positive semi-definite, it can be shown that V, is maxi-
mized in the matrix sense when s, = v*. Note this maximum is attained by our assumption
that 1" = s, for some g satisfying Condition A.1. The conclusion then follows. m

To apply Lemma A .4 to the setting in Section 4.1, we we establish the form of ¢)* in (S.15)
for the parameter 6y = 6(P) defined by (3). Define n(X;) = P{A; = 1|X;}. Note that

S.17
G4 = EQ[m(X, 1, R(1),6(P))n(X)] + Eq[m(X,0, R(0),6(P))(1 — n(X))] -

LEMMA A.5. Suppose the treatment assignment mechanism satisfies Assumptions 2.1
and 4.1. Fix a function g that satisfies Condition A.1. Suppose (S.9)—(5.10) holds. Fixt € R
and consider a one-dimensional submodel { P, J, o) such that

(S.18) Eq,, ~Im(X,a,R(a),0(P))*] = 0(1)
(S.19) Egx [EQF/%X [m(X,a,R(a),8(P))*X]] = O(1)

(S.20) Egyx  [Eqrers[m(X,a, R(a),0(P))? X]| = O(1)
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as n — oo and 0(P,; s ) is uniquely determined by (S.17). Then, 0(F,; /7 ;) defined by
(8.17) satisfies

Vn(O(Py ) —0(P))
— M Epm(Xi, Ai, Ri, 0(P)) (g7 (X;)
+ I{A; = 1RO (R | X5) + T{A; = 03RO (R | X3) )]t
= Ep[* (X, Ai, Ri, 0(P)) (g™ (X;)
+I{A; = 1}g" X (R |X;) + T{A; = 0}g" O (R;| X))t
where
V" (X, Ai, Ri, 0(P))
— M (n(xi)EQ[m(Xi, 1, R;(1),6(P))|X]]
+ (1 = (X)) EqIm(X;,0, Ri(0),0(P))|X;]
+ I{4; =1}(m(X;, 1, R;, 0(P)) — Eq[m(X;,1, Ri(1),6(P))|X;])

) —
+ I{A; =0}(m(X;,0,R;,0(P)) — EQ[m(Xi,O,Ri(O),9(P))\X¢])> .
PROOF. In what follows, we only use the property that the quadratic mean deriva-
tive of P, s, is given by s’gt. Therefore, for ease of notation we consider a generic
one-dimensional submodel {P, : v € [—¢,€|} that satisfies (S.9)-(S.10) for some g =
(g%, gBWIX gROIX) "each component of which is a one-dimensional function. (S.17) im-

plies
—1/?nmaLr¢%fa»q5“>X<rm»duR0vn@»q§cwduXcm
+ [ 0,1, 6RO (o)) (1~ ()i ()i (o)

Note that
/m(x, 1,7,0(P))gf VX (r|2)dp™ (r)n(2) g (z)dp™ ()
/mxmre BOW (plo)dyc® (r)n(2) g (@) dp™ ()
=) +7W) +1@) +nu@),
where

= /m(w»1,7“,9(P))(Q5(”'X(T|w)”2 = "X () 2) DX (rf2) 2 dp ()
x 1(x)qy (2)dp™ (x)

= /m(x,177”,G(P))(Q5(1)'X(Tlx)1/2 — "X (r]2)'2) gD () 2t ()
x1(z)gy (z)du™ (z)

_ / m(z, 1,7, 6(P))g" DX (rla)du® ()



10
() (0 ()2 — X (@) V2) g ()2 ()
- / m(a, 1,7, 6(P))g" O () dp(r)

x (@) (@) ()2 = ¢* (@2)"?) g™ () 2dp™ ().

