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Abstract

This paper considers the problem of testing whether there exists a solution satisfying certain non-
negativity constraints to a linear system of equations. Importantly and in contrast to some prior work,
we allow all parameters in the system of equations, including the slope coefficients, to be unknown.
For this reason, we describe the linear system as having unknown (as opposed to known) coefficients.
This hypothesis testing problem arises naturally when constructing confidence sets for possibly partially
identified parameters in the analysis of nonparametric instrumental variables models, treatment effect
models, and random coefficient models, among other settings. To rule out certain instances in which the
testing problem is impossible, in the sense that the power of any test will be bounded by its size, we
begin our analysis by characterizing the closure of the null hypothesis with respect to the total variation
distance. We then use this characterization to develop novel testing procedures based on sample-splitting.
We establish the validity of our testing procedures under weak and interpretable conditions on the linear
system. An important feature of these conditions is that they permit the dimensionality of the problem
to grow rapidly with the sample size. A further attractive property of our tests is that they do not require
simulation to compute suitable critical values. We illustrate the practical relevance of our theoretical
results in a simulation study.
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1 Introduction

Given an independent and identically distributed (i.i.d.) sample {Z;}? , with Z; distributed according to
P € P, this paper studies the hypothesis testing problem

Hy: PePy vs. H12P€P\P0, (1)
where P is a “large” set of distributions satisfying conditions described below and
Py :={P c P: Ay(P)xo + A;(P)z, = B(P) for some zg € R% 2y € R z; >0} . (2)

Here, “x; > 07 signifies that all coordinates of #1 € R% are non-negative, Ag(P) is a p x dy matrix with

do >0, A1(P) is a p x dy matrix, and S(P) is a p x 1 vector.

As discussed further in Section 2, the testing problem described above arises naturally in many settings
of empirical interest, including (i) inference for linear functionals of structural functions in nonparametric
instrumental variables (NPIV) models with shape restrictions, as in Freyberger and Horowitz (2015); (ii)
inference for average marginal effects in nonlinear models with random coefficients, as in Fox et al. (2011);
(iii) inference for treatment effect parameters that are partially identified through the marginal treatment
response (MTR) framework of Mogstad et al. (2018); (iv) inference under “synthetic parallel trends” with
convex weights as considerd in Liu (2025); and (v) inference for counterfactual choice probabilities in the
distribution-free binary choice model in Gu and Russell (2023). We also note that the null hypothesis (1)
subsumes as a special case the setting where Ag(P) and A;(P) are known, for which there exist many other

examples (see, for instance, the examples discussed in Fang et al., 2023).

We demonstrate in Section 3 that testing (1) in certain special cases is impossible (in the sense that the
power of any test is bounded by its size), by observing that the null set Py is dense in P with respect to
the total variation metric. Accordingly, the first contribution of the paper is to obtain a characterization
of the closure of Py which guides the construction of our test. Exploiting Farkas’ lemma, we show that (a
subset of) the closure of Py with respect to the total variation metric can be described in terms of a set of
linear inequality restrictions involving the projection of (A;(P),3(P)) onto the orthogonal complement of
the column span of Ay(P). Specifically, the characterization amounts to verifying if, for every unit vector,

the minimum of a collection of linear inequalities is non-positive.

Building on this observation, in Section 4 we develop an inference procedure based on sample splitting.
Using the first subsample, we construct a unit vector for which we expect that our characterization of the null
is most strongly violated. We then use the second subsample to formally test whether or not our inequalities
are violated. By virtue of this sample-splitting construction, the resulting test is straightforward to implement
and involves no simulation: in particular, the construction of the “violating” unit vector requires solving
two linear programs, and the test statistic is provided in closed form with rejection based on a comparison
with the appropriate quantile of a standard normal distribution. Moreover, the uniform asymptotic validity
of our test is established under weak and interpretable regularity conditions while allowing the dimensions

of p, dy, di to grow with the sample size n.



We propose two variants of our test. The first, which we term the “direct” method, tests if the union
of all the inequalities in our characterization hold. The second, which we term the “screening” method,
tests whether or not a single inequality in our characterization is non-positive, under the restriction that the
other inequalities are positive with high probability. In our simulation study, the screening method typically
yields shorter confidence intervals through test inversion, at the cost of introducing one tuning parameter

when selecting the unit vector in the first subsample.

Inference procedures for testing (1) and closely related null hypotheses have gained increasing attention
in the literature. Bai et al. (2022), Andrews et al. (2023), Cox and Shi (2023), and Fang et al. (2023) all
propose inference procedures which could be applied to (1) whenever Ay(P) and A;(P) do not depend on
P (i.e. they are known quantities). The method proposed in our paper immediately applies to this setting
as a special case. There is also a literature for the closely related problem of inference for the value of a
linear program: see in particular Freyberger and Horowitz (2015), Cho et al. (2024), Gatarov (2025), Voronin
(2025), Goff and Mbakop (2025). As explained in Cox et al. (2025), these methods can be used to address
the same empirical problems as those that we consider in Section 2, but there is a subtle technical difference

between the two settings, and in general these methods are neither tuning parameter nor simulation-free.

