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Abstract

This paper considers the problem of design-based inference for the average treatment effect in finely
stratified experiments. Here, by “design-based” we mean that the only source of uncertainty stems from
the randomness in treatment assignment itself; by “finely stratified” we mean units are first stratified
into groups of a fixed size k according to baseline covariates and then, within each group, a fixed number
{ < k are assigned uniformly at random to treatment and the remainder to control. In this setting, we
first show under mild conditions that inference using the usual difference-in-means estimator requires an
estimator of its variance that is at least asymptotically upward-biased. We then present a novel estimator
of the variance and show that it is upward-biased; furthermore, the magnitude of the bias depends in a
natural way on the quality of the stratification. Importantly, this estimator remains well-defined even in
the challenging setting in which £ =1 or k—¢ = 1. We then compare our estimator with some well-known
estimators that have been proposed previously for this case. We first show that, while these estimators
are also upward-biased, the magnitude of their bias does not change in the natural way with the quality of
stratification. To further discriminate among these different estimators, we then introduce a framework
motivated by a thought experiment in which the finite population can be modeled as having been drawn
once in an i.i.d. fashion from a well-behaved probability distribution. In this framework, we argue that
our estimator dominates the others in terms of limiting bias, which leads to more precise inferences,
and that these improvements are strict except under exceptionally strong restrictions on the treatment
effects. Finally, we illustrate the practical relevance of our theoretical results through a simulation study,
which reveals that our estimator can in fact lead to substantially more precise inferences, especially when
the quality of stratification is high.
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1 Introduction

This paper considers the problem of design-based inference on the average treatment effect in finely stratified
experiments. Here, by “design-based” we mean that there is no sampling uncertainty and the only random-
ness stems from the variation in treatment assignment itself; by “finely stratified” we mean that treatment is
assigned in the following fashion: units are first stratified into groups of a fixed size k according to baseline
covariates and then, within each group, a fixed number ¢ < k are assigned uniformly at random to treatment
and the remainder to control. A prominent special case of this framework is a matched pairs design, in which
k=2and ¢ =1.

In this setting, we first establish, by way of motivation, a result that shows under mild conditions that
inference using the usual difference-in-means estimator requires an estimator of its variance that is at least
asymptotically upward-biased. After having motivated the importance of such estimators, we review the
standard argument for why constructing such estimators is particularly challenging for the case in which
¢=1or k—{=1; in particular, in this case the sample variance of the outcomes under treatment (if £ = 1)
or control (if k¥ — ¢ = 1) computed in each stratum are identically zero. With this in mind, we propose a
novel estimator that remains well-defined even in this challenging case, and demonstrate that our estimator
is upward-biased under minimal assumptions. The construction of our variance estimator involves a pairing
of the strata, and its bias depends on the corresponding differences of the average treatment effects in these
paired strata. As a result, if the strata are paired in such a way that ensures “similar” strata are adjacent,

then the bias of our estimator will naturally be small.

We then compare our variance estimator with two well-known variance estimators that have been pro-
posed previously for the case in which £ = 1 or k — £ = 1. The first estimator, proposed by Imai (2008),
is based on the sample variance obtained by viewing the difference-in-means estimates for each stratum as
independent observations. The second estimator, proposed by Fogarty (2018a), modifies the previous esti-
mator by partialling out the average covariate values in each stratum. Existing results from these papers
show that both estimators are also upward-biased for the variance of the difference-in-means estimator but,
in contrast to our estimator, their biases do not depend directly on the quality of the stratification. To
further discriminate among these estimators and ours, we introduce a framework motivated by a thought
experiment in which the finite population can be modeled as being drawn once in an i.i.d. fashion from a
well-behaved probability distribution, and the strata are formed in such a way that the covariate values of
the units in each stratum, as well as the paired strata, get close in the limit. In this framework, we show
that the limiting bias of our estimator is strictly smaller than that of Imai (2008) unless the treatment effects
are homogeneous, and strictly smaller than that of Fogarty (2018a) unless the conditional average treatment
effect is linear in the covariates. As a result, confidence intervals based on our variance estimator will be

strictly shorter than those based on the other variance estimators unless these exceptional restrictions hold.

The literature on stratified block randomization dates back to at least Fisher (1935). For the case in
which £ =1 or k — ¢ = 1, the variance estimator in Imai (2008) has been extended to different settings by
Imai et al. (2009), Pashley and Miratrix (2021), and Zhu et al. (2024). Fogarty (2018b) studies regression
adjustment for matched pair designs, and Liu and Yang (2020) studies regression adjustment for stratified

designs primarily for the case where min{¢,k — ¢} > 1. Ding (2017) considers randomization inference



for matched pairs, alongside other randomization schemes. We note that all of these papers employ a
design-based framework as we do in this paper. As a consequence, their analyses differ from work which
studies inference in finely stratified experiments from a superpopulation perspective (Bai, 2022; Bai et al.,
2022, 2024a,b,d; Jiang et al., 2024; Cytrynbaum, 2024a,b; Bai et al., 2025); see also Abadie and Imbens
(2008), who consider superpopulation estimation of the variance in matched pair designs, conditional on the

covariates, in an alternative sampling framework where pairs are sampled instead of the units.

The remainder of the paper is organized as follows. In Section 2, we describe our setup and notation.
Section 3 contains our main results. There we first highlight the importance of upward-biased variance
estimators, and then review existing proposals before introducing our novel variance estimator. In Section
4, we compare our variance estimators with existing ones in a particular limiting thought experiment. We
examine the finite-sample behavior of confidence intervals based on all these estimators through a simulation

study in Section 5.

2 Setup and Notation

Consider an experiment consisting of i € {1,...,n} units. For the ith unit, let ¥; € R denote their observed
outcome, D; € {0,1} denote their received treatment, X; € RP denote their observed, baseline covariates,
and Y;(d) denote their potential outcome under treatment d € {0,1}. As usual, the observed outcomes are

related to the potential outcomes via the relationship
Y; =Yi(1)D; + Yi(0)(1 — D;) . (1)

In what follows, it will be convenient to use the following shorthand notation: for a generic random vector
A; indexed by 4, let A := (A;:1 <4 <n). For later use, we also define W; := (Y;(1), Y;(0), X;)".

In the design-based framework that we maintain throughout the paper, the potential outcomes and
covariates of the units in the experiment are modeled as nonrandom quantities, with the only source of
randomness arising from the treatment assignment mechanism. Our analysis concerns “finely stratified”
designs in which the covariates are used to stratify units in the experiment into groups, i.e., strata, of fixed
size k, and then, within each group, £ < k units are chosen uniformly at random to assign to treatment and
the remainder to control; of particular interest to us will be the special case when min{¢,k — ¢} = 1. For
ease of exposition, we assume throughout that n = mk, so that m denotes the number of strata. Formally,

we model the strata as a partition of {1,...,n}:
Ap={)\ C{L,...,n}:1<j<m},

with |\;| = k. It is worth emphasizing that we have suppressed in the notation the fact that each \; (and
therefore A,, itself) can depend on X (") Since we maintain that & is fixed throughout the paper, when we
write that n — oo, it should be understood that m — oo. Using this notation, the (joint) distribution of

treatment assignment is characterized by the following assumption:



Assumption 2.1. Treatment status D) is assigned independently for each 1 < j < m so that

(Di:ieAj)NUnif({(dl,...,dk.)6{0,1}’“: > di£}> .

1<i<k

In other words, ¢ out of k£ units in each stratum are treated uniformly at random, independently across

strata.

Our parameter of interest is the finite population average treatment effect, given by
A, =Y, (1) - Y,(0),

where, for d € {0, 1},
D DR AC)
1<i<n

A natural estimator of A, is given by the usual difference-in-means estimator, i.e.,

N 1 1
An::ﬁ Z K‘Di—@ Z Yi(l_Dz’);

1<i<n 1<i<n

where n(1) = 3, .,.,, Di = nn, with n := ¢/k the proportion of the n units that are treated, and n(0) =
> i<icn(l = D) = n(l —n). Note that because we have assumed that n = mk, both nn = m{ and
n(l —n) = m(k — ¢) are integers.