It follows from the Cauchy-Schwarz inequality that

o / m(z, 1,7, 0(P))gPOX (r]z)dp(r)
n($)29X( 2)q* (2)V? x ¢ (2)V2dp (x)

1/2
</ ( (e, 1,7, 0(P)? O () <>n<x>2qX<x>duX<x>)

< [a X iyt

1/2
< (L@ = @) - 50 0 0)7) ¥ )

—0

by the assumpt10n that Ep[m(X,a, R(a),0(P))?] < oo, the facts that 0 < n(z) < 1,
fq (r|lz)duf(r) =1, and (S.9). Similar arguments implies as v — 0,

e / (e, 1,7, 0(P)) 50" (7l g™ O (rfa) ™ ) ) () () = 0

because Ep, [m(X,a,R(a),0(P))?] = O(1) as v — 0. The limits of y2(») and v3(v) can
be derived following similar arguments using (S.19)—(S.20). Combining all previous results
yields

9
o, Erm(X A ROP)|

= Eq[m(X,1,R(1),0(P))(g™ (X) +gR(1)‘X(R|X))?7(X)]
+ Eq[m(X,0, R(0),6(P)) (g™ (X) + ¢" O (R X)) (1 U(X))]
(X (

=Ep[m(X, A, R,0(P))(g" (X) +I{A= 1}9 DIX(R) + I{A=0}g"OX(R))] .
On the other hand, by definition

0
M=—F X, A R,0 .
5y Lrm(X, 4, R.0)] o—o(p)
The formula for the derivative therefore follows from the implicit function theorem (in par-
ticular, because we have assumed the existence of (P, ) along the path, it follows from the
last part of the proof of Theorem 3.2.1 in [10]). The second equality follows from Lemma
A.7 together with Condition A.1.m

Finally, to prove Theorem 4.1 we require the following additional regularity condition:
ASSUMPTION A.1. For every function g satisfying Condition A.l and every t € R%

there exists a submodel P,/ . for which (S.18)—(S.20) hold as n — oo, and 0(P, / \/ﬁ,g) is
uniquely determined by (S.17).
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This assumption guarantees that every element satisfying Condition A.1 has a correspond-
ing path for which we can apply Lemma A.5. A similar assumption appears in [5] (see their
Assumption 4.1(iv)). Note that a simple sufficient condition for the first part of Assumption
A.1is that m(z,a,r,0(P)) is a bounded function in (z,r) on the support of (X, R(a)). The
second part of Assumption A.1 can be verified easily in specific examples (see, for instance,
Examples 2.1-2.5 in the main text). Alternatively, Assumption A.1 could be avoided by as-
suming that we can differentiate under the integral in the final step of the proof of Lemma
A.5, from which we would immediately obtain the expression for the pathwise derivative.
See, for instance, [13] and [4].

PROOF OF THEOREM 4.1. First note 0 satisfies (S.15) because of Lemma A.5 and As-
sumption A.1. The result then follows from Lemma A.4 upon noting that ¢* = s, for some
g that satisfies Condition A.1. =

To study regular estimators, we need the following lemma.

LEMMA A.6. Suppose the treatment assignment mechanism satisfies Assumptions 2.1,
4.1, and 4.2. Let f(x,a,r) be a vector-valued function such that E[f(X, A, R)] =0 and
E[f*(X,a,R(a))] < oo for a € {0,1}. Then,

1 d
= Xi7 Ai? R’L N 07 V )

NG ggnf( ) = N(0,Vy)
where Vi =V r + Vo ¢ + V3 ¢ for

Vi,p = Var[E[f(X, A, R)|X]] = Var[nE[f(X,1,R(1))|X] + (1 — n)E[f(X,0,R(0))|X]]

__ ys/imb
Va.r = VE[F(X,1,R(1))~ £(X,0,R(0)) ]
V3, p = E[nVar[f(X,1, R(1))|X] + (1 —n) Var[f(X,0, R(0))|X]] .

PROOF. Note that

1
Cn:zi f(XzaAzaRz):C,n+C,n+C,na
\/ﬁlgign 1 2 3
where
Cin=— 3 BIf(X; A R)IX)
1<i<n
== 3 @B R()IX + (1= m)BLF(X 0, Ri(0)|Xi)
1<i<n
Com= = 3" (A~ n)ELf(Xi, 1, Ri(1)) — F(X:,0, R;(0))| X]
n 1<i<n
Con=— 3 (A(/(X 1, Ri(1) — B (X, 1, Ri(1)] X))
1<i<n

