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APPENDIX A: PROOFS OF MAIN RESULTS

A.1. Proof of Theorem 3.1. First note (10) follows from (9) and Lemma A.6. In par-
ticular, the second component of the decomposition therein is zero because E[ψ∗|X,A] =
E[ψ∗|X]. To show (9), we first establish (12), i.e.,

√
n(θ̂n − θ0) =−M−1 1√

n

∑
1≤i≤n

m(Xi,Ai,Ri, θ0) + oP (1) .

By the proof of Theorem 5.21 in [14], to show (12), it suffices to show

(S.1) Ln(θ̂n)
P→ 0 ,

where Ln(θ) = (L(1)
n (θ), . . . ,L(dθ)

n (θ))′ for

L(s)
n (θ) =

1√
n

∑
1≤i≤n

(ms(Xi,Ai,Ri, θ)−EP [ms(Xi,Ai,Ri, θ)])

− 1√
n

∑
1≤i≤n

(ms(Xi,Ai,Ri, θ0)−EP [ms(Xi,Ai,Ri, θ0)]) .

To accomplish this, we study L(s)
n (θ) for 1≤ s≤ dθ separately. It follows from Assumption

3.3(c)–(d), Proposition 8.11 in [9], and the arguments to establish (S.24) that

sup
θ∈Θ:∥θ−θ0∥<δ

|L(s)
n (θ)|= sup

θ∈Θ∗:∥θ−θ0∥<δ
|L(s)
n (θ)| .

Therefore, since θ̂n
P→ θ0 by Lemma A.8, to show (S.1) it suffices to argue that for every

ϵ > 0 and every sequence δn ↓ 0 [p.89 of 15],

(S.2) lim
n→∞

P

{
sup

θ∈Θ∗:∥θ−θ0∥<δn

∣∣L(s)
n (θ)

∣∣> ϵ

}
= 0 .

Following the arguments in the proof of Lemma A.8, we decompose L(s)
n (θ) = L(s)

n,1(θ) +

L(s)
n,0(θ), where

L(s)
n,1(θ) =

1√
n

∑
1≤i≤n

Ai(ms(Xi,1,Ri(1), θ)−ms(Xi,1,Ri(1), θ0)

−E[m(Xi,1,Ri(1), θ)−ms(Xi,1,Ri(1), θ0)])
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L(s)
n,0(θ) =

1√
n

∑
1≤i≤n

(1−Ai)(ms(Xi,0,Ri(0), θ)−ms(Xi,0,Ri(0), θ0)

−E[ms(Xi,0,Ri(0), θ)−ms(Xi,0,Ri(0), θ0)]) .

Define

ρQ(θ, θ0) =EQ[(ms(X,a,R(a), θ)−ms(X,a,R(a), θ0)

−EQ[ms(X,a,R(a), θ)−ms(X,a,R(a), θ0)])
2]1/2 .

Note by Assumption 3.3(c) that ρQ(θ, θ0) is continuous in θ, i.e., as ∥θ− θ0∥→ 0,

ρQ(θ, θ0)≤EQ[(ms(X,a,R(a), θ)−ms(X,a,R(a), θ0))
2]1/2 → 0 .

Fix any sequence δ̃n ↓ 0. For every n, there exists n′ such that {θ ∈Θ∗ : ∥θ − θ0∥< δn′} ⊆
{θ ∈Θ∗ : ρQ(θ, θ0)< δ̃n}. By Proposition C.1 in [7],

E

[
sup

ρQ(θ,θ0)<δ̃n

|L(s)
n,a(θ)|

]
E

[
sup

ρQ(θ,θ0)<δ̃n

∣∣∣∣ 1√
n

∑
1≤i≤n

(ms(Xi,1,Ri(1), θ)

−ms(Xi,1,Ri(1), θ0)−E[(ms(Xi,1,Ri(1), θ)−ms(Xi,1,Ri(1), θ0)])

∣∣∣∣]→ 0 .

where the convergence follows from Assumption 3.3(e) and Corollary 2.3.12 in [15]. We
then obtain (S.2) by Markov’s inequality.

Finally, we derive (9) from (12). Note that

1√
n

∑
1≤i≤n

m(Xi,Ai,Ri, θ0)

=
1√
n

∑
1≤i≤n

(
ηE[m(Xi,1,Ri(1), θ0)|Xi] + (1− η)E[m(Xi,0,Ri(0), θ0)|Xi]

+ I{Ai = 1}(m(Xi,1,Ri, θ0)−E[m(Xi,1,Ri(1), θ0)|Xi])

+ I{Ai = 0}(m(Xi,0,Ri, θ0)−E[m(Xi,0,Ri(0), θ0)|Xi])

+ (Ai − η)(E[m(Xi,1,Ri(1), θ0)−m(Xi,0,Ri(0), θ0)|Xi])
)
.

Let Ω(Xi) = E[m(Xi,1,Ri(1), θ0)−m(Xi,0,Ri(0), θ0)|Xi] and note that by Assumption
2,

E

[
1√
n

∑
1≤i≤n

(Ai − η)Ω(Xi)

∣∣∣∣X(n)

]
= 0 .

Recall Ω(s)(Xi) is the sth component of Ω(Xi). Next, it follows from Assumption 3.1, 3.3(f),
and equation (12.3) in [12] that for 1≤ s≤ dθ ,

Var

[
1√
n

∑
1≤i≤n

(Ai − η)Ω(s)(Xi)

∣∣∣∣X(n)

]
=

1

n

∑
1≤j≤n/k

ℓ(k− ℓ)

k− 1

∑
i∈λj

(Ω
(s)
i −Ω

(s)
j )2

≤C2 ℓ(k− ℓ)

k− 1

1

n

∑
1≤j≤n/k

max
i,i′∈λj

∥Xi −Xi′∥2 ,
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where Ω
(s)
j = 1

k

∑
i∈λj

Ω(s)(Xi), and so the conditional variance converges in probability
to zero under Assumption 3.2. It then follows from Markov’s inequality and the fact that
probabilities are bounded and hence uniformly integrable that

1√
n

∑
1≤i≤n

(Ai − η)Ω(Xi) = oP (1) .

Therefore,

−M−1 1√
n

∑
1≤i≤n

m(Xi,Ai,Ri, θ0) =−M−1 1√
n

∑
1≤i≤n

m∗(Xi,Ai,Ri, θ0) + oP (1) ,

which, together with (12), implies the desired result in (9).

A.2. Proof of Theorem 3.2. By assumption M̂n
P−→M . Therefore, it suffices to show

that

Σ̂1,n
P−→Σ1(S.3)

Σ̂2,n
P−→Σ2 ,(S.4)

where

Σ1 = ηVar[m(Xi,1,Ri(1), θ0)] + (1− η)Var[m(Xi,0,Ri(0), θ0)]

Σ2 =−η(1− η)Var
[
E[m(Xi,1,Ri(1), θ0)|Xi]−E[m(Xi,1,Ri(1), θ0)]

− (E[m(Xi,0,Ri(0), θ0)|Xi]−E[m(Xi,0,Ri(0), θ0)])
]
.