Remark 2.1. The analysis in this paper can be readily extended to cluster RCTs where the treatment is
implemented at the cluster level (see, for instance, Imai et al., 2009; Su and Ding, 2021; De Chaisemartin and
Ramirez-Cuellar, 2024; Bai et al., 2024c). Let i € {1,...,n} denote the ith cluster and g; denote the number
of units in the ¢th cluster. Let D; denote the treatment assignment for the ith cluster, which we emphasize
applies to all units in this cluster. For each ¢ and 1 < ¢ < g;, let Y; (1), Y;+(0) denote the nonrandom
potential outcomes for the ¢th unit in the ith cluster and let Y; ; denote its observed outcome. Suppose the

parameter of interest is the average treatment effect across all units:

Al = — Z Z (Yi,e(1) — Yi4(0))

Yacicn 91 520152,

Note that Af, =257, . (V]'(1) — ¥;7(0)), where for d € {0, 1},

> Yiud)

Y/ (a) =
n Zl<7,<n 9i 1<t<g;

Accordingly, let Y, = Y, (1)D; + Y;'(0)(1 — D;), and a natural estimator for A, is given by

1 1
— YD, — —Y'(1-D,),

AT —
A = n(1) 52 n(0)

where n(1) and n(0) are defined as before, and in this case are the numbers of treated and untreated clusters.

The analysis in this paper then immediately applies by replacing Y; by Y;f throughout. =



3 Main Results

In this section, we begin, by way of motivation, with a result that highlights the importance of variance
estimators that are at least asymptotically upward-biased, defined precisely in the statement of Theorem
3.1 below. Under mild regularity conditions, we show, in particular, that valid inference for A,, based
on a standard ¢-statistic requires a variance estimator that is asymptotically upward-biased for Var[An].
Of course, a simple, sufficient condition for an estimator to be asymptotically upward-biased is that it is
upward-biased. In Section 3.2, we review some prior proposals for constructing variance estimators in finely
stratified experiments that are upward-biased under only the assumption that D(") satisfies Assumption
2.1. We further discuss in Remark 3.1 some improvements upon these estimators that typically result in
estimators that are only asymptotically upward-biased under assumptions stronger than Assumption 2.1 and
therefore result in valid inference less generally than their upward-biased counterparts. Finally, in Section
3.3, we present our main results. We introduce a novel estimator of Var[An] for finely stratified experiments
and show that, like the estimators that we review in Section 3.2, it is upward-biased for Var[An] under only
the assumption that D™ satisfies Assumption 2.1. In contrast to these other estimators, however, we further
argue that the magnitude of the bias of our estimator depends explicitly on the quality of the groupings of

the experimental units into strata, in a sense made precise by Theorem 3.2 below.

3.1 Motivating Result

The following theorem formalizes the sense in which an asymptotically upward-biased estimator for Var[An]

is required for valid inference on A,,.

Theorem 3.1. Suppose D™ satisfies Assumption 2.1 and consider a sequence of finite populations such

that

1
— max max Y;(d)? = 0 (2)
N de{0,1} 1<i<n

asn — 0o, and
0 < liminfn - Var[A,] < limsupn - Var[A,] < oo . (3)

n—oo n—oo

Further assume that V,, is an estimator of Var[An] such that
~ ~ P
n- |V, — E[V,]| =0 (4)

asn — 0o. Then,

1imian{An - \/X”Z-zl_a/z <A, <A, + \/x7n~zl_a/z} >1-a, (5)

n— oo

where z1_q /2 is the 1 — a/2 quantile of the standard normal distribution, if and only if

lim infn(E[f/n] - Var[An]) >0. (6)

n— oo

Note that because V,, is defined as an estimator of Var[A,,] and not the asymptotic variance of \/n(A, —



A,,), the conditions in the theorem are all stated with a scaling by n. When (6) holds, we say that V, is

asymptotically upward-biased for Var[A,]. A simple sufficient condition for (6) is, of course, that
E[V,] > Var[A,] for all n > 1 . (7)

When (7) holds, we say that Vj, is upward-biased for Var[A,]. Theorem 3.1 thus demonstrates that, under
mild regularity conditions, confidence intervals for A,, of the form [An + \/XZ “Z1_q/2] are valid in the sense of
having the right limiting coverage probability, if and only if V,, is asymptotically upward-biased for Var[An].
These assumptions include weak restrictions on the finite population (i.e., (2)), a non-degeneracy condition
(i.e., (3)), and a requirement that n - V,, is consistent for its expectation (i.e., (4)). This last condition will

typically hold under some further restrictions on finite population moments; see, e.g., Theorem 4.2 below.

The estimators discussed in Sections 3.2 and 3.3 below can be shown to satisfy (7), and therefore (6),
whenever D™ satisfies Assumption 2.1. Such estimators therefore lead to confidence intervals for A,, that
are valid whenever the hypotheses of Theorem 3.1 are satisfied. It is worth emphasizing, however, that
establishing (6) for other estimators may in general require additional assumptions beyond the hypotheses of
Theorem 3.1. In Remarks 3.1 and 3.2 we discuss some examples of such estimators, and we illustrate using
our simulations in Section 5 that their resulting confidence intervals may lead to under-coverage when these

additional conditions are not satisfied.

3.2 Review of Some Upwards Biased Estimators of Var[A,]

In this section, we review some upward-biased estimators of Var[A,,]. To this end, recall that it can be shown

using standard arguments (see, for instance, Imbens and Rubin, 2015) that

R 1 S2(1)  S%(0)
Var[A,] = — Ly 62 , 8
A, mzm( W, 50 g, ®
where . )
S3d) = =1 Y (Vild) = Viald)® , STa= g D0 (VilD) = Yi(0) = Ay0)?
1EN; TEN
with ) )
Viald):= 2D Yi(d),  Aje= D (¥i(1) - Yi(0)
ISPV 1EN;

In settings where min{¢, k — ¢} > 1, the construction of an upward-biased variance estimator is straightfor-
ward: an unbiased estimator of sz (d) for d € {0, 1} is given by the sample variance of the outcomes for units
within stratum j assigned to treatment d, which we denote by SJQ(d) (see Imbens and Rubin, 2015; Pashley

and Miratrix, 2021). A simple estimator of Var[A,,] is thus given by

rriDD (S?(1)+S]2(0)> : (9)

1552m \ 1 L=n




and its bias is % Z1§ j<m 512', A = 0. Note that this estimation strategy exploits the lower bound 5]2 A >0

we return to this observation in Remark 3.1 below.

This estimation strategy fails, however, when there is exactly one treated or control unit in a stratum,
i.e., when min{¢, k — ¢} = 1, since in this case the corresponding sample variance is identically zero. In these
settings, a canonical estimator considered in the literature instead computes the variance of the stratum-level

average treatment effect estimates (Imai, 2008):
A 1 o A 2
VM — — (A-ann) ,
" m(m — 1) Z 7

where
Ajn = zl;:] Y,D; — ﬁ Zez/\:j Yi(1 - D;)

is the difference in means in the jth stratum. This variance estimator serves as the basic scaffolding for
many of the recent estimators proposed in the literature on inference in stratified randomized experiments:
it is a special case of the small-block variance estimator proposed in Pashley and Miratrix (2021) when all
strata are the same size (see also Zhu et al. (2024)), a special case of the pair-cluster variance estimator of
De Chaisemartin and Ramirez-Cuellar (2024) in the setting of an individual-level randomized experiment,
and a special case of the regression-based estimator due to Fogarty (2018a), which we now describe. Let R
be an m x L matrix for L < m with rank L and Hr = R(R'R)"'R’ denote the projection matrix onto its

column space. For each R, consider the estimator given by

VE(R) = 8, (diag(I — Hi))~ (1 ~ Hp) (diag(I ~ Hg))™/%5,, (10)

n

where 6, = (Ay ..., A,.)". Note that V¥ (1,,) = VM| where ¢y, is an m x 1 vector of ones, so that V¥ (R)

is indeed a generalization of VM. Fogarty (2018a) focuses on the estimator given by V.F = VF(Q,), where
(Xl,n - MX,n)/