+ (1= Ai)(f(Xi,0,Ri(0)) — E[f(X;,0, R;(0))|Xi])) -

Note that C; ,, has zero mean because E[E[f(X;, A;, R;)| Xi]] = E[f(X;, Ai, R;)] = 0. Fur-
ther note that Cy,, = E[C,|X™)], Cy,, = E[C,|X™, A™] — E[C,|X ™), and C3,, =
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C,, — E[C,|X™  AM™)]. It follows from the central limit theorem and E[f?(X,a, R(a))] <
oo that

Cin B NO,Viy).
Next, it follows from Assumption 4.2 that
n P
PIL(Con| X)), N (0, V2, 1)) =0

For Cg,,, it follows from Assumption 4.1 that
Var[Cy | X, AM] 5 vy

As a result, one can verify the Lindeberg condition conditional on X (") and A™ as in the
proof of Lemma S.1.4 of [3], and obtain

P(L(Ca| XM, AMY N (0,3 5)) D50
The proof can then be completed by the subsequencing argument at the end of the proof of

Lemma S.1.4 of [3]. m

PROOF OF THEOREM 4.2. Recall from Lemma A.3 that L, (g) is also asymptotically
linear. Because the treatment assignment mechanism satisfies Assumptions 2.1, 4.1, and 4.2,
the path satisfies Condition A.1, and hence ¢ and s, jointly satisfy the conditions in Lemma
A.6 (in particular, note that Es,(X,1, R(1)) — s4(X,0,R(0))|X] = 0),

Vb, —6(P)\ _ ﬁZlgignw(XiaAiaRue(P)) _ 0 o
( Lt,n(g) ) B ( ﬁ21§i§nt/'gg(Xi’Ai’Ri) (_%t/1t> * P(l)

are jointly asymptotically normal. Because E[sq(X, 1, R(1)) — s4(X,0,R(0))|X] = 0, the
covariance in the second term in the joint variance in Lemma A.6 vanishes, and thus the
overall covariance is given by

E[E[¢|X]g™ (X))t
+nE[($(X, 1, R(1),0(P)) - E[Y(X,1, R(1),0(P))|X])g" V¥ (R(1)[X) )t
= Eltps,|t .

It then follows from Le Cam’s third lemma that under F;, / ., \/ﬁ(én — 6p) converges in
distribution to a normal distribution with mean E[t)sy]¢ and the same variance as in the limit
under P. At the same time,

VB = 0Py ) = V(0 — 6(P)) = VA(B(P, g — O(P)) -
Therefore, (S.16) holds if and only if
Elsylt = B[ s,]t .

Furthermore, 6,, is regular if the equality holds for all ¢ and all g satisfying Condition A.1, if
and only if

B[( —)s] =0
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for all g satisfying Condition A.1. Note that
E[(¥ —¢")sy]
= B[E[Y(X, A, R,0(P)) — 4" (X, A, R, 0(P))|X]g™ (X)]
+E[Ai(p(X, 1, R(1),0(P)) — ¢*(X, 1, R(1),0(P))
- Ely (le,R(l)ﬁ(P)) YH(X 1L R(1),6(P)) 1 X])g " (R(1)] X))
+ E[(1 = Ai)(¢(X,0,R(0),0(P)) — (X, 0, R(0),6(P))
— E[$(X,0 R( ),6(P)) —4*(X,0,R(0),6(P))|X])g" ¥ (R(0)| ).

By setting giDIX =0, ¢FOIX =0, and ¢¥X(X) = E[(X, A, R,0(P)) — ¢v*(X,A,R,
0(P))| X], we get that
(S.21) E[W(X,A,R,0(P))|X] = E[y*(X,A,R,0(P))|X] .
Setting g¥ (X) = 0= gFOIX and gBWIX = (X, 1, R(1),0(P)) — ¢*(X,1,R(1),0(P)) —
E[y(X, 1, R(1), 9(P))—1/J*(X,17 R(1),0(P))|X], we get
(X, 1,R(1),0(P)) —¢*(X,1,R(1),0(P))
— B[Y(X,1,R(1),0(P)) — ¢*(X,1,R(1),0(P))|X] =0,