In what follows, we will show (S.3). The proof of (S.4) will follow from similar steps, but
with the calculations below replaced by the ones in the proof of Lemmas C.2–C.3 in [2],
along with Assumptions 3.4–3.5. To that end, we show for 1≤ s≤ dθ ,

(S.5) µ̂
(s)
1,n :=

1

ηn

∑
1≤i≤n

ms(Xi,1,Ri, θ̂n)
P−→E[ms(Xi,1,Ri(1), θ0)] =: µ

(s)
1 ,

and similar arguments will establish the results for a= 0 as well as for the second moments
and therefore (S.3). For θ ∈Θ, define

(S.6) µ̂
(s)
1,n(θ) =

1

ηn

∑
1≤i≤n

ms(Xi,1,Ri, θ)

and note µ̂(s)1,n = µ̂
(s)
1,n(θ̂n). Suppose (S.5) doesn’t hold. Then, there exists a subsequence

{nk}k≥1 and ϵ1, ϵ2 > 0, such that

(S.7) lim
k→∞

P{|µ̂(s)1,n − µ
(s)
1 |> ϵ1}→ ϵ2 .

Because θ̂nk

P−→ θ0 by Theorem 3.1, there exists a further subsequence, which we still denote
by {nk}k≥1 by an abuse of notation, along which θ̂nk

→ θ0 with probability one. Along that

subsequence, Lemma A.9 implies that µ̂(s)1,n
P−→ µ

(s)
1 , in contradiction to (S.7). Therefore, (S.5)

holds, and the theorem follows as discussed above.
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A.3. Proofs for Section 4.1. Recall that Pn denotes the distribution of the observed data
(X(n),A(n),R(n)), and Q denotes the marginal distribution of the vector (Ri(1),Ri(0),Xi).
Note that any treatment assignment mechanism A(n) satisfying Assumption 2.1 can be repre-
sented as a function of X(n) and some additional exogenous randomization device Un ∈R.
Let pUn

n denote the density function for Un with respect to a dominating measure µU . In
what follows, we consider a family {Qt : t ∈ Rdθ} of marginal distributions indexed by t,
and let qXt denote the density function for Xi with respect to a dominating measure µX ,
q
R(a)|X
t (r|x) denote the conditional density of Ri(a) given Xi with respect to a dominat-

ing measure µR. With some abuse of notation, continue letting Pt,n denote the distribu-
tion of (Un,X(n),R(n)). We require that Q0 = Q and P0,n = Pn and define qX = qX0 and
qR(a)|X = q

R(a)|X
0 . As a consequence, the density function of Pt,n is given by

(S.8) ℓn = pUn (Un)
∏

1≤i≤n
qXt (Xi)

∏
1≤i≤n

∏
a∈{0,1}

q
R(a)|X
t (Ri|Xi)

I{Ai=a} .

Because the density pUn
n does not depend on t, and in general we will only concern ourselves

with the ratio of likelihoods at different values of t (so that pUn
n in the ratio will cancel), in

what follows we suppress the dependence on n and simply denote the distribution Pt,n by
Pt.

We consider parametric submodels {Pt : t ∈Rdθ}, where P0 = P , such that the following
holds for some g = (gX , gR(1)|X , gR(0)|X), each component of which is a dθ-dimensional
function:

(a) As t→ 0,

(S.9)
∫

1

∥t∥2
(
qXt (x)1/2 − qX(x)1/2 − 1

2
qX(x)1/2t′gX(x)

)2
dµX(x)→ 0 .

(b) For a ∈ {0,1}, as t→ 0,

(S.10)
1

∥t∥2

∫ ∫ (
q
R(a)|X
t (r|x)1/2 − qR(a)|X(r|x)1/2 − 1

2
qR(a)|X(r|x)1/2t′gR(a)|X(r|x)

)2
× dµR(r)qX(x)dµX(x)→ 0 .

In what follows, we will index a parametric submodel by its associated function g, denoted
by Pt,g , to emphasize the role of g. Similarly we denote the density of Qt,g by qt,g . When
writing expectations and variances, we suppress the subscripts P and Q whenever doing so
does not lead to confusion. For completeness, we document the following properties of score
functions which satisfy (S.9)–(S.10):

LEMMA A.1. For a parametric submodel {Pt,g : t ∈Rdθ} with P0,g = P that satisfies
(S.9)–(S.10),

(a) E[gX(X)gX(X)′]<∞.
(b) E[gX(X)] = 0.
(c) E[gR(a)|X(R(a)|X)gR(a)|X(R(a)|X)′]<∞ and hence IR(a)|X(X)<∞ with probabil-

ity one under Q.
(d) E[gR(a)|X(R(a)|X)|X] = 0 with probability one under Q.

PROOF. (a) and (b) follow from Lemma 14.2.1 in [12]. (c) follows from the same lemma.
In order to show (d), fix tn → 0. Note (S.10) and Markov’s inequality imply that along a
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subsequence tnk
,

1

∥tnk
∥2

∫ (
q
R(a)|X
tnk

(r|x)1/2 − qR(a)|X(r|x)1/2 − 1

2
qR(a)|X(r|x)1/2t′nk

gR(a)|X(r|x)
)2

× dµR(r)→ 0

for Q-almost every x. Along that subsequence, another application of Lemma 14.2.1 in [12]
implies (d).

Define the information of X as IX =E[gX(X)gX(X)′]. Define the conditional informa-
tion of R(a) given X = x as

IR(a)|X(x) =E[gR(a)|X(R(a)|X)gR(a)|X(R(a)|X)′|X = x] .

Further define I = IX + ηE[IR(1)|X(X)] + (1− η)E[IR(0)|X(X)]. We restrict ourselves to
parametric submodels that satisfy (S.9)–(S.10) for a g that satisfies the following conditions.
These submodels exist by Lemma A.2 below.

CONDITION A.1. The function g satisfies that

(a) E[gX(X)] = 0 and Var[gX(X)]<∞.
(b) For a ∈ {0,1},E[gR(a)|X(R(a)|X)|X] = 0, and Var[gR(a)|X(R(a)|X)]<∞ with prob-

ability one.
(c) I is nonsingular.

LEMMA A.2. For any g that satisfies Condition A.1, there exists a parametric submodel
{Pt,g : t ∈Rdθ} such that (S.9)–(S.10) hold.

PROOF. We use a vector version of the construction in in Example 25.16 in [14]. Let
k(x) be any strictly positive function that is bounded from above and away from zero with
a bounded derivative such that k(0) = k′(0) = 1; for example, take k(x) = 2(1 + e−2x)−1.
Define

qXt (x) =C(t)qX(x)k(t′gX(x)) ,

where C(t) =
(∫

qX(x)k(t′gX(x))dµX(x)
)−1, so that qXt (x) is a probability density func-

tion. Differentiating both sides of C(t)
∫
qX(x)k(t′gX(x))dµX(x) = 1 at t= 0, we get that

∂
∂t

∣∣
t=0

C(t) = 0. It can then be verified through direct calculation that

∂

∂t

∣∣∣∣
t=0

log qXt (x) = gX(x) .