(Xm,n - /J/X,n)/

for X;, = %Zie)\j X; and pxn = =3 1,2, X;. In particular, Fogarty (2018a) argues that VF can be
less conservative than VT{M whenever the covariates are predictive of the treatment effects in an appropriate

sense.
Note that the bias of V,}M is given by (see Imbens and Rubin, 2015; Fogarty, 2018a)

1

m(m — 1)

E[VM] —Var[A,] = > (Ajn—An)?>0, (11)

1<j<m

so that V™™ is an upward-biased estimator of Var[A,]. The bias for VF is (see Fogarty, 2018a)

. . 1
B[V, = Var[A,] = —50n(diag(I — Hg,))™'*(I — Hq,)(diag(I — Ho,)) /%6, > 0.,



where 0, = (A1, ..., Apn)s SO VnF is also an upward-biased estimator for Var[An]. Moreover, under mild
assumptions, it is straightforward to establish using Chebyshev’s inequality that V,}M and VnF are consistent
for their expectations in the sense of (4), and thus can be used to construct valid confidence intervals in the

sense of (5).

Remark 3.1. In some circumstances, it may be further possible to bound S]% A from below by a positive
number instead of zero, and this tighter bound could then be used to construct less conservative estimators

of Var[A,,]. For instance, it follows from the Cauchy-Schwarz inequality that

_ _ B 1/2 ~ 1/2
ST (¥1) - 50 (1) (¥:(0) — 5.0(0)) < ( S (1) - Yj,n<1>>2) (me) - Yj,n<o>>2) |

=y ieX;

from which we can deduce the lower bound
Sia 2 (8;(1) = 5;(0))* > 0.

In fact, it is possible to achieve even tighter bounds by further exploiting the structure of SJQ», A; see Aronow
et al. (2014) for details. We note, however, that we are not aware of estimators based on lower bounds other
than SJ% A = 0 which are necessarily guaranteed to be upward-biased, and in general additional assumptions
need to be imposed in order to guarantee that the resulting estimators are at least asymptotically upward-
biased; see, for instance, Corollary 1 in Aronow et al. (2014). As a consequence, these improved estimators

may not lead to valid confidence intervals whenever these additional assumptions fail to hold. m

3.3 A Novel Paired-Strata Estimator of Var[A,]

Building on our earlier work on super-population approaches to inference for finely stratified designs (Bai
et al., 2022, 2024a,b,d, 2025), we now propose a novel paired-strata estimator of Var[AnL primarily for
settings where min{¢, k — ¢} = 1. For simplicity, we pair adjacent strata together, so the pairs are given by
{(Agj—1,A25) : 1 < j < |m/2]}, but we emphasize that this pairing should be understood as being obtained
after permuting the indices of the strata {\; : 1 < j < m}. In practice, it will be desirable to do this in a

way that ensures “similar” strata are adjacent. With this is mind, our estimator is defined as follows:

. 1, R
V, = - (TS — K',n) , (12)
where
1 ~
£2 - A2
n YR
Mem
and
. 2 A A
Ry = — Aoj_1nlojn
m
1<%

Note that it follows from straightforward algebraic manipulation that V,, > 0. The construction of V,, can be
motivated using a specific limiting thought experiment that we introduce in Section 4 below. The following

theorem shows that V,, is an upward-biased estimator of Var[An] when D(™ satisfies Assumption 2.1 and,



under mild additional restrictions, is consistent for its expectation.

Theorem 3.2. Suppose D) satisfies Assumption 2.1. Then,

(a) The bias of V,, is given by

A 9 1

E[Vn] - Var[ n] =Gqp = w Z (Agjfl’n - Agj’n)z >0.
1<5<[ %]
(b) Suppose in addition that
1
- Y;(d)‘l = 0(”) )
n 1<i<n

holds for d € {0,1}. Then, (4) holds as n — co.

Therefore, by combining Theorems 3.1 and 3.2, we immediately obtain the asymptotic validity of confidence

intervals constructed using V.

Theorem 3.2 justifies the use of V,, for inference about A, and further demonstrates that the magnitude
of its bias depends on the differences of the stratum-level average treatment effects across pairs of strata, and
hence the bias decreases whenever the pairs of strata are formed in a way that increases their homogeneity
in this sense. The bias will therefore be small not only in the extreme instance in which the stratum-level
average treatment effects are similar across all strata, but also when stratum-level average treatment effects
vary across strata and are only similar for adjacent strata. The latter scenario is what one might naturally
expect when strata are formed by grouping individuals with similar values of X;. In contrast, the biases
of ‘A/TILM and Vf do not share this property. We explore this more formally in Section 4 through further

restrictions on W™ and A,, that are motivated by a particular limiting thought experiment.

Remark 3.2. An alternative construction for an estimator of Var[A,,] based on our paired strata {(Ag;_1, Agj) :
1 < j < |m/2|} would be to apply the estimation strategy described in (9) to the paired strata directly.
However, such an estimator is not guaranteed to be upward-biased in general. In particular, it can be shown
that in the case of a matched pairs design (i.e. when ¢ = 1,k = 2) that this estimator coincides with the
estimator let proposed in Section 5. There we demonstrate via simulation that confidence intervals for A,,

constructed using this estimator may not have correct coverage in general. H

Remark 3.3. Because the bias of V,{M only depends A;, — A, it may be minimized in extreme instances

when strata are formed quite unconventionally. To illustrate this counterintuitive phenomenon, suppose for

1

example 1 = 5, n is even, and X; = % for 1 < ¢ < n. Further suppose both Y (1) and Y (0) are linear

functions of X. Suppose the strata are formed as A\; = {j,n+1—j} for 1 < j < i.e., the unit with

n
2
the smallest value of X is matched with the unit with the largest value of X, the second smallest with the
second largest, and so on. Then, the linearity of potential outcomes implies A;,, = A,, so that the bias in
(11) is 0. On the other hand, a natural way to form the strata, and one that minimizes the sum of squared

pairwise distances of X, is given by A; = {2j — 1,25} for 1 < j < %, under which the bias in (11) is not 0. W



4 Comparison with Other Variance Estimators

In this section, we provide a framework that permits us to further discriminate among the different variance
estimators of Var[An} discussed in Section 3. This framework is formalized by restrictions on the sequence of
finite populations and experimental designs (W("), A,,) specified in the assumptions below. These restrictions
are motivated by a limiting thought experiment in which W (™) is itself a realization of an i.i.d. sample from a
fixed probability distribution, and the strata A,, are formed in such a way that units with similar observable
characteristics are grouped together, but, as explained in Remark 4.1 below, the restrictions can also be

shown to hold in other contexts as well.