) -
which implies that ¢ (X, 1, R(1),60(P)) —¢¥*(X,1, R(1), ( ) can only be a function of X.
Denote it by ¢+ (X, 1). Similarly, (X, 0, R(0),0 ( )) —¢¥*(X,0,R(0),0(P)) can only be
a function of X . Denote it by 1) (X,0). We have

V(X A, R, 0(P)) = Ap(X, 1, R(1),0(P)) + (1 — A)p(X, 0, R(0),6(P))
= A(Y*(X, 1, R(1),0(P)) + ¢ (X,1,0(P)))
+ (1= A)(*(X,0,R(0),6(P)) + ¢ (X,0,6(P)))

:¢*(X>A>R>0(P))+¢L(X>A79(P)) )

and it follows from (S.21) that E[t)- (X, A,6(P))|X] = 0. Finally, to show that 6, is efficient
if and only if (23) holds, we apply Lemma A.6 with f = 4. If (23) holds, then V,, =V}  +
V3,4 = Vi« because Vi y, = Vi 4=, V3 = V3 4+ and V3 - = 0. On the other hand, if 0, is
efficient, then V5 ,, = 0, so (23) holds by Markov’s inequality combined with the fact that
probabilities are bounded and thus uniformly integrable. B

A4. Auxiliary Lemmas.

LEMMA A.7.  Suppose (2) holds and Pr{ A; = 1| X; = x} as a function is identical across
1 <i<n. Then,

(S.22) (Ri(1), R;(0)) 1L A;|X; .
Moreover, (Xi, A, R;) is identically distributed across 1 < i < n.
PROOF. Fix a € {0,1} and any Borel sets B € R% x R% and C' € R%.
EPr{(R;(1), Ri(0)) € B, A; = a| X; }I{X; € C}]
= E[E[Pr{(R;(1),R;(0)) € B, 4; = a| X ™} X,]I{X; € C}]
— BIE[Pr{(Ri(1), Ri(0)) € BIX"}Pr{4; = a| XM} X,]I{X; € C}]
= E[Pr{(Ri(1), Ri(0)) € B|X;}Pr{A; = a| X;}[{X; € C}],
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where the first equality follows from the law of iterated expectations, the second equality
follows from (2), the third equality follows from the law of iterated expectations as well as
the fact that (),, = Q™. The first statement of the lemma then follows from the definition of a
conditional expectation.

To prove the second statement, fix units ¢ and ¢’. Clearly X; and X; are identically dis-
tributed. Conditional on X, for any Borel set C € R and a € {0, 1}, it follows (a) that

PI‘{RZ' S C, A; = a]XZ} = PI‘{A,‘ = CL|X¢}PI‘{RZ‘(G) S C‘XZ} .
The conclusion then follows because Pr{A; = 1|X; = z} is identical across 1 < i < n and

Qn=Q". =

LEMMA A.8. Suppose the treatment assignment mechanism satisfies Assumptions 3.1—
. . . i P
3.2 and the moment functions satisfy Assumption 3.3. Then, 0, — 0.

PROOF. It follows from Assumption 3.3(a) and Theorem 5.9 in [14] that we only need to
establish for each 1 < s < dp,

1
= 3" (ma(Xi, Ay, R 0) — Eplma(Xi, Ay, Ri,0)])| 50

n -
1<i<n

(5.23) sup
0cO

To begin, note it follows from Assumption 3.3(d) and the dominated convergence theorem
that if ms(z,a,r,6,,) = ms(z,a,r,60) as m — oo for {6,,} C ©*, then Ep[ms(X;, A;, R;,
0m)] — Eplms(Xi, Ai, Ri,0)]. Here, the dominating function exists by Problem 2.4.1 in
[15]. Assumption 3.3(c) then implies

1
(S.24) sup |— Y <ms(Xi,Ai,R@-,0>—Ep[ms<Xi,Ai,Ri,9>])'
0€O 1<i<n
1
=sup |= Y (ms(Xi, Ai, Ri,0) — Ep[my(Xi, Ai, Ri,0)))|
fco* nlgign

which is measurable. Next, note that

(S.25) m(X;, Ay, Ri, 0) = Aim(X;, 1, Ri(1),0) + (1 — A;)m(X;,0, R;(0),0) .