Two recent papers that propose inference procedures which could be used to test (1) are Cox et al.
(2025) and Goff and Mbakop (2025). The theoretical results in Cox et al. (2025) and Goff and Mbakop
(2025) require rank conditions which, as argued in Liu (2025), could be difficult to verify or may even be
violated in certain settings of empirical interest. In contrast, we are able to establish the asymptotic validity
of our procedures under weak and interpretable regularity conditions on the ranks of Ay(P) and A;(P).
Moreover, neither paper establishes the validity of their tests in a high-dimensional regime where p, d; and
do are allowed to grow with sample size, as we do in this paper."! We illustrate the finite-sample performance
of our procedures using simulation designs based on the ones considered previously in these papers, as well

as some high-dimensional counterparts that these papers do not consider.

The remainder of the paper is organized as follows. In Section 2, we describe several examples of
empirical problems of interest that can be accommodated in our framework. Our main results are contained
in Sections 3 and 4: Section 3 presents our characterization of the closure of the null hypothesis, whereas
Section 4 describes the test and establishes its uniform asymptotic validity. In Section 5, we study the
finite-sample behavior of our proposed tests in a simulation study. Proofs of all results are collected in the

Appendix.

2 Examples

In this section, we present a collection of motivating examples, two of which we revisit in the simulation
study in Section 5. Goff and Mbakop (2025) and Cox et al. (2025) discuss several additional examples that

provide further motivation.

I'We note that Goff and Mbakop (2025) explain that they derive their results in a semi high-dimensional regime, where the
number of unknown coefficients in the linear system must remain bounded.



Example 2.1 (Nonparametric instrumental variables with shape restrictions). Consider the NPTV model

studied in Freyberger and Horowitz (2015), in which

Y=9X)+U,
EplUW] =0, (3)
with X a possibly endogenous explanatory variable supported on X = {x1,...,xg}, and W an instrumental

variable supported on W = {w1,...,wk} with K < H. Define

Thik P :P{X:xh,W:wk}

)
)

I(P) = (mhi(P))1<h<mi<k<i
) = (ma(P),...,mg(P))" .

Then, g = (g(z1),...,9(xm)) € RY satisfies TI(P)'g = m(P). Assume additionally that the vector g satisfies
shape constraints encoded as Sg < 0 for some matrix S € RMxH

Suppose we wish to test the null hypothesis Hy : L(g) = Lo € R, where L(g) represents a generic linear
functional L(g) = ¢’g. Putting everything together, we obtain the following system:

(pP) Ok m(P)
Ao(P) = S Ay (P) = I B(P) = | Oarx1
c 015 M Lo

In this example, A;(P) is known and Ag(P) and S(P) are unknown. W

Example 2.2 (Average marginal effects in nonlinear models with random coefficients). Fox et al. (2011)
consider a class of nonlinear mixture models with discrete unobserved heterogeneity. A simple example is a

static, binary choice logit model with random coefficients:
Y =1{C'W-U>0},

where Y € {0,1} is an observed choice, W is a vector of observed explanatory variables, C' is a vector of
latent random coefficients, and U is a latent random variable that follows a standard logistic distribution,
independently of (C,W). Under these assumptions, a consumer of type ¢ with observables w chooses Y = 1

with probability

1
Py =1|W = =c}=——""——" =/ 4
(= 1W =0 =) = s = f(cw) (4)
where £(-) is the standard logistic distribution function. Bajari et al. (2007) and Fox et al. (2011) assume
C' is independent of W and approximate the distribution of C' using a discrete distribution with known

support points (¢, . .., cq) and unknown respective probabilities 7 := (71, ...,74). Then (4) implies observed



probabilities

d
PY =1|W =w} =Y mil(cjw) . (5)

Jj=1

A target parameter in this model is the average marginal effect (AME) of the kth explanatory variable (for
example, Wooldridge, 2010, Section 2.2.5):
9 d

a(P) = Ep [awke(c'vv)} = Ep[Crl(C'W)(L — 6(C'W))] = 3 m; e Ep[U(W) (L — (W), (6)

a a;(P)

where c;, is the kth component of the jth support point, c;.