Assumption 4.1. For some random variable W := (Y (1), Y (0), X) ~ Q with maxgeo,1} Fg [V2(d)] < oo,

W™ and A, satisfy the following requirements:

(a) Asn — oo,

Y7 (d) = Eq[Y"(d)] for d € {0,1} and r € {1,2}

(b) For any (d,d’) € {0,1}* and sequence {(ij,1}) : (i;,i;) € (Agj—1 U Agj)?,i; # ij,1 < j < [m/2]}, as

n — oo,
2 > Y, (@)Y (d) = EglEg[Y (d)| X]Eq[Y (d)|X]] -

1<i<1 %]

For the analysis of VnF only, we need to further impose the following assumption:

Assumption 4.2. For W ~ Q in Assumption 4.1, W) and A,, satisfy the following requirements:

(a) Asn — oo,

1
— max || X;|*> = 0.
n 1<i<n

(b) As n — oo,

1 -
- > Xi— Eqg[X]
n 1<i<n
1 > XiX] = EQ[XX'] >0
n 1<i<n
1 .
— > XiYi(d) - Eq[XY (d)] for d € {0,1} .
n

1<i<n
(c) For any d € {0,1} and sequence {(ij,7}) : (ij,1}) € Aj,i; #i},1 < j <m}, as n — oo,

1 ~ ~
E Xini; —>EQ[XXI] >0
1<j<m



LS XY (d) - BolXV ()
1<j<m
Assumption 4.1(a) states that the finite population “moments” of the outcomes should converge to well-
defined limit quantities; the condition holds almost surely by the strong law of large numbers if W) is
modeled as an i.i.d. sample from the probability distribution ). Assumption 4.1(b) states that the average
products of the outcomes in stratum-pairs should converge to well-defined limit quantities in such a way
that their covariate values are also being matched in the limit; this condition can also be justified if W) is

modeled as an i.i.d. sample from (Q and the stratification A,, satisfies the property that

1
— max X - X250, (13)

m 1,3" € (A2 —1UN2;
1<j<mya) HTE P21

following similar arguments to those used in Lemma C.2. in Bai et al. (2024d). In words, (13) requires that the
average squared distances of the covariate values in a paired stratum converges to zero asymptotically. This
property is guaranteed by specific matching algorithms under appropriate assumptions; see, for instance,
Bai et al. (2022) and Cytrynbaum (2024b) for details. Assumption 4.2 introduces similar conditions to
Assumption 4.1 but also requires that these conditions hold for the covariate vectors X (™. Note in particular
that Eg[XY (d)] = Eq[X Eq[Y (d)|X]] by the law of iterated expectations.

Remark 4.1. Another setting in which Assumptions 4.1-4.2 are naturally satisfied is as follows. Let
X, = % for 1 < i < n, so that X(™ are equi-distant in the unit interval. Further assume Yi(d) = fa(X;) for
d € {0,1}, where f, and f; are deterministic Lipschitz functions. Define @ such that X ~ Unif[0, 1] under
Q and Y (d) = f4(X) degenerately for d € {0,1}. Then, it can be shown using elementary properties of the
Riemann integral that Assumptions 4.1-4.2 hold. =

Using Assumption 4.1, we have the following expression for the limit of Var[An] after normalizing appro-
priately:

Theorem 4.1. Under Assumption 4.1,
n-Var[A,] =V,

where

— VarQD;u)m . Vargl¥ (0)|5]

1—n

~ Eq [Varg[¥ (1) - ¥(0)X]

We can now motivate the construction of V,, in Section 3.3 through Theorem 4.1. For the reasons outlined

in Remark 3.1, we focus on estimating

Vs .= Eqg (14)

1—n

Varg[Y (1) X] N VarQ[Y/(ONX]}
n

which is an upper bound for V. The construction of V;, can be motivated following arguments similar to those

used in our earlier work on the analysis of finely stratified experiments from a super-population perspective

10



(Bai et al., 2022, 2024a,d, 2025). First, by expanding the square, it can be shown under Assumption 4.1 that

k72 B BglVarg[V (1) X)) + 1= EalVaro[V (0)|X]| + kEq[Fol¥ (1) = V(0)| K77

= VO 4 kEQ[EQlV (1) - ¥ (0)XT7]
It thus remains to construct a consistent estimator of the final term. For this purpose, it can also be shown

under Assumption 4.1 that
k- hn 5 kEQEQlY (1) = Y(0)| XV (15)

To understand why it is natural to expect &, to satisfy (15) under Assumption 4.1(b), note that &,, is the
average of products of the differences in means in a pair of strata. Each pair of differences in means are
independent conditional on the stratification. Furthermore, for a sufficiently good stratification, each of
them has conditional expectation close to Eg[Y (1) — Y (0)|X] for the same value of X. For this reason, we

expect R, to converge in the desired way.

In the remainder of the section we compare the limits of Vn, VJM and Vrf relative to the asymptotic
variance V defined above. Recall from Section 3 that it is possible to establish under weak assumptions on
the sequence of population “moments” that each of these variances is consistent for their expectations in the
sense of (4). Accordingly, in what follows it suffices to study the limit of the expectations of these estimators

under Assumption 4.1, and compare them to V.

Theorem 4.2. Under Assumption 4.1,

n- E[V,] — Vo
n- B[VM] = VoY 4 k. Varg[Eg[V (1) — Y (0)|X]] = VM |

for VOPs defined in (14). Under Assumptions 4.1 and /4.2,
n- B[VF] = Vo 4+ k. Varg [EQ[?Q) — Y(0)|X] = BLPo(Y(1) — Y(0)|1, X)| = VF <vIM |

where BLP denotes the best linear predictor, i.e., the unique solution under Q such that E[(Y (1) — Y (0) —
BLP,(Y (1) — Y(0)|1, X))(1, X)'] = 0. Furthermore, if (2)~(4) hold, then for a € (0,1),

{
P {An - \/Vnm 2 AR <A, 4/ VIM. zla/z} =1 —2®(24/06™)
{An - \/V»ﬁzpa/g <A, <A, + \/\75~21a/2} = 1= 28(24)26")
where ¢ = (V/VOP)1/2 (M = (V/yIM)1/2 (F — (V/VF)1/2 gpd M < ¢F < ¢ < 1.
Theorem 4.2 demonstrates that V, converges to our desired upper bound V°P%, but that in general V,{M

and V,F do not. Specifically, V,{M only attains V°P* when treatment effects are sufficiently homogeneous, in

the sense that Eq[Y (1) — Y (0)|X] is constant; V¥ only attains V°P* when the conditional average treatment

11



effect Eg[Y (1) — Y (0)|X] is linear and therefore equal to the best linear predictor of Y (1) — Y'(0) given 1
and X. As a consequence, Theorem 4.2 demonstrates that, although confidence intervals constructed based
on these variance estimators all cover A,, with probability at least 1 — « in the limit, the confidence interval
based on V, is the least conservative whenever Assumptions 4.1 (and 4.2) are satisfied. We further illustrate

this phenomenon via simulation in Section 5.

Remark 4.2. Our focus in this paper has been primarily on settings where min{¢,k — ¢} = 1, since, as
explained in Section 3.2, this case poses particular analytical challenges. We note however that V,, is still
well-defined even in the case where min{¢, k — ¢} > 1, and Theorems 3.2 and 4.2 apply equally well to this
setting. However, in this case, we note that the estimation strategy proposed in (9) also provides valid
inference, and it can be shown under appropriate assumptions that its corresponding probability limit is also
Vvobs. m

5 Simulations

In this section we examine the finite-n behavior of several confidence intervals of the form described in (5),
constructed using different variance estimators. The variance estimators we consider are our proposed esti-
mator V,, the Tmai (2008) estimator V™, the Fogarty (2018a) estimator V,F, and an alternative variance
estimator V,‘jlt which can also be motivated using Theorem 4.1 in our limiting thought experiment. Impor-
tantly, however, V;‘lt is nmot necessarily upward-biased under Assumption 2.1 alone. As a consequence, we
will demonstrate that the resulting confidence interval will not appropriately cover A,, whenever the limiting
thought experiment described in Assumption 4.1 fails to hold. To construct ‘A/jjlt, consider the following

decomposition:
Eq[Varo[V (d) X)) = Eq[¥ (d)?] - Eq[Eq[¥ (d)|X)?] = Varg[¥ (d)] + Eq[Y () ~ EqlEql¥ ()| X .

Under Assumption 4.1(a), straightforward consistent estimators of Varg[Y (d)] and Eg[Y (d)]? are given by
62(d) and fi,,(d)?, where

n

A 1

0= 2 WP

. 1 )

n(d) = w(d) 1§ign(Yi — fin(d))?I{D; = d} .

Under Assumption 4.1(b), an estimator of Eg[Eq[Y (d)|X]?] is

éo(d) = = > > YWYuI{D; =Dy =d}.