The quadratic mean differentiability requirement in (S.9) follows from Lemma 7.6 in [14].
Next, for each x ∈Rdx , we define

q
R(1)|X
t (r|x) =C(t)qR(1)|X(r|x)k(t′gR(1)|X(r|x)) .

As above, it can be verified through direct calculation that

∂

∂t

∣∣∣∣
t=0

log q
R(1)|X
t (r|x) = gR(1)|X(r|x) .

To show (S.10) for a = 1 (and symmetric arguments apply for a = 0), we modify the
arguments in the proof of Lemma 7.6 in [14]. Define st(r|x) = q

R(1)|X
t (r|x)1/2 and de-

note the ℓth component by s(ℓ)t (r|x) for 1 ≤ ℓ ≤ dθ . By the mean-value theorem, we have
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st(r|x) − s(r|x) =
∫ 1
0 t

′ṡut(r|x)du, where ṡt = ∂
∂tst, so that it follows from Jensen’s in-

equality that

1

∥t∥2

∫ ∫
(st(r|x)− s0(r|x)− t′ṡ0(r|x))2 dµR(r)qX(x)dµX(x)

≤ 1

∥t∥2

∫ ∫ ∫ 1

0

(
t′(ṡut(r|x)− ṡ0(r|x))

)2
dudµR(r)qX(x)dµX(x)

≤
∫ ∫ ∫ 1

0
∥ṡut(r|x)− ṡ0(r|x)∥2dudµR(r)qX(x)dµX(x)(S.11)

where the first inequality follows from Jensen’s inequality and the second by Cauchy-
Schwarz. It then suffices to show (S.11) goes to zero as t→ 0. Analyzing componentwise, it
suffices to show that for 1≤ ℓ≤ dθ , as t→ 0,

(S.12)
∫ ∫ ∫ 1

0
(ṡ

(ℓ)
ut (r|x)− ṡ

(ℓ)
0 (r|x))2dudµR(r)qX(x)dµX(x)→ 0 .

The integrand in (S.12) obviously converges to zero as t→ 0 by continuous differentiability
of qt. Recall that

∫
ṡ
(ℓ)
ut (r|x)2dµR(r) = 1

4 [I
R(1)|X
ut (x)](ℓ,ℓ), where IR(1)|X

ut (x) is the condi-
tional information for a = 1 given x at Put,g . Therefore, it follows from Fubini’s theorem
that∫ ∫ ∫ 1

0
ṡ
(ℓ)
0 (r|x)2dudµR(r)qX(x)dµX(x) = 1

4

∫
[I
R(1)|X
0 (x)](ℓ,ℓ)q

X(x)dµX(x)∫ ∫ ∫ 1

0
ṡ
(ℓ)
ut (r|x)2dudµR(r)qX(x)dµX(x) =

1

4

∫ ∫ 1

0
[I
R(1)|X
ut (x)](ℓ,ℓ)duq

X(x)dµX(x) .

To apply Vitali’s theorem [Proposition 2.29 in 14], it suffices to show that∫ ∫ 1

0
[I
R(1)|X
ut (x)](ℓ,ℓ)duq

X(x)dµX(x)→
∫

[I
R(1)|X
0 (x)](ℓ,ℓ)q

X(x)dµX(x)

as t→ 0. To do so, we fix any arbitrarily small δ > 0 and note that at least for t small enough,
∥ut∥ ≤ δ for u ∈ [0,1], so we can apply the dominated convergence theorem with

[I
R(1)|X
ut (x)](ℓ,ℓ) ≤ sup

∥h∥≤δ
[I
R(1)|X
h (x)](ℓ,ℓ) ,

as long as ∫ ∫ 1

0
sup
∥h∥≤δ

[I
R(1)|X
h (x)](ℓ,ℓ)duq

X(x)dµX(x)

=

∫
sup
∥h∥≤δ

[I
R(1)|X
h (x)](ℓ,ℓ)q

X(x)dµX(x)<∞ .

(S.13)

To show (S.13), we calculate the conditional information as

E

[( ∂
∂hℓ

C(h)

C(h)
+
k′(h′gR(1)|X(R(1)|X)

k(h′gR(1)|X(R(1)|X))
g
R(1)|X
ℓ (R(1)|X)

)2∣∣∣∣X = x

]
.

Note that k′ is bounded above and k is bounded below, C(h) is continuously differentiable
with C(0) = 1, and so is bounded for ∥h∥ ≤ δ. Therefore, an application of the Cauchy-
Schwarz inequality implies the previous expectation is bounded by a constant plus a con-
stant multiple of [I

R(1)|X
0 (x)](ℓ,ℓ). The desired conclusion in (S.13) then follows because

E[I
R(1)|X
0 (X)]<∞, and the proof is complete.
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For t ∈Rdθ , the log-likelihood ratio between Pt/√n,g and P0 = P is

Lt,n(g) =
1

n

∑
1≤i≤n

log
qX
t/
√
n,g

(Xi)

qX(Xi)
+

1

n

∑
1≤i≤n

∑
a∈{0,1}

I{Ai = a} log
q
R(a)|X
t/
√
n,g

(Ri|Xi)

qR(a)|X(Ri|Xi)
.

The following lemma establishes an expansion of the log-likelihood ratio and local asymp-
totic normality of {Pt/√n,g}.

LEMMA A.3. Suppose the treatment assignment mechanism satisfies Assumption 2.1 and
the path satisfies (S.9)–(S.10) for g satisfying Condition A.1. Then,

Lt,n(g) =
1√
n

∑
1≤i≤n

t′sg(Xi,Ai,Ri)−
1

2
t′IXt

− 1

2n

∑
1≤i≤n

∑
a∈{0,1}

I{Ai = a}t′IR(a)|X(Xi)t+ oP (1) ,

where

(S.14) sg(x,a, r) = gX(x) + I{a= 1}gR(1)|X(r|x) + I{a= 0}gR(0)|X(r|x)

and I = IX + ηEQ[I
R(1)|X(Xi)] + (1− η)EQ[I

R(0)|X(Xi)]. If in addition the assignment
mechanism satisfies Assumption 4.1, then, under P0,

Lt,n(g)
d→N

(
− 1

2
t′It, t′It

)
,

PROOF. The first result follows from Theorem 3.1 of [1]. The second result follows from
Lemma A.6 given Assumption 4.1 and the assumption that each component of IR(a)|X(x) is
integrable, noting that E[sg(X,1,R(1))− sg(X,0,R(0))|X] = 0.

We emphasize that Lemma A.7 implies∑
1≤i≤n

sg(Xi,Ai,Ri)

is the sum of n identically distributed, although possibly dependent, random variables. There-
fore, in what follows, quantities like EP [sg] are well defined.

Let θ(P ) ∈Rdθ be a parameter of interest. Further suppose that there exists a dθ×1 vector
of functions ψ∗ ∈ L2(P ) such that for each g satisfying Condition A.1, for all t ∈Rdθ , as
n→∞,

(S.15)
√
n(θ(Pt/

√
n,g)− θ(P ))→EP [ψ

∗s′gt] .

In Lemma A.5 below, we provide explicit conditions which guarantee this is possible when
θ(P ) is defined by (3).