Suppose we wish to test the null hypothesis Hy : a(P) = ag for a vector of probabilities 7 that satisfies

(5) at p — 2 support points ws, ..., wp—2. This problem fits into form (2) with z null, z; =,

Uwy) - A(un) P{Y =1|W =w; }
AL(P) = | t(hwp—s) -+ U(cwp_s) B(P)=| P{Y = 1|W = wp_s}
1 1 1
a1 (P) o ag(P) a

Notice that the dependence of A;(P) on P comes through the row corresponding to the AME. The same
structure will generally appear in a linear program with known coefficients (Fang et al., 2023) when the

target parameter is an object that averages over observed heterogeneity. M

Example 2.3 (Instrumental variables with heterogeneous treatment effects). Mogstad et al. (2018) develop
an approach to marginal treatment effect analysis (Heckman and Vytlacil, 2005) that allows for shape
constraints and partial identification. A binary treatment D produces two real-valued potential outcomes
Y (0), Y(1), and an observed outcome Y = (1 — D)Y(0) + DY (1). The researcher additionally observes an
instrument Z. Treatment assignment satisfies the Imbens and Angrist (1994) monotonicity condition, which
can be equivalently written with the threshold-crossing model D = 1{p(Z) > U}, where U is a uniformly
distributed unobservable that is independent of Z and p(z) := P{D = 1|Z = z} is the propensity score
(Vytlacil, 2002). The marginal treatment response functions are assumed to take a linear-in-parameters

form
E[Y(d)|U = u] = 0(d)'b(d|u), (7)

where 6(d) are unknown parameters and b(d|u) are known basis functions.

The linear parameterization (7) implies that common target parameters can also be written as linear



functions of the parameters, 6 := (6(0),6(1)), taking the general form

1 1
T*ze(oyE[ b(0|u)w*(0|u,Z)du]+9(1)’E[ b(lu)w*(1|u,Z)du]: 3" 0dYEd2),  (8)

0 de{0,1}

0

where w*(d|u, z) are scalar weights that are known or identified and ¢(d|z) = j;)l b(d|u)w* (d|u, z)du. Mogstad
and Torgovitsky (2024) observe that if Y (d) is mean independent of Z, conditional on U, then the linear-in-

parameters form (7) also has implications for the observed outcome:
EP[Y‘Da Z] :¢(Da Z)/ga (9)

where 6 := (0(0),0(1)) and ¢ is a known function of (D, Z) that depends on the basis functions, b, and the
propensity score, p(Z). Bounds on 7 can be found by considering all values of (8) that can be produced
by 6 that satisfy (9) either for all (D, Z) or for some implied moments. Mogstad et al. (2018) propose
using moments of the form Ep[Ys(D, Z)], which can be shown from (9) to also be linear in §. Shea and

Torgovitsky (2023) alternatively propose using the normal equations implied by (9):

which has the advantage of always being the same dimension as 6 and not requiring one to choose the s
functions. In either case, shape constraints can be imposed on the marginal treatment response functions

by constraining 6.

Consider testing whether 7% = 7 for 79 € R. Without shape constraints, the normal equation version of

the problem can be phrased as (1) by taking xo = 6, then setting

_ (Erle(D.2)o(D, 2)]\ _ (Ep[#(D, 2)Y]
Ao(P)—< Erlt(2)] ) d ﬂ(P)—< - ) (11)

where ¢(Z) = (¢(0|Z),t(1|Z)")". Shape constraints can be imposed by including appropriate slack variables.
For example, if Y € {0,1} is binary and b(d|u) are Bernstein polynomials, then the implied MTR function
can be constrained to lie in [0, 1] by restricting all elements of 6 to lie within [0,1]. To incorporate these
shape constraints into (1), we would now let xy be null and set 1 = [#, 5], where s are slack variables.

Instead of (11), we would take Ay to be empty and set

Epl¢(D, Z)p(D,Z)']  Odyxds Ep[¢(D, 2)Y]
A(P) = Ep[t(2)) 01xdy and B(P) = To )
14, 14, lagyx1

where Og,xd, 1S a dg-dimensional square matrix of zeros, 6144, is a dg-dimensional row vector of zeros,
lagyx1 is a dg-dimensional column vector of ones, and I, is a dg-dimensional identity matrix. The new rows
relative to (11) correspond to the constraint 6 4+ s < 1, which requires § < 1 because the slack variable s is

non-negative. W



Example 2.4 (Synthetic parallel trends with convex weights). Consider the causal panel data setting
presented in Liu (2025). There are K aggregate units indexed by k € {1,..., K}, observed over periods
t e {1,...,Tp,T}, where {1,...,To} denote pre-treatment periods and T denotes a treatment period at
which unit k& = 1 is treated (units k > 2 are never treated). Let fi¥(1) and ji¥(0) denote potential aggregate
outcomes for unit k at time ¢ with and without treatment, respectively, and let the observed aggregate

outcome be given by
pi (P) = iy (0) + (A (1) — iy (0) H{k = Lt =T} .

The target parameter is the effect on the treated unit at time 7"
= i(1) — i3 (0) .

Liu (2025) maintains the assumption of (convex) synthetic parallel trends (SPT); that is, there exists a set