1<G< B i€AX2;5,i/ €EXaj—1

An alternative estimator of V°P under Assumption 4.1 is thus given by

prai ::i<6%(1)+ﬂn7(71)2—6n(1) 62(0)+ﬂn(0)2—fn(0)) .

12



We remark that, in the case of matched pairs, V,‘j“ also coincides with the estimator that would be obtained if

we applied the estimation strategy in (9) to the paired strata directly; see Remark 3.2 for further discussion.

We generate our population ((Y;(1),Y;(0),X;) : 1 <4 <n) using i.i.d. draws from a probability distribu-

tion. The potential outcomes are generated according to the equation:
Yi(d) = pa + pa(Xi) + €ai

where ((X;,¢;) : 1 < i < n) are i.i.d., X; and ¢; are independent with X; ~ U[0,1], ;4 ~ N(0,1), the
parameters pg are given by pu; = 0.25, up = 0, and pg4(-) are specified as

Model 2: po(X;) = 40(X? —4/3), u1(X;) = 10(X2 — 4/3) .

For a population of size n = 1000, the potential outcomes and covariates are generated as i.i.d. draws once
and then fixed in repeated samples. When considering populations of size n € {100, 250, 500, 750}, we draw

a subsample from our population of size 1000 once and then fix this in repeated samples.

In each Monte Carlo iteration, we assign units to treatment using a matched pairs design (i.e., a finely
stratified design with ¢ = 1 and k¥ = 2), under two alternative matching methods, which we call “good
match” and “bad match.” For “good match,” we sort units in increasing values of X; and then pair adjacent
units. For “bad match,” we sort units in increasing values of X; and then pair them such that the unit
with the smallest value of X is matched with the unit with the largest value of X, the second smallest
with the second largest, and so on. In both cases, when re-arranging the strata to construct our paired
strata {(Agj_1,A2;) : 1 < j < |m/2]}, we sort strata in increasing values of their covariate averages and
then pair adjacent pairs. As a result, the “good match” design minimizes the average squared distances
of the covariate values in paired strata and can be shown to satisfy the conditions of our limiting thought
experiment in Assumptions 4.1 and 4.2. In contrast, the “bad match” design is constructed specifically to

fail the conditions of the limiting thought experiment.

Tables 1 and 2 report the coverage and average length of 95% confidence intervals computed across
5000 Monte Carlo replications. When matches are good, we see that all estimators have appropriate (albeit
conservative) coverage. In Table 1 with good matches, the average length produced by VIM s largest while
the average lengths produced by the other three estimators are comparable; this is in line with the theoretical
results presented in Theorem 4.2 given that the conditional average treatment effect is linear under Model
1. In Table 2 with good matches, the average lengths produced by V,, and V,flt are shortest, again in line

with the theoretical results presented in Theorem 4.2.

When matches are bad, the conditions in Theorem 4.2 no longer apply, and instead we must rely on
the asymptotic validity provided by Theorem 3.1 alone. With this in mind we see that in both models, the
estimators IA/,%M, Vf and V,, all provide appropriate coverage; this is in line with our theoretical results given
that all three estimators are upward-biased under Assumption 2.1. The average lengths of the confidence
intervals based on these estimators are comparable. On the other hand, Vrf‘lt, which is not guaranteed to be

upward-biased in general, undercovers even in large populations.
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Population size Estimator Good matches Bad matches

Coverage Length Coverage Length

VM 1.000 1.963 0.944 4.681

100 4 0.985 0.842 0.938 4.671
Vi 0.976 0.793 0.929 4.634

Valt 0.989 0.859 0.844 3.547

VM 1.000 1.189 0.946 3.018

950 i 0.989 0.511 0.944 3.016
Vi 0.992 0.534 0.942 3.005

yalt 0.998 0.618 0.863 2.281

VM 1.000 0.825 0.952 2.155

500 vE 0.993 0.368 0.952 2.155
Vi 0.992 0.369 0.951 2.153

yalt 0.992 0.361 0.862 1.628

VM 1.000 0.651 0.950 1.745

750 4 0.994 0.293 0.950 1.745
Vi 0.994 0.294 0.948 1.743

yalt 0.997 0.312 0.858 1.316

VM 1.000 0.565 0.949 1.518

1000 4 0.995 0.247 0.949 1.518
Vi 0.995 0.245 0.950 1.516

yalt 0.996 0.246 0.857 1.143

Table 1: Coverage probabilities and average length (Model 1)

Population size Estimator Good matches Bad matches

Coverage Length Coverage Length

VM 1.000 5.288 0.944 8.185

100 vE 1.000 1.389 0.939 8.173
Vi 0.980 0.848 0.930 8.102

yale 0.990 0.910 0.880 6.813

VM 1.000 3.274 0.947 5.174

950 vy 1.000 0.909 0.944 5.153
Vi 1.000 0.812 0.940 5.133

Valt 1.000 0.992 0.892 4.292

VM 1.000 2.256 0.952 3.587

500 vy 1.000 0.675 0.952 3.580
Vi 0.992 0.370 0.951 3.567

Vale 0.992 0.363 0.905 3.003

VM 1.000 1.816 0.951 2.919

750 4 1.000 0.548 0.951 2.918
Vi 1.000 0.359 0.950 2.913

yale 1.000 0.406 0.908 2.459

VM 1.000 1.588 0.952 2.552

1000 vE 1.000 0.462 0.952 2.545
Vi 0.995 0.245 0.950 2.537

yale 0.996 0.246 0.898 2.130

Table 2: Coverage probabilities and average length (Model 2)
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A Proofs of Main Results

A.1 Proof of Theorem 3.1

First, we show that Assumptions (2) and (3) imply the conditions in Theorem A.1, so that

A, - A
—n = 4 N(0,1) .
Var[A,,]1/2

To that end, we first show )
— max max(R; — R;)*> =0,
n 1<j<m i€X;

(16)

(17)

where R;, R; are defined in the statement of Theorem A.1, and then show that ;- 3, ., YXen, (Ri — R;)?

is bounded away from zero. Note that from the inequality (a + b)? < 2(a? + b?),

! max(Y;(0) — Y;.,(0))? .

S 1 2
max(R; — R;)” < max — (Yi(1) = Yj,(1))" + W ien;

=y ~ier; n?
Since by the triangle inequality max;ey, |Yi(d) — Y}, (d)| < 2max;en, [Y;(d)|,

1 _ 9 1
— g _YV. < = ()2
- 1<mja§xm Izlg\i{(Yz(d) Y],n(d)) max Y;(d)* — 0,

where the final convergence follows from (2). (17) therefore follows. Next, since it is shown in the proof of

Theorem A.1 that Zl<]<m Dien, (Bi — R;)? is proportional to n - Var[A,] we immediately obtain from
Assumption (3) that 1 w 21<j<m Duiex; i — R;)? is bounded away from zero. We thus obtain (33) and so
(16) follows. To complete the proof, we apply Lemma A.1 with X,, = \/H(An —A,), 02 = nVar[An], and

5 o
o =nV,. 1

A.2 Proof of Theorem 3.2

First we establish (a). By direct calculation using Assumption 2.1 and Theorem 2.1 in Cochran (1977), we

have

E[TZ—/%n]
:ﬁ Z Y;(l)z g Z Z
1<i<n 1<j<mi<i’€N;
(k z
IR g X > Yo
1<7,<n 1<]<m i<i'ENj

WD 2 2 Y

1<]<m £ ENj

- % S (Fairn(1) = Vaj10(0)FVajn(1) = Vain(0)

1<j<%
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On the other hand,

m - VarlA ] = k 1) — 2 _
VarfA,| nlém(%—l)fgm) O + sy 240
ST ) Y0 - (10) - m(o»f)
1EN;
1 1
5 Z Tty 3
1<j<m 1EA; 1<’ ENj
1
" ng)\: Y;(O)2 (k z<zz€:)\ Y

We therefore have

E[%Q—/%n] m - Var[A,]

e I OND DRIV i) DD DR AU

1<]<mz<z €N 1<j<mi<i’€N;
- Y = > Yi(1)Yi(0)
1<j<m Z;ﬁi’é)\j

W%—l) 2 (me—YAO))Q—kO&n(l)—’%(“”z)

1<i<m i€\;

- Z Y2] 1 n Y—ZJ 1 n(O))(YQJ,n(]') - }72]7”(0))

Milj<m
! 2y 2 2 1 .