We call an estimator θ̃n for θ(P ) regular if for all g satisfying Condition A.1 and t ∈Rdθ ,

(S.16)
√
n(θ̃n − θ(Pt/

√
n,g))

Pt/
√

n,g−−−−→ L

for a fixed probability measure L.
The following lemma establishes a convolution theorem for regular estimators:



8

LEMMA A.4. Suppose θ satisfies (S.15). Let θ̃n be a regular estimator for θ. Further
suppose that ψ∗ = sg for some function g satisfying Condition A.1. Then,

L=N(0,EP [ψ
∗ψ∗′]) ∗B ,

where B is a fixed probability measure.

PROOF. In what follows, for each g satisfying Condition A.1, we consider the linear sub-
space given by

Mg = {t′sg : t ∈Rdθ} .

Note that t′sg appears in the expansion of the log-likelihood ratio between Pt/√n,g and P . To
align our setting with Theorem 3.11.2 in [15], we first characterize the adjoint map (viewed
as a mapping into Mg) of the function v 7→ E[ψ∗v] ∈ Rdθ , where v ∈ Mg . To that end,
implicitly identifying each b ∈Rdθ with the functional b∗ :Rdθ →R given by x 7→ b′x, we
construct a w(b) ∈Rdθ such that

b′EP [ψ
∗s′gt] =EP [w(b)

′sgs
′
gt]

for all t ∈Rdθ , where we note w(b)′sg ∈Mg , and is thus the output of the adjoint map when
applied to the functional b∗. Because E[sgs

′
g] is invertible, we immediately obtain

w(b) =E[sgs
′
g]
−1E[sgψ

∗′]b .

Here we use the assumption that I is nonsingular. It then follows from the local asymptotic
normality established in Lemma A.3 and Theorem 3.11.2 in [15] that

L=N(0, Vg) ∗Bg ,

where Bg is a fixed probability measure and b′Vgb=E[(w(b)′sg)
2], so that we have

Vg =EP [ψ
∗s′g]EP [sgs

′
g]
−1E[sgψ

∗′] .

Furthermore, by a standard projection argument, in particular the fact that the second moment
of ψ∗ − EP [ψ

∗s′g]EP [sgs
′
g]
−1sg is positive semi-definite, it can be shown that Vg is maxi-

mized in the matrix sense when sg = ψ∗. Note this maximum is attained by our assumption
that ψ∗ = sg for some g satisfying Condition A.1. The conclusion then follows.

To apply Lemma A.4 to the setting in Section 4.1, we we establish the form of ψ∗ in (S.15)
for the parameter θ0 = θ(P ) defined by (3). Define η(Xi) = P{Ai = 1|Xi}. Note that

0 =EP [m(Xi,Ai,Ri, θ(P ))]

=EQ[m(X,1,R(1), θ(P ))η(X)] +EQ[m(X,0,R(0), θ(P ))(1− η(X))] .
(S.17)

LEMMA A.5. Suppose the treatment assignment mechanism satisfies Assumptions 2.1
and 4.1. Fix a function g that satisfies Condition A.1. Suppose (S.9)–(S.10) holds. Fix t ∈Rdθ

and consider a one-dimensional submodel {Pt/√n,g} such that

EQt/
√

n
[m(X,a,R(a), θ(P ))2] =O(1)(S.18)

EQX [EQR(a)|X
t/

√
n

[m(X,a,R(a), θ(P ))2|X]] =O(1)(S.19)

EQX
t/

√
n
[EQR(a)|X [m(X,a,R(a), θ(P ))2|X]] =O(1)(S.20)



SUPPLEMENTAL MATERIAL 9

as n→ ∞ and θ(Pt/√n,g) is uniquely determined by (S.17). Then, θ(Pt/√n,g) defined by
(S.17) satisfies

√
n(θ(Pt/

√
n,g)− θ(P ))

→M−1EP [m(Xi,Ai,Ri, θ(P ))(g
X(Xi)

+ I{Ai = 1}gR(1)|X(Ri|Xi) + I{Ai = 0}gR(0)|X(Ri|Xi))
′]t

=EP [ψ
∗(Xi,Ai,Ri, θ(P ))(g

X(Xi)

+ I{Ai = 1}gR(1)|X(Ri|Xi) + I{Ai = 0}gR(0)|X(Ri|Xi))
′]t ,

where

ψ∗(Xi,Ai,Ri, θ(P ))

=−M−1
(
η(Xi)EQ[m(Xi,1,Ri(1), θ(P ))|Xi]

+ (1− η(Xi))EQ[m(Xi,0,Ri(0), θ(P ))|Xi]

+ I{Ai = 1}(m(Xi,1,Ri, θ(P ))−EQ[m(Xi,1,Ri(1), θ(P ))|Xi])

+ I{Ai = 0}(m(Xi,0,Ri, θ(P ))−EQ[m(Xi,0,Ri(0), θ(P ))|Xi])
)
.

PROOF. In what follows, we only use the property that the quadratic mean deriva-
tive of Pt/√n,g is given by s′gt. Therefore, for ease of notation we consider a generic
one-dimensional submodel {Pν : ν ∈ [−ϵ, ϵ]} that satisfies (S.9)–(S.10) for some g =
(gX , gR(1)|X , gR(0)|X), each component of which is a one-dimensional function. (S.17) im-
plies

0 =

∫
m(x,1, r, θ(Pν))q

R(1)|X
ν (r|x)dµR(r)η(x)qXν (x)dµX(x)

+

∫
m(x,0, r, θ(Pν))q

R(0)|X
ν (r|x)dµR(r)(1− η(x))qXν (x)dµX(x)

Note that ∫
m(x,1, r, θ(P ))qR(1)|X

ν (r|x)dµR(r)η(x)qXν (x)dµX(x)

−
∫
m(x,1, r, θ(P ))qR(1)|X(r|x)dµR(r)η(x)qX(x)dµX(x)

= γ1(ν) + γ2(ν) + γ3(ν) + γ4(ν) ,

where

γ1(ν) =

∫
m(x,1, r, θ(P ))

(
qR(1)|X
ν (r|x)1/2 − qR(1)|X(r|x)1/2

)
qR(1)|X
ν (r|x)1/2dµR(r)

× η(x)qXν (x)dµX(x)

γ2(ν) =

∫
m(x,1, r, θ(P ))

(
qR(1)|X
ν (r|x)1/2 − qR(1)|X(r|x)1/2

)
qR(1)|X(r|x)1/2dµR(r)

× η(x)qXν (x)dµX(x)

γ3(ν) =

∫
m(x,1, r, θ(P ))qR(1)|X(r|x)dµR(r)
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× η(x)
(
qXν (x)1/2 − qX(x)1/2

)
qXν (x)1/2dµX(x)

γ4(ν) =

∫
m(x,1, r, θ(P ))qR(1)|X(r|x)dµR(r)

× η(x)
(
qXν (x)1/2 − qX(x)1/2

)
qX(x)1/2dµX(x) .