and it follows from Lemma A.7 that

(8.26) Ep[m(X;, Ai, Ri,0)] =nEq[m(Xi, 1, Ri(1),0)] + (1 —n)Eq[m(X;, 0, Ri(0),0)] ,

from which we obtain that

1
E[Sup — Z (ms(Xi7Ai7Ri79)_EP[ms(XiyAiaRiae)])H
0cO nlgign
1
:E[sup -y (mS(XZ-,AZ-,Ri,G)—Ep[ms(Xi,Ai,Ri,G)])H
fco*

1<i<n

<E| g [} 30 An 06 LR0.0) Bl 1 R0

n -
1<i<n

+E[sup

sup |- 3 (1—Ai)(m5(Xi,O,Ri(O),0)—(1—n)E[ms(Xi,O,Ri(O),H)])H
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—E[sup 1 > Ai(ms(Xi,l,Ri(l),G)—E[ms(Xi,l,Ri(l),H)])H
0cO* nlgign
# 8] |2 5 (1 A0 0600, 8(0).0) - Bl (X,.0,2:0) )|
0cO~ nlgign
SELseug % > (ms<X@-,1,R¢(1),<9)—E[ms(X@-,l,Ri(l),H)])H

1<i<n

+E| sup ]ién(ms(xi,o,&(o»e) - Bl (X.0.80).0)) | 0.

where the first equality follows from (S.24), the first inequality follows from the triangle
inequality, the second equality follows because » ;. Ai =nnand > ;. (1 — A;) =
n(1 —n), and the last inequality follows from Proposition C.1 in [7]. The convergence fol-
lows from Assumption 3.3(e) and an application of the backward submartingale convergence
theorem [see, for instance, Theorem 12.30 in 11], as detailed in the proof of Theorem 3.1 in
[7]. The desired result in (S.23) then follows by Markov’s inequality. m

LEMMA A.9. Suppose the treatment assignment mechanism satisfies Assumptions 3.1,
3.2, and 3.4, and the moment functions satisfy Assumptions 3.3 and 3.5. Then, for each de-

terministic sequence 6,, — 0, ﬂ(s) (0r) EiR ,ul for ,ul in (S.5) and ﬂgSZL( 0y) in (S.6).

1n

PROOF. The conclusion could follow from similar arguments to those in the proof of
Lemma A.8 but we provide a different proof because it will apply generally to other compo-
nents of the variance estimator. It suffices to prove that

(S.27) ) 0,) — B[ (0,1, A 25 0

(S.28) B[ (6,)|X™, A0 Ly {9

The desired result in (S.27) follows from similar arguments to those in the proof of equation
(S.27) in [3], where the uniform integrability condition is replaced by Assumption 3.5(a). To
show (S.28), note

E[a$) (6,)|X ™, AM) — (")

= L ST 4B (X1, Ri(1),00)|X:] — Elma(Xe,1, Ri(1), 00)]

m 1<i<n
1 1
(829 =— Z AiE[mS(Xi,1,Ri(1),0n)|Xi]—ﬁ Z E[mg(X;,1,Ri(1),6,)| Xi]
1<i<n 1<i<n
1
(S.30) +— > Elms(Xi, 1, Ri(1),0,)|X] — E[ma(Xi, 1, Ri(1),60)] .

1<i<n

The difference in (S.30) converges in probability to zero by Assumption 3.5(b) and because
E[m(X;,1,Ri(1),60,)] — Elm(X;,1,R;(1),6p)] from 6, — 6y and Assumption 3.3(c).
Next, note the absolute value of (S.29) can be written as

‘ > ZA ( [ms(Xs, 1, Ri(1),6,)| X]

1<j<n/k 16)\
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_% 3 E[ms(Xi/,1,Ri/(1),9n)‘XW]>'

Ve,

IN
3\@

1
Z —Z Blms(Xi,1, Ri(1),0,)|Xi] — E[ms(Xy, 1, Ry (1),600)] Xy1]
j<n 77 €N
Z max 0,

216)\
i<n/

where the inequality follows from the uniform Lipschitzness condition in Assumption 3.5(c)
and the convergencef follows from Assumption 3.2. Therefore, (S.27) holds. m