= m 1;m (k Yj,n(l) - l;: Y;(l) ) + m 1;?71 (]C ij(O)
_ n(%—l) Z (kQYJn(l)Y]n(O) — Z Yi(l)Yi(O))

1<j<m =V

+ﬁ 2 (Z(K(l)—Y;(o))2—k%,n(D—m(O))g)

1<j<m i€\,

- — (Yaj—1,n(1) = Y25 1,0(0)) (Yaj,n (1) — Y25,(0))

R4

PEN;

= (—Ya(1)? = Y3(0)* + 2Y3(1)Y;(0) + Yi(1)? + Y3 (0)* — 2Yi(1)Yi(0))

(k’QYJ n( ) +k2 J7l< ) _zkz}_/jyn(l)}_/j,n(o)

— kY n(1)? = kY0 (0)% + 2kY; 1 (1)Y;,4(0))

(Y2j-1,n(1) = Y2j-1n(0)) (Y2jn (1) = Y25,n(0))

16
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- YQj,n (O))
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= (Fayanl1) = Yoy 1.0(0) ~ (Vagn(1) — Vas0(0)))”
1<5<

S

Next, we establish (b). We’ll show that

72 - E[72)| £ 0

| — Elitn]] 20,

from which the result will follow from the triangle inequality. By Chebyshev’s inequality, it suffices to show
that Var[#2] — 0 and Var[&,] — 0. To that end, define

A 1 1
Aj=5 > YiDi——; > Yil-Di).

i€X; i€X;
Then,
1 ~
Var[#] = — > Var[A?] (18)
M <Gem
) 4 A A
Varlin] = — > Var[Ag; 1,80,] . (19)
M <<n

First, we bound (18):

% 3 Var[A?]ﬁ% S BAY

1<j<m 1<j<m
B 4 4
< 1 > |E LS v, v | > Yi(1-Dy)
~m2 L& (= k—t 4" ’
1<j<m i€ €N
<L S (elE v+ B |- S via- by
~m?2 £ I k—t&="" '
1<5<m L PEN; PEN;
1 1 .1 A
“me 2 | R 2N 2 N0
1<5<m 1EN; PEN;
11 1
=== Yi(1)*+ = Yi(0)*] =0,
2T vl ¥ v

1<i<n 1<i<n

where the first inequality follows from the definition of the variance, the second from repeated applications
of the inequality (a4 b)? < 2(a® +b?), the third from Jensen’s inequality, the first equality from Assumption
2.1 and Theorem 2.1 in Cochran (1977), which together imply E[D;] = £/k, and the final line by (2).

Next, we bound (19):
4 . R 2
— Z Var[Agj_1,nA2j,] < 2

1<j<% 1<5<

E[2A§jfl,nA§j7n]

o3
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< W Z E[A%j—l,n + Ag]n]
1<5<%
<2 L Y;(d)* 1 Yi(d)*
S5 | 2 X @t > Y i)
1<5< 2 i€X2; 1 de{0,1} i€X25 d€{0,1}
_2 lZY-(l)‘*JrlZY-(O)‘* —0.
m nlgign nlgign

where the first inequality follows from the definition of the variance, the second from the inequality 2|ab| <
(a®4b?), the third from following the same argument as when bounding (18), and the final line by Assumption
(2). m

A.3 Proof of Theorem 4.1

From the proof of Theorem A.1, we obtain that

n - Var[A,] = k Z Var[A4;] = kn? (2 - Ii) ﬁ% Z Z(RZ — Rj)?

1<j<m 1<j<mi€A;
Consider the following expansion of -7, j<m 2oien, RZ:
1 Lk Lk
S X B= > B=s > > Rl
1<j<n i€, 1<5<m 1<j<m ii’ €N
1 , 2
SN T i
1<i<km 1<j<m i<i’€X;
1 , k-1 1
=L 2 B ) ® >, R
1<i<n 1<j<m \2/ i<i’€N;
We now show that
1 2 2
= > R} — Eq[R’] (20)
1<i<n
1 1
™ Y. & Y RiRi = EQlEQIRIX]?] . (21)
1<j<m () i<iEN;

where R := @ + 1;’%077). Note (20) follows from Assumption 4.1(a) immediately. To see how (21) is implied
by Assumption 4.1(b), for each j, let 4;1 < --- < i, be such that A\; = {#;1,...,%, %}, and note Assumption
4.1(b) implies that for each 1 <y < vo <k,

1 —
— > Ri, R, = EqEq[RIX]] .

1<j<m
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The result in (21) then follows upon noting

1 1 1
TR\ RiRy = = oy Rij . iy, -
2 T 2 0 e

1<j<m i<i' €N 1<j<m

We thus obtain that

% > Z(RFR]-P:% > (ZR?*kR?)%(kfl)EQ[VarQ[R\X]].

1<j<mien; 1<j<m ieX,
Finally,
1
n- Var =k Z Var[A,] — kn? (E — k) EQ[VarQ[R|XH
1<j<m
V(1) Y(0)|s

as desired. ®

A.4 Proof of Theorem 4.2

(a) We start by deriving the limit of nE[V;]. Recall from the proof of Theorem 3.2 that

S DIRUEE- e 4 DD DRt

1<i<n 1<j<mi<i’ €N,

(ké
kézy HZZY

1<i<n 1<j<mi<i’€N;

WD) 2 2 Y

1<]<m i#£1 EN

Gy )

PEA 2/ i<i’eN;
1 11 ) ke — 5—1 1
r 2 (i o e ¥ vono)
1<j<m 1EN; z<z ENj
1 1
- = — Y (1)Y; (0
~ (1)¥: (0

Y;(d)? = Eg[Y?(d)] for d € {0,1} (22)

(d)Yi(d) — Eg[Eq[Y (d)|X]?] for d € {0,1} (23)

|
s
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1
m

Z ) = 2Eq[Eq[Y (1)|X]Eq[Y (0)|X]] ,
1 iEN

IN

j<m

where (22) follows from Assumption 4.1(a) and (23)—(24) follow from Assumption 4.1(b).
is implied by Assumption 4.1(b), for each j, let i;; < --- <, be such that \; = {ij1,...,

Assumption 4.1(b) implies that for each 1 <y < v9 <k,

Z ZJ Y1 lj Yo — EQ[EQ[ ( )|X] ] .
1<]<m
(23) then follows by noting

1 1 1
— Z Z (d) = W - Z E Yijﬂl Yijwz :
<y1 <7y

1<]<m z<z ENj 1<j<m

The result in (24) can be established similarly. Therefore, noting n = mk, we get

B[32) - 3 Ea[Varg ¥ (VK] +

Next, recall from the proof of Theorem 3.2 that
N 2 - - - -
Blin) == Y (Vaj-1.a(1) = V2j-1.2(0)(Vajn(1) = Y25.(0)) .

1<j<%

(24)

To see how (23)

ijx}, and note

Eq[Varg[Y (0)|X]] + Eq[Eq[Y (1) — Y (0)|X]?] . (25)

=It follows from Assumption 4.1(b) applied across strata and similar arguments to those used to prove

(23)—(24) that

Elfn] — Eq[Eq[V (1) - Y(0)|X]?] .