It follows from the Cauchy-Schwarz inequality that

1

ν
γ4(ν)−

∫
m(x,1, r, θ(P ))qR(1)|X(r|x)dµR(r)

× η(x)
1

2
gX(x)qX(x)1/2 × qX(x)1/2dµX(x)

≤
∫ (

m(x,1, r, θ(P ))2qR(1)|X(r|x)dµR(r)η(x)2qX(x)dµX(x)
)1/2

×
(∫

qR(1)|X(r|x)dµR(r)

×
(1
ν
(qXν (x)1/2 − qX(x)1/2)− 1

2
gX(x)qX(x)1/2

)2
dµX(x)

)1/2

→ 0

by the assumption that EP [m(X,a,R(a), θ(P ))2] < ∞, the facts that 0 ≤ η(x) ≤ 1,∫
qR(1)|X(r|x)dµR(r) = 1, and (S.9). Similar arguments implies as ν→ 0,

1

ν
γ1(ν)−

∫
m(x,1, r, θ(P ))

1

2
gR(1)|X(r|x)qR(1)|X(r|x)dµR(r)η(x)qX(x)dµX(x)→ 0

because EPν
[m(X,a,R(a), θ(P ))2] = O(1) as ν → 0. The limits of γ2(ν) and γ3(ν) can

be derived following similar arguments using (S.19)–(S.20). Combining all previous results
yields

∂

∂ν
EPν

[m(X,A,R, θ(P ))]
∣∣∣
ν=0

=EQ[m(X,1,R(1), θ(P ))(gX(X) + gR(1)|X(R|X))η(X)]

+EQ[m(X,0,R(0), θ(P ))(gX(X) + gR(0)|X(R|X))(1− η(X))]

=EP [m(X,A,R, θ(P ))(gX(X) + I{A= 1}gR(1)|X(R) + I{A= 0}gR(0)|X(R))] .

On the other hand, by definition

M =
∂

∂θ′
EP [m(X,A,R, θ)]

∣∣∣
θ=θ(P )

.

The formula for the derivative therefore follows from the implicit function theorem (in par-
ticular, because we have assumed the existence of θ(Pν) along the path, it follows from the
last part of the proof of Theorem 3.2.1 in [10]). The second equality follows from Lemma
A.7 together with Condition A.1.

Finally, to prove Theorem 4.1 we require the following additional regularity condition:

ASSUMPTION A.1. For every function g satisfying Condition A.1 and every t ∈ Rdθ

there exists a submodel Pt/√n,g for which (S.18)–(S.20) hold as n→∞, and θ(Pt/√n,g) is
uniquely determined by (S.17).
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This assumption guarantees that every element satisfying Condition A.1 has a correspond-
ing path for which we can apply Lemma A.5. A similar assumption appears in [5] (see their
Assumption 4.1(iv)). Note that a simple sufficient condition for the first part of Assumption
A.1 is that m(x,a, r, θ(P )) is a bounded function in (x, r) on the support of (X,R(a)). The
second part of Assumption A.1 can be verified easily in specific examples (see, for instance,
Examples 2.1–2.5 in the main text). Alternatively, Assumption A.1 could be avoided by as-
suming that we can differentiate under the integral in the final step of the proof of Lemma
A.5, from which we would immediately obtain the expression for the pathwise derivative.
See, for instance, [13] and [4].

PROOF OF THEOREM 4.1. First note θ satisfies (S.15) because of Lemma A.5 and As-
sumption A.1. The result then follows from Lemma A.4 upon noting that ψ∗ = sg for some
g that satisfies Condition A.1.

To study regular estimators, we need the following lemma.

LEMMA A.6. Suppose the treatment assignment mechanism satisfies Assumptions 2.1,
4.1, and 4.2. Let f(x,a, r) be a vector-valued function such that E[f(X,A,R)] = 0 and
E[f2(X,a,R(a))]<∞ for a ∈ {0,1}. Then,

1√
n

∑
1≤i≤n

f(Xi,Ai,Ri)
d−→N(0, Vf ) ,

where Vf = V1,f + V2,f + V3,f for

V1,f =Var[E[f(X,A,R)|X]] = Var[ηE[f(X,1,R(1))|X] + (1− η)E[f(X,0,R(0))|X]]

V2,f = V imb
E[f(X,1,R(1))−f(X,0,R(0))|X]

V3,f =E[ηVar[f(X,1,R(1))|X] + (1− η)Var[f(X,0,R(0))|X]] .

PROOF. Note that

Cn :=
1√
n

∑
1≤i≤n

f(Xi,Ai,Ri) =C1,n +C2,n +C3,n ,

where

C1,n =
1√
n

∑
1≤i≤n

E[f(Xi,Ai,Ri)|Xi]

=
1√
n

∑
1≤i≤n

(ηE[f(Xi,1,Ri(1))|Xi] + (1− η)E[f(Xi,0,Ri(0))|Xi])

C2,n =
1√
n

∑
1≤i≤n

(Ai − η)E[f(Xi,1,Ri(1))− f(Xi,0,Ri(0))|Xi]

C3,n =
1√
n

∑
1≤i≤n

(
Ai(f(Xi,1,Ri(1))−E[f(Xi,1,Ri(1))|Xi])

+ (1−Ai)(f(Xi,0,Ri(0))−E[f(Xi,0,Ri(0))|Xi])
)
.

Note that C1,n has zero mean because E[E[f(Xi,Ai,Ri)|Xi]] =E[f(Xi,Ai,Ri)] = 0. Fur-
ther note that C1,n = E[Cn|X(n)], C2,n = E[Cn|X(n),A(n)] − E[Cn|X(n)], and C3,n =
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Cn −E[Cn|X(n),A(n)]. It follows from the central limit theorem and E[f2(X,a,R(a))]<
∞ that

C1,n
d−→N(0, V1,f ) .

Next, it follows from Assumption 4.2 that

ρ(L(C2,n|X(n)),N(0, V2,f ))
P−→ 0 .

For C3,n, it follows from Assumption 4.1 that

Var[C3,n|X(n),A(n)]
P−→ V3,f .

As a result, one can verify the Lindeberg condition conditional on X(n) and A(n) as in the
proof of Lemma S.1.4 of [3], and obtain

ρ(L(C3,n|X(n),A(n)),N(0, V3,f ))
P−→ 0 .

The proof can then be completed by the subsequencing argument at the end of the proof of
Lemma S.1.4 of [3].

PROOF OF THEOREM 4.2. Recall from Lemma A.3 that Lt,n(g) is also asymptotically
linear. Because the treatment assignment mechanism satisfies Assumptions 2.1, 4.1, and 4.2,
the path satisfies Condition A.1, and hence ψ and sg jointly satisfy the conditions in Lemma
A.6 (in particular, note that E[sg(X,1,R(1))− sg(X,0,R(0))|X] = 0),(√

n(θ̃n − θ(P ))
Lt,n(g)

)
=

(
1√
n

∑
1≤i≤nψ(Xi,Ai,Ri, θ(P ))

1√
n

∑
1≤i≤n t

′sg(Xi,Ai,Ri)

)
−
(

0
−1

2 t
′It

)
+ oP (1)

are jointly asymptotically normal. Because E[sg(X,1,R(1)) − sg(X,0,R(0))|X] = 0, the
covariance in the second term in the joint variance in Lemma A.6 vanishes, and thus the
overall covariance is given by

E[E[ψ|X]gX(X)′]t

+ ηE[(ψ(X,1,R(1), θ(P ))−E[ψ(X,1,R(1), θ(P ))|X])gR(1)|X(R(1)|X)′]t

+ (1− η)E[(ψ(X,0,R(0), θ(P ))−E[ψ(X,0,R(0), θ(P ))|X])gR(0)|X(R(0)|X)′]t

=E[ψs′g]t .