AN
3\'—‘

1<j

APPENDIX B: DETAILS FOR SIMULATIONS

B.1. Local Average Treatment Effect. In this section, we present the model specifica-
tions and estimators for estimating the LATE as in Example 2.3. Recall that in this case the
moment condition we consider is given by

Y;A;  Yi(1-A; D;A;  D;(1—A;
m(leAzaRlae): = - l( z)_0< = — l< l)> )
n L=mn 7 L=mn
with R; = (Y;, D;). The outcome is determined by the relationship Y; = D;Y;(1) + (1 —
D;)Y;(0), where Y;(d) is again given by (24). In addition, the take-up decision is determined
as D; = A;D;(1) + (1 — A;)D;(0), where

D;(0) =I{o + a(X;) > e},

Di(1) = {I{O‘l +a(X;) >e2;} i D;i(0)=0

1 otherwise

where a9 = 0.2, a1 =4, a(X;) = Zl<l<8( 1+ %(le — 1)), e14,e2: ~ N(0,4),
(Xi,€i,€1,,€2,4), 1 <i<mn are iid., and for each 1<i<n, (X ¢€,61,4,¢62;) are inde-
pendent.

We consider the following three estimators for the LATE:

Unadjusted Estimator:
> (VA - Yi(1 - Ay))

1<i<n

ST (Didi - Di(1 - 4y))

1<i<n

Apunadj __
0, =

Adjusted Estimator 1:

> (24— i} (Xa) —2(1 = A)(Yi — i (X0)) + 47 (X3) — g (X))
égdj,l _ 1<i<n

D (24u(Ds — i (X)) = 2(1 = A)(Di — iy (X2)) + Af (Xi) — 4 (X))

1<i<n

where /1Y (X;) is the linear projection of Y; on (1, (X; , XZ?J :1<1<T)) in the subsample
with A; = a, and 12 (X;) is estimated using from a logistic regression model with the same
set of regressors in the subsample with A; = a.

Adjusted Estimator 2: As in Adjusted Estimator 1, but in 2} (X;) and 22 (X;) the re-
gressors are instead (1, (X; thl, X 1{X;; > 1} :1<1<T)), where ; is the sample
median of X;;, 1 <i<n.
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Similarly to Section 5.1, 82"*Y solves (6) for the moment condition given in (5). The sec-
ond and third estimators are covariate adjusted estimators which can be obtained as two-step
method of moments estimators from solving an “augmented” version of the moment condi-
tion (5) [see, for instance, 6, 8].

B.2. Additional Simulation Tables. Table S.1 displays the absolute value of the bias
for each design and estimator pair computed across 4000 Monte Carlo replications. We find
that all estimators have fairly low and comparable bias.

Table S.2 reports the coverage and average length of confidence intervals constructed using
the estimator described in Section 3.1, again computed across 4000 Monte Carlo replications.
We find that the confidence intervals have appropriate coverage at all sample sizes and for any
number of covariates. The average length of the intervals follows a pattern similar to what
was observed for the MSE, again because the first 4 covariates are much stronger predictors
of the control outcome than the last 4 covariates, which are almost uninformative. Although
we found in Table 1 that the MSE of the matched tuples design was worse than that of
matched pairs with 8 covariates, this does not seem to translate to longer confidence intervals
for matched tuples: this may be due to the fact that the matched tuples variance estimator is
a “within block" estimator, as described in Section 3.1. Similar findings have been reported
by [2] for related problems in factorial designs.
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TABLE S.1
Absolute value of bias of estimators for different designs and estimators