As a result,

nE[V,] = k(E[#2] — E[#,]) — Eo

Varg[V (1)|X] +Varcz[ (0)|X]
7 1—n '

(b) For nE[V™], first observe that because A,, = L di<j<m Bjns

nVM = f——(m - 1)VM
m 1 &
= —_— —_— A2 —_ A 2
(s, - a)
j=1
.92 m 2 LA
= kT’I’L - k 1 ) Z jynA]I)n
1<j<j'<m

1<j<g’'<m

20
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and combine with the limit of E[72] in (25). To that end, note

1<j<g’'<m
2
== > Al
1<j<j’sm
1 S
_ _ _ 2
= (m Z AM> — Z A2
1<j<m 1<j<n
1 1
—a2- 2 ¥ (SO -norz 0 - vo)mm - vio)
1<j<n €A, i<i'EN;
— Eg[Y (1) - Y(0))? , (27)
where the first equality follows because A;,, and A/, are independent and E[A;,] = A;,, the second

follows by completing the square, the third follows by expanding the square, and the convergence follows
because A,, — Eg[Y (1) — Y (0)], L 0, and

Sl 32, 050~ FO)e(1) (0 > Bololf (1) - FO)KT]
1<j<n 2 EX

by similar arguments to those used to prove (22)-(23). Combining (25), (26), and (27), noting -5 — 1,

we have
nE[VM] — EQ[VarQ[ (1 )|XH+17EQ[VMQ[ (0)|XT]
+ kEQ[EQ[Y (1) — Y (0)|X]?] — kEQ[Y (1) — Y/(0)?
= VO 4k Varg[Eq[Y (1) — Y (0)|X]] ,
as desired.

(c) Finally, we study the limit of nE[V,F]. We first show that the diagonal entries of the projection matrix
Hg, converge to 0. Let Xx ,, = = Zlgjgm()_(j,n — 1x2)(Xjn — pix.n)', and we have

Hg, = Q2(Q5Q2) Q%

(Xl,n - /f"X,n)/ -1
_ . m 0;, T
=1, : _ _
(X )/ Op mEX,n X1 n T MXnmoo Xm,n — MX,n
m,n — HX,n
(le - MX,TL)/
T, 1 . /s .
= ELmL,m + E : ZX,n (Xl,'n — /'LX,n e Xm,n — ,uX,n) .

(Xm,n - ,UX,n)/

Therefore, denoting the operator norm by || - |lop, we have that for 1 < j < m, the j-th diagonal entry of
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Hg, may be uniformly bounded as

11 .
1I<Y173<Xm[HQ2] = 1I<I§'a<xm (m + E(Xj,n - NX,n)’EX,n(Xj,n - #X,n))
< — _ 2
< ot ma 1 -

1
— max ||X 1?2 — 0,
p M 1<i<

<1 kHE*1
Nm+ X,

where the first inequality follows from the definition of the operator norm, the second inequality follows
from repeated application of the inequality that (a — b)? < 2(a? + b?), and the convergence follows from
Assumption 4.2(a) and that ¥x, — Varg[X], which further follows from Assumption 4.2(b)—(c) by similar
arguments to those used to prove (22)—(23).

Define B
(Xl,n - IJ'X,n)/

Q2,x =
(Xm,n - NX,n)/

Let H,, denote the projection matrix for ¢,, and Hg, , denote the projection matrix for Q2 x. Note that

by construction ¢,Q2 x = 0. It follows from Lemma A.2 that

n

nBIVE) = X BI§, (iaa(T — Ho,)) (1 — Ha,)(ding(T — Hq,)) ™%,
= X5 (ding (1 — Ho,)) (1 ~ Ho,)(ing (1 — Ho,)) ™, (28)
4 2 tx((1 — Ho,) Varldiag(1 — Ho,))%5,) (29)
Define €, = (diag(I — Hg,))™ /25, — 3,. Note (28) equals
k k k k
—6 (I —Hg,)bn + —€, (I — Hp,)d, + —06. (I — H n+—e (I —H n -
—on( Q2)0n + e Q2)0n + 0 Q2)en + —en( Q)€ (30)

Note L[|6,]*> converges to a constant by the derivations in the proof for the limit of nE[VM]. Because

maxi <j<m[Hg,lj; — 0 as n — oo,

2
1
—H6n||2<—||5 > max | ——=-1] —0.
1= [Hq.]

1<j<m [Hq.lj5

Because I — Hg, is a projection matrix, all of its eigenvalues are either 0 or 1, and hence its operator norm

is 1. Therefore,

1/2

k 1 1/2 1
K= Hoou <k (hall) 1= Hauln (160} 0.

Similarly, the last two terms in (30) also converge to 0 as n — co. Recalling ¢/, Q2 x = 0, we get that (28)
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equals
k k k k 41
%‘%(I - HQ2)5n = E%(I - HLm - HQz,x)(sn = %‘%(I - Htm)(sn - E‘%QZXEX,lnEQé,X(sn . (31)

Next, because Aj’n are independent across 1 < j < m, note (29) equals

%tr ((I—HQz)diag (Varmf] 1 §j§m>>

1- [HQz]jj .
k Var[A; ]
=— (1= [Hulj) 775
m, 5z, 1= [Ha,lj)
k ~
= > VarlAj]. (32)
1<j<m

Moreover, this relationship holds with Q9 replaced by t,,. Therefore, the (31)—(32) imply

nE[V,y]
E5’ (I -H,, )6, — LS’ Qs xI+ iQ’ 5, + k tr((I — H,, ) Var[(diag(I — H,))~/26,))
m " m m S X,n m 2,X m m m

. k 1 1
=nE[VM] - E(;;LQZXZX}ITLEQ/Q’X(S”

Next, note =@ x4, — Covg [X,Y (1) — Y(0)] under Assumption 4.2(a)~(c) by similar arguments to those
used to prove (22)-(23). Further note =1 — 1 and recall £x, — Varg [X] and the limit of nE[V,™M]
derived above, and we have
nE[VF] = VoY 4 kVarg[EglY (1) — Y (0)|X]] — k Covg[X, Y (1) — Y (0)] Varg[X] ™! Covg[X, Y (1) — Y (0)]
=V + k Varg[Eq[Y (1) — Y(0)|X]] — k Varq[BLP(Y (1) — Y(0)|1, X)]
=V 4 k Varg[Eq[Y (1) — Y (0)|X] -~ BLPq(Y (1) - Y(0)[1,X)] ,
where the first equality follows from Lemma A.3(b) and the second follows from Lemma A.3(d).

Finally, the statement about the coverages of confidence intervals follow from Theorem A.1 (which applies
because of (2)—(3)), (4), and Slutsky’s theorem. W

A.5 Auxiliary Results

Here we state and prove a standard central limit theorem for design-based inference (see for instance Hajek,
1960; Li and Ding, 2017).

Theorem A.1. Suppose that Assumption 2.1 holds and that

maxi<j<m maxiey; (R R;)® =0 (33)

Yy
Zlgjgm Zie,\j(R *RJ)Z
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as n — 0o, where R; := LAG IR ()WY} Rj =1 Ziekj R;. Then,

Proof. Re-writing A,, and A,, over the blocks {A\; : 1 < j < n}, we obtain

b-r | T X (R o- > 21

1<j<mi€e); 1<j<mi€e;
and
! o Y.(0)
A= X Y BOFRO) D= D S T
1<j<mi€X; 1<5emien,
where R;(1) = + Zle/\ n R;(0). Putting both together,
o 1 _
A=A, =2 _
1<j<mi€N;
where R; = 751) + )1/1'_(2]) and R; = R;(1) + R;(0). Hence we obtain that

\/E(An_An): Z Ajv

1<j<m

where A; = ﬁ% Dien, (B — R;)D;. Note that >
subset of size ¢ without replacement from the finite population {(R; — R;) : i € A;}. Accordingly, from the

iex, (Bi — R;)D; is the sample mean when sampling a

properties of the sample mean when sampling from a finite population (Theorems 2.1 and 2.2 in Cochran
(1977)), we obtain immediately that

E[Aj]=0,
1 ,/1 1 1 .
Var[4;] = m! <€ - k) <k—1) iez)\: (R — R;)™ .
Moreover, by the definition of A; and Jensen’s inequality,
A% < lmaux(R- — R;)?
T moien; 7

To establish asymptotic normality, we verify the Lindeberg condition:

A2
{; 62H—>0,

where 57 =37, ., Var[A4;]. Note that by our previous calculations

2. 2 (R-R

1<j<m i€,

ZE

1<j<m
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hence B
A? maxi@j (Rz - Rj)2

g ~ Zlgjgm Zie)\j(Ri - Rj)z .