It then follows from Le Cam’s third lemma that under Pt/√n,g ,
√
n(θ̃n − θ0) converges in

distribution to a normal distribution with mean E[ψs′g]t and the same variance as in the limit
under P . At the same time,

√
n(θ̃n − θ(Pt/

√
n,g)) =

√
n(θ̃n − θ(P ))−

√
n(θ(Pt/

√
n,g − θ(P )) .

Therefore, (S.16) holds if and only if

E[ψs′g]t=E[ψ∗s′g]t .

Furthermore, θ̃n is regular if the equality holds for all t and all g satisfying Condition A.1, if
and only if

E[(ψ−ψ∗)s′g] = 0
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for all g satisfying Condition A.1. Note that

E[(ψ−ψ∗)s′g]

=E[E[ψ(X,A,R, θ(P ))−ψ∗(X,A,R, θ(P ))|X]gX(X)′]

+E[Ai(ψ(X,1,R(1), θ(P ))−ψ∗(X,1,R(1), θ(P ))

−E[ψ(X,1,R(1), θ(P ))−ψ∗(X,1,R(1), θ(P ))|X])gR(1)|X(R(1)|X)′]

+E[(1−Ai)(ψ(X,0,R(0), θ(P ))−ψ∗(X,0,R(0), θ(P ))

−E[ψ(X,0,R(0), θ(P ))−ψ∗(X,0,R(0), θ(P ))|X])gR(0)|X(R(0)|X)′] .

By setting gR(1)|X = 0, gR(0)|X = 0, and gX(X) = E[ψ(X,A,R, θ(P )) − ψ∗(X,A,R,
θ(P ))|X], we get that

(S.21) E[ψ(X,A,R, θ(P ))|X] =E[ψ∗(X,A,R, θ(P ))|X] .

Setting gX(X) = 0 = gR(0)|X and gR(1)|X = ψ(X,1,R(1), θ(P ))−ψ∗(X,1,R(1), θ(P ))−
E[ψ(X,1,R(1), θ(P ))−ψ∗(X,1,R(1), θ(P ))|X], we get

ψ(X,1,R(1), θ(P ))−ψ∗(X,1,R(1), θ(P ))

−E[ψ(X,1,R(1), θ(P ))−ψ∗(X,1,R(1), θ(P ))|X] = 0 ,

which implies that ψ(X,1,R(1), θ(P ))−ψ∗(X,1,R(1), θ(P )) can only be a function of X .
Denote it by ψ⊥(X,1). Similarly, ψ(X,0,R(0), θ(P ))− ψ∗(X,0,R(0), θ(P )) can only be
a function of X . Denote it by ψ⊥(X,0). We have

ψ(X,A,R, θ(P )) =Aψ(X,1,R(1), θ(P )) + (1−A)ψ(X,0,R(0), θ(P ))

=A(ψ∗(X,1,R(1), θ(P )) +ψ⊥(X,1, θ(P )))

+ (1−A)(ψ∗(X,0,R(0), θ(P )) +ψ⊥(X,0, θ(P )))

= ψ∗(X,A,R, θ(P )) +ψ⊥(X,A,θ(P )) ,

and it follows from (S.21) thatE[ψ⊥(X,A,θ(P ))|X] = 0. Finally, to show that θ̃n is efficient
if and only if (23) holds, we apply Lemma A.6 with f = ψ. If (23) holds, then Vψ = V1,ψ +

V3,ψ = Vψ∗ because V1,ψ = V1,ψ∗ , V3,ψ = V3,ψ∗ and V2,ψ∗ = 0. On the other hand, if θ̃n is
efficient, then V2,ψ = 0, so (23) holds by Markov’s inequality combined with the fact that
probabilities are bounded and thus uniformly integrable.

A.4. Auxiliary Lemmas.

LEMMA A.7. Suppose (2) holds and Pr{Ai = 1|Xi = x} as a function is identical across
1≤ i≤ n. Then,

(S.22) (Ri(1),Ri(0))⊥⊥Ai|Xi .

Moreover, (Xi,Ai,Ri) is identically distributed across 1≤ i≤ n.

PROOF. Fix a ∈ {0,1} and any Borel sets B ∈Rdr ×Rdr and C ∈Rdx .

E[Pr{(Ri(1),Ri(0)) ∈B,Ai = a|Xi}I{Xi ∈C}]

=E[E[Pr{(Ri(1),Ri(0)) ∈B,Ai = a|X(n)}|Xi]I{Xi ∈C}]

=E[E[Pr{(Ri(1),Ri(0)) ∈B|X(n)}Pr{Ai = a|X(n)}|Xi]I{Xi ∈C}]

=E[Pr{(Ri(1),Ri(0)) ∈B|Xi}Pr{Ai = a|Xi}I{Xi ∈C}] ,
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where the first equality follows from the law of iterated expectations, the second equality
follows from (2), the third equality follows from the law of iterated expectations as well as
the fact that Qn =Qn. The first statement of the lemma then follows from the definition of a
conditional expectation.

To prove the second statement, fix units i and i′. Clearly Xi and Xi′ are identically dis-
tributed. Conditional on Xi, for any Borel set C ∈Rdr and a ∈ {0,1}, it follows (a) that

Pr{Ri ∈C,Ai = a|Xi}=Pr{Ai = a|Xi}Pr{Ri(a) ∈C|Xi} .

The conclusion then follows because Pr{Ai = 1|Xi = x} is identical across 1 ≤ i ≤ n and
Qn =Qn.

LEMMA A.8. Suppose the treatment assignment mechanism satisfies Assumptions 3.1–
3.2 and the moment functions satisfy Assumption 3.3. Then, θ̂n

P→ θ0.

PROOF. It follows from Assumption 3.3(a) and Theorem 5.9 in [14] that we only need to
establish for each 1≤ s≤ dθ ,

(S.23) sup
θ∈Θ

∣∣∣∣ 1n ∑
1≤i≤n

(ms(Xi,Ai,Ri, θ)−EP [ms(Xi,Ai,Ri, θ)])

∣∣∣∣ P→ 0 .