i.i.d. assignment Matched pairs Matched tuples
# of covariates (I') Unadjusted Adjusted 1 Adjusted 2 Unadjusted Unadjusted
n =100
2 0.0083 0.0065 0.0051 0.0212 0.0068
ATE 4 0.0083 0.0090 0.0090 0.0073 0.0124
8 0.0083 0.0134 0.0131 0.0010 0.0209
2 0.0905 0.0436 0.0396 0.0341 0.0076
LATE 4 0.0905 0.0276 0.0264 0.0301 0.0427
8 0.0905 0.0401 0.0376 0.0264 0.0297
n =200
2 0.0075 0.0068 0.0074 0.0084 0.0081
ATE 4 0.0075 0.0052 0.0067 0.0040 0.0040
8 0.0075 0.0045 0.0055 0.0145 0.0051
2 0.0545 0.0326 0.0339 0.0361 0.0328
LATE 4 0.0545 0.0182 0.0217 0.0123 0.0144
8 0.0545 0.0159 0.0180 0.0447 0.0216
n =400
2 0.0001 0.0011 0.0009 0.0041 0.0055
ATE 4 0.0001 0.0001 0.0001 0.0001 0.0016
8 0.0001 0.0006 0.0006 0.0056 0.0041
2 0.0142 0.0064 0.0059 0.0179 0.0198
LATE 4 0.0142 0.0012 0.0015 0.0004 0.0020
8 0.0142 0.0021 0.0019 0.0129 0.0064
n = 1000
2 0.0021 0.0037 0.0039 0.0014 0.0025
ATE 4 0.0021 0.0021 0.0022 0.0020 0.0006
8 0.0021 0.0021 0.0023 0.0023 0.0027
2 0.0118 0.0120 0.0123 0.0019 0.0083
LATE 4 0.0118 0.0055 0.0057 0.0051 0.0007
8 0.0118 0.0054 0.0058 0.0057 0.0059
n = 2000
2 0.0013 0.0010 0.0010 0.0011 0.0025
ATE 4 0.0013 0.0015 0.0015 0.0003 0.0021
8 0.0013 0.0015 0.0015 0.0001 0.0014
2 0.0062 0.0035 0.0035 0.0018 0.0050
LATE 4 0.0062 0.0037 0.0038 0.0011 0.0055
8 0.0062 0.0038 0.0037 0.0008 0.0032

Note: Entries report the absolute bias of each estimator under different sample sizes, designs, and co-
variate adjustment strategies. Results are averaged across 2000 replications.
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TABLE S.2
Coverage rates and lengths of 95% confidence intervals based on unadjusted
estimator for matched pairs and matched tuples

Matched pairs Matched tuples

# of covariates (1)) Coverage Cllength Coverage CIlength

n =100
2 0.9403 23191 0.9490 2.3224
ATE 4 0.9465 2.2744 0.9485 2.2830
8 0.9487 2.3532 0.9395 2.3672
2 0.9590 6.4075 0.9590 6.3865
LATE 4 0.9620 6.3184 0.9615 6.3176
8 0.9610 6.5497 0.9527 6.5311

n =200
2 0.9495 1.6401 0.9497 1.6418
ATE 4 0.9485 1.5990 0.9440 1.6049
8 0.9503 1.6529 0.9425 1.6617
2 0.9550 4.4046 0.9563 4.4264
LATE 4 0.9557 4.3315 0.9530 4.3381
8 0.9597 4.4833 0.9503 4.5038

n =400
2 0.9487 1.1602 0.9483 1.1614
ATE 4 0.9497 1.1255 0.9455 1.1285
8 0.9495 1.1609 0.9445 1.1667
2 0.9530 3.0955 0.9493 3.0963
LATE 4 0.9547 3.0122 0.9517 3.0110
8 0.9555 3.1284 0.9505 3.1239

n = 1000
2 0.9485 0.7349 0.9550 0.7352
ATE 4 0.9500 0.7086 0.9505 0.7102
8 0.9417 0.7285 0.9430 0.7318
2 0.9507 1.9468 0.9560 1.9452
LATE 4 0.9515 1.8836 0.9507 1.8857
8 0.9467 1.9469 0.9463 1.9480

n = 2000
2 0.9490 0.5194 0.9530 0.5193
ATE 4 0.9483 0.4998 0.9485 0.5004
8 0.9505 0.5121 0.9483 0.5139
2 0.9495 1.3714 0.9530 1.3721
LATE 4 0.9493 1.3250 0.9483 1.3258
8 0.9533 1.3663 0.9505 1.3658
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