Therefore, if (33) holds, then for each fixed € > 0, for m large enough,

2
max —Jgez,

1<j<m 2
o)
A2 [ A2 A? A?
E —QJI —2J>e2 < g —ZJI max —2J>e2 =0.
- s2 s2 - s2 1<j<m s2
1<j<m 1<j<m

As a result, the Lindeberg condition holds, and the conclusion follows. B

Lemma A.l. Let X,,,n > 1 be a sequence of random variables such that E[X,] = 0, Var[X,,] = o2 and
Xn/on 4 N(0,1). Further suppose liminf,, . o2 > 0, limsup,,_, ., 02 < 0o, and there erists a sequence of

random variables 62,n > 1 such that 62 — E[62] 50, Then,

X,
limian{A" < m} > ®(x) forx >0

n—oo On

Xn
limsupP{A < x} < ®(x) forx <0,

n—00 On

where ®(z) = P{N(0,1) < z}, if and only if liminf, .. (E[62] — 02) > 0.

n

Proof. We will only prove the inequality when 2 > 0 and the other follows similarly. Because liminf,, o, 02 >

0, 02 > ¢ > 0 for some ¢ > 0, at least for n large enough. Since further liminf, . (E[62] — 02) > 0,

E[62] > 3¢ for n large enough. Because further 62 — E[62] 5 0, we have

P{62 >¢c/2} — 1.

Therefore, in what follows, all statements should be understood as conditioning on this event. In that case,

XTL Xn n
Zn_Znfn (34)
On On On
Next, we claim that for each € > 0,
P{(f">1+e}—>o. (35)
On

Suppose for a moment that (35) holds. Then, because X,,/op, a4 N(0,1), 0, > 0, and &,, > 0, (34) implies
that for each x > 0 and € > 0,

P{{(" >x(1+e)}§P{X”>x}+P{‘f" >1+6}—>1—<I>(3:)

as n — 0o. In other words, for x > 0 and € > 0,

umsupp{)f" > x} <1— B/ +6)) .

n—oo n
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The conclusion of the theorem follows by letting ¢ — 0 and noting ® is continuous everywhere. It therefore

suffices to prove (35). Because (35) holds if and only if

I{?">1+e}50, (36)

it suffices to prove that for each subsequence {n(k)}, there exists a further subsequence {n(k(¢))} along

which the convergence in (36) holds with probability one. Fix an arbitrary subsequence {n(k)}. Because

2

liminf, o 02 > 0, liminf, o (E[62] — ¢2) > 0, and 62 — E[562] LS 0, there exists a constant ¢ > 0 and a

further subsequence {n(k(¢))} along which o2, ) > ¢ > 0, E[62 ; ;)] = ¢/2> 0, and 67, ;)\ = E[67 1. py)) =
0 with probability one. Furthermore,

2
Tn(k(0))

lim sup <1.

L— o0 E[&Z(k(g))]

Along this subsequence,

2 2 ~2
Tn(k(®)) Tk o)

lim sup — = limsup —

oo Onneyy  tooo ElOhen] Onae

<1,

so (36) holds with probability one, and hence (35) follows.

~2

Next, we show that lim inf,, o (E[62]—02) > 0 is necessary for the result to hold. We present the proof for

x > 0 while symmetric arguments work for z < 0. To that end, first suppose liminf,,_, (E[62] —02) = —c <
0 and liminf, . E[62] > 0. Then, there exists a subsequence {n(k)} along which E[&Z(k)] < 0721(14) —c/2
and E[&Z(k)] > ¢/2. Because by assumption limsup,,_, . 02 < oo, there exists M > 0 such that az(k) <M

for all k. Define € = %m — 1> 0. By arguing similarly as in (36), we can show

P{%21+6}—>1. (37)
Fn(k)

~2

If instead liminf,, . E[6;] = 0, then by passing to a subsequence along which E[&Z(k)] — 0, we can

construct a further subsequence along which

In(k(®) o0
Tn(k(0))

with probability one, and thus (37) still holds. Then,
P{A(k)>x}P{ (k)fi’(/c)>x}zp{{ ® " }ﬁ{i’(k)21+e}}
Tn(k) Tn(k) On(k) On(ky 1+e€ Tn(k)

XTL Xn n
P{(k)>x}P{{ W T }m{f<’“><1+e}}
On(k) 1+¢ On(k) 1+4+¢€ On(k)

= 1-®x/(1+€)>1—D(x) .

Therefore,

X X
limian{A" < x} =1 —limsupP{An > a:} <P(z/(1+¢€) < P(z),
o

n—oo On n—00 n

and the desired result follows. B
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Lemma A.2. Suppose E[b,] = 0, and A is deterministic. Then, E[5!,Ab,] = 6/, A8, + tr(A Var[5,]).
Proof. Note

E[b!,A8,) = E[(8, + 0n — 6,) A(8, + 8, — 6,)]
1)

=6 A8, + E[(6, — 6,)" A(6, — 6,)]

=6 A8, +tr(E[(6, — 6,)"A(6, — 6,)])
=8 Ab,, + Eltr((6, — 6,) A(6, — 6,))]
=8 Ab,, + E[tr(A(6, — 6,)(6n — 6,)")]
= 8,46, + tr(E[A( — 6,)(0n — 6,)'])
= 8! AS,, + tr(AVar[s,]) ,

where the second equality follows because E[d, — d,] = 0, the third follows because E[(8, — 6,) A6, — 6,)]
is a scalar, the fourth and sixth inequalities follow because the expectation operator is linear, and the fifth

follows from tr(AB) = tr(BA) as long as the matrices are commutative.

Lemma A.3. Let (Y, X) be random vectors where Y lives in R and X lives in R*. Then,

(a) EBLP(Y|1,X)] = E[Y].
(b) (X — E[X])' Var[X]~! Cov[X, Y] = BLP(Y|1, X) — E[BLP(Y|1, X)].

(¢) E[(Y — E[Y] — (BLP(Y |1, X) — E[BLP(Y|1, X)]))(BLP(Y |1, X) — E[BLP(Y|1, X)])] = 0 and therefore
Cov]Y, BLP(Y|1, X)] = Var[BLP(Y |1, X)].

(d) E([E[Y|X]—-E[]Y]-(BLP(Y|1,X)—FE[BLP(Y|1,X)]))(BLP(Y|1,X)— E[BLP(Y|1, X)])] = 0 and there-
fore Cov[E[Y|X],BLP(Y|1, X)] = Var[BLP(Y'|1, X)] and Var[E[Y|X]] = Var[E[Y|X] —BLP(Y |1, X)] +
Var[BLP(Y'|1, X)].

Proof. (a) follows because E[(Y — BLP(Y|1,X)) - 1] = 0. (b) follows because if BLP(Y|1,X) = 5y + X'f1
then 31 = Var[X]~! Cov[X,Y]. (c) follows because recalling E[BLP(Y|1, X)] = E[Y], we have

E[(Y — E[Y] — (BLP(Y|1,X) — E[BLP(Y|1, X)]))(BLP(Y|1,X) — E[BLP(Y|1, X)])]
= E[(Y — BLP(Y[1,X))(BLP(Y|1, X) — E[Y])]

= E[(Y — BLP(Y|1, X)) BLP(Y|1, X)] + E[Y — BLP(Y|1, X)|E[Y]

=0.

(d) follows similarly. m
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