To begin, note it follows from Assumption 3.3(d) and the dominated convergence theorem
that if ms(x,a, r, θm)→ms(x,a, r, θ) as m→∞ for {θm} ⊂Θ∗, then EP [ms(Xi,Ai,Ri,
θm)] → EP [ms(Xi,Ai,Ri, θ)]. Here, the dominating function exists by Problem 2.4.1 in
[15]. Assumption 3.3(c) then implies

(S.24) sup
θ∈Θ

∣∣∣∣ 1n ∑
1≤i≤n

(ms(Xi,Ai,Ri, θ)−EP [ms(Xi,Ai,Ri, θ)])

∣∣∣∣
= sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

(ms(Xi,Ai,Ri, θ)−EP [ms(Xi,Ai,Ri, θ)])

∣∣∣∣ ,
which is measurable. Next, note that

(S.25) m(Xi,Ai,Ri, θ) =Aim(Xi,1,Ri(1), θ) + (1−Ai)m(Xi,0,Ri(0), θ) .

and it follows from Lemma A.7 that

(S.26) EP [m(Xi,Ai,Ri, θ)] = ηEQ[m(Xi,1,Ri(1), θ)] + (1− η)EQ[m(Xi,0,Ri(0), θ)] ,

from which we obtain that

E

[
sup
θ∈Θ

∣∣∣∣ 1n ∑
1≤i≤n

(ms(Xi,Ai,Ri, θ)−EP [ms(Xi,Ai,Ri, θ)])

∣∣∣∣]

=E

[
sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

(ms(Xi,Ai,Ri, θ)−EP [ms(Xi,Ai,Ri, θ)])

∣∣∣∣]

≤E

[
sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

Ai(ms(Xi,1,Ri(1), θ)− ηE[ms(Xi,1,Ri(1), θ)])

∣∣∣∣]

+E

[
sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

(1−Ai)(ms(Xi,0,Ri(0), θ)− (1− η)E[ms(Xi,0,Ri(0), θ)])

∣∣∣∣]
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=E

[
sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

Ai(ms(Xi,1,Ri(1), θ)−E[ms(Xi,1,Ri(1), θ)])

∣∣∣∣]

+E

[
sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

(1−Ai)(ms(Xi,0,Ri(0), θ)−E[ms(Xi,0,Ri(0), θ)])

∣∣∣∣]

≲E

[
sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

(ms(Xi,1,Ri(1), θ)−E[ms(Xi,1,Ri(1), θ)])

∣∣∣∣]

+E

[
sup
θ∈Θ∗

∣∣∣∣ 1n ∑
1≤i≤n

(ms(Xi,0,Ri(0), θ)−E[ms(Xi,0,Ri(0), θ)])

∣∣∣∣]→ 0 .

where the first equality follows from (S.24), the first inequality follows from the triangle
inequality, the second equality follows because

∑
1≤i≤nAi = nη and

∑
1≤i≤n(1 − Ai) =

n(1− η), and the last inequality follows from Proposition C.1 in [7]. The convergence fol-
lows from Assumption 3.3(e) and an application of the backward submartingale convergence
theorem [see, for instance, Theorem 12.30 in 11], as detailed in the proof of Theorem 3.1 in
[7]. The desired result in (S.23) then follows by Markov’s inequality.

LEMMA A.9. Suppose the treatment assignment mechanism satisfies Assumptions 3.1,
3.2, and 3.4, and the moment functions satisfy Assumptions 3.3 and 3.5. Then, for each de-
terministic sequence θn → θ0, µ̂(s)1,n(θn)

P−→ µ
(s)
1 for µ(s)1 in (S.5) and µ̂(s)1,n(θn) in (S.6).

PROOF. The conclusion could follow from similar arguments to those in the proof of
Lemma A.8 but we provide a different proof because it will apply generally to other compo-
nents of the variance estimator. It suffices to prove that

µ̂
(s)
1,n(θn)−E[µ̂

(s)
1,n(θn)|X

(n),A(n)]
P−→ 0(S.27)

E[µ̂
(s)
1,n(θn)|X

(n),A(n)]
P−→ µ

(s)
1 .(S.28)

The desired result in (S.27) follows from similar arguments to those in the proof of equation
(S.27) in [3], where the uniform integrability condition is replaced by Assumption 3.5(a). To
show (S.28), note

E[µ̂
(s)
1,n(θn)|X

(n),A(n)]− µ
(s)
1

=
1

ηn

∑
1≤i≤n

AiE[ms(Xi,1,Ri(1), θn)|Xi]−E[ms(Xi,1,Ri(1), θ0)]

=
1

ηn

∑
1≤i≤n

AiE[ms(Xi,1,Ri(1), θn)|Xi]−
1

n

∑
1≤i≤n

E[ms(Xi,1,Ri(1), θn)|Xi](S.29)

+
1

n

∑
1≤i≤n

E[ms(Xi,1,Ri(1), θn)|Xi]−E[ms(Xi,1,Ri(1), θ0)] .(S.30)

The difference in (S.30) converges in probability to zero by Assumption 3.5(b) and because
E[m(Xi,1,Ri(1), θn)] → E[m(Xi,1,Ri(1), θ0)] from θn → θ0 and Assumption 3.3(c).
Next, note the absolute value of (S.29) can be written as∣∣∣∣kn ∑

1≤j≤n/k

1

ηk

∑
i∈λj

Ai

(
E[ms(Xi,1,Ri(1), θn)|Xi]
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− 1

k

∑
i′∈λj

E[ms(Xi′ ,1,Ri′(1), θn)|Xi′ ]

)∣∣∣∣
≤ k

n

∑
1≤j≤n/k

1

ηk

∑
i∈λj

Ai

∣∣∣∣E[ms(Xi,1,Ri(1), θn)|Xi]−E[ms(Xi′ ,1,Ri′(1), θn)|Xi′ ]

∣∣∣∣
≲

1

n

∑
1≤j≤n/k

max
i,i′∈λj

∥Xi −Xi′∥2
P−→ 0 ,

where the inequality follows from the uniform Lipschitzness condition in Assumption 3.5(c)
and the convergencef follows from Assumption 3.2. Therefore, (S.27) holds.

APPENDIX B: DETAILS FOR SIMULATIONS

B.1. Local Average Treatment Effect. In this section, we present the model specifica-
tions and estimators for estimating the LATE as in Example 2.3. Recall that in this case the
moment condition we consider is given by

m(Xi,Ai,Ri, θ) =
YiAi
η

− Yi(1−Ai)

1− η
− θ

(
DiAi
η

− Di(1−Ai)

1− η

)
,

with Ri = (Yi,Di). The outcome is determined by the relationship Yi = DiYi(1) + (1 −
Di)Yi(0), where Yi(d) is again given by (24). In addition, the take-up decision is determined
as Di =AiDi(1) + (1−Ai)Di(0), where

Di(0) = I {α0 + α (Xi)> ε1,i} ,

Di(1) =

{
I {α1 + α (Xi)> ε2,i} if Di(0) = 0

1 otherwise
,

where α0 = 0.2, α1 = 4, α(Xi) =
∑

1≤l≤8

(
Xi,l +

1
3(X

2
i,l − 1)

)
, ε1,i, ε2,i ∼ N(0,4),

(Xi, ϵi, ε1,i, ε2,i), 1 ≤ i ≤ n are i.i.d., and for each 1 ≤ i ≤ n, (Xi, ϵi, ε1,i, ε2,i) are inde-
pendent.

We consider the following three estimators for the LATE:

Unadjusted Estimator:

θ̂unadjn =

∑
1≤i≤n

(YiAi − Yi(1−Ai))∑
1≤i≤n

(DiAi −Di(1−Ai))
.

Adjusted Estimator 1:

θ̂adj,1n =

∑
1≤i≤n

(
2Ai(Yi − µ̂Y1 (Xi))− 2(1−Ai)(Yi − µ̂Y0 (Xi)) + µ̂Y1 (Xi)− µ̂Y0 (Xi)

)
∑

1≤i≤n

(
2Ai(Di − µ̂Y1 (Xi))− 2(1−Ai)(Di − µ̂Y0 (Xi)) + µ̂D1 (Xi)− µ̂D0 (Xi)

) ,
where µ̂Ya (Xi) is the linear projection of Yi on (1, (Xi,l,X

2
i,l : 1≤ l≤ T )) in the subsample

withAi = a, and µ̂Da (Xi) is estimated using from a logistic regression model with the same
set of regressors in the subsample with Ai = a.
Adjusted Estimator 2: As in Adjusted Estimator 1, but in µ̂Ya (Xi) and µ̂Da (Xi) the re-
gressors are instead (1, (Xi,l,X

2
i,l,Xi,l1{Xi,l > t̂l} : 1 ≤ l ≤ T )), where t̂l is the sample

median of Xi,l, 1≤ i≤ n.
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Similarly to Section 5.1, θ̂unadjn solves (6) for the moment condition given in (5). The sec-
ond and third estimators are covariate adjusted estimators which can be obtained as two-step
method of moments estimators from solving an “augmented” version of the moment condi-
tion (5) [see, for instance, 6, 8].

B.2. Additional Simulation Tables. Table S.1 displays the absolute value of the bias
for each design and estimator pair computed across 4000 Monte Carlo replications. We find
that all estimators have fairly low and comparable bias.

Table S.2 reports the coverage and average length of confidence intervals constructed using
the estimator described in Section 3.1, again computed across 4000 Monte Carlo replications.
We find that the confidence intervals have appropriate coverage at all sample sizes and for any
number of covariates. The average length of the intervals follows a pattern similar to what
was observed for the MSE, again because the first 4 covariates are much stronger predictors
of the control outcome than the last 4 covariates, which are almost uninformative. Although
we found in Table 1 that the MSE of the matched tuples design was worse than that of
matched pairs with 8 covariates, this does not seem to translate to longer confidence intervals
for matched tuples: this may be due to the fact that the matched tuples variance estimator is
a “within block" estimator, as described in Section 3.1. Similar findings have been reported
by [2] for related problems in factorial designs.
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TABLE S.1
Absolute value of bias of estimators for different designs and estimators

i.i.d. assignment Matched pairs Matched tuples

# of covariates (T ) Unadjusted Adjusted 1 Adjusted 2 Unadjusted Unadjusted

n= 100

ATE
2 0.0083 0.0065 0.0051 0.0212 0.0068
4 0.0083 0.0090 0.0090 0.0073 0.0124
8 0.0083 0.0134 0.0131 0.0010 0.0209

LATE
2 0.0905 0.0436 0.0396 0.0341 0.0076
4 0.0905 0.0276 0.0264 0.0301 0.0427
8 0.0905 0.0401 0.0376 0.0264 0.0297

n= 200

ATE
2 0.0075 0.0068 0.0074 0.0084 0.0081
4 0.0075 0.0052 0.0067 0.0040 0.0040
8 0.0075 0.0045 0.0055 0.0145 0.0051

LATE
2 0.0545 0.0326 0.0339 0.0361 0.0328
4 0.0545 0.0182 0.0217 0.0123 0.0144
8 0.0545 0.0159 0.0180 0.0447 0.0216

n= 400

ATE
2 0.0001 0.0011 0.0009 0.0041 0.0055
4 0.0001 0.0001 0.0001 0.0001 0.0016
8 0.0001 0.0006 0.0006 0.0056 0.0041

LATE
2 0.0142 0.0064 0.0059 0.0179 0.0198
4 0.0142 0.0012 0.0015 0.0004 0.0020
8 0.0142 0.0021 0.0019 0.0129 0.0064

n= 1000

ATE
2 0.0021 0.0037 0.0039 0.0014 0.0025
4 0.0021 0.0021 0.0022 0.0020 0.0006
8 0.0021 0.0021 0.0023 0.0023 0.0027

LATE
2 0.0118 0.0120 0.0123 0.0019 0.0083
4 0.0118 0.0055 0.0057 0.0051 0.0007
8 0.0118 0.0054 0.0058 0.0057 0.0059

n= 2000

ATE
2 0.0013 0.0010 0.0010 0.0011 0.0025
4 0.0013 0.0015 0.0015 0.0003 0.0021
8 0.0013 0.0015 0.0015 0.0001 0.0014

LATE
2 0.0062 0.0035 0.0035 0.0018 0.0050
4 0.0062 0.0037 0.0038 0.0011 0.0055
8 0.0062 0.0038 0.0037 0.0008 0.0032

Note: Entries report the absolute bias of each estimator under different sample sizes, designs, and co-
variate adjustment strategies. Results are averaged across 2000 replications.
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TABLE S.2
Coverage rates and lengths of 95% confidence intervals based on unadjusted

estimator for matched pairs and matched tuples

Matched pairs Matched tuples

# of covariates (T ) Coverage CI length Coverage CI length

n= 100

ATE
2 0.9403 2.3191 0.9490 2.3224
4 0.9465 2.2744 0.9485 2.2830
8 0.9487 2.3532 0.9395 2.3672

LATE
2 0.9590 6.4075 0.9590 6.3865
4 0.9620 6.3184 0.9615 6.3176
8 0.9610 6.5497 0.9527 6.5311

n= 200

ATE
2 0.9495 1.6401 0.9497 1.6418
4 0.9485 1.5990 0.9440 1.6049
8 0.9503 1.6529 0.9425 1.6617

LATE
2 0.9550 4.4046 0.9563 4.4264
4 0.9557 4.3315 0.9530 4.3381
8 0.9597 4.4833 0.9503 4.5038

n= 400

ATE
2 0.9487 1.1602 0.9483 1.1614
4 0.9497 1.1255 0.9455 1.1285
8 0.9495 1.1609 0.9445 1.1667

LATE
2 0.9530 3.0955 0.9493 3.0963
4 0.9547 3.0122 0.9517 3.0110
8 0.9555 3.1284 0.9505 3.1239

n= 1000

ATE
2 0.9485 0.7349 0.9550 0.7352
4 0.9500 0.7086 0.9505 0.7102
8 0.9417 0.7285 0.9430 0.7318

LATE
2 0.9507 1.9468 0.9560 1.9452
4 0.9515 1.8836 0.9507 1.8857
8 0.9467 1.9469 0.9463 1.9480

n= 2000

ATE
2 0.9490 0.5194 0.9530 0.5193
4 0.9483 0.4998 0.9485 0.5004
8 0.9505 0.5121 0.9483 0.5139

LATE
2 0.9495 1.3714 0.9530 1.3721
4 0.9493 1.3250 0.9483 1.3258
8 0.9533 1.3663 0.9505 1.3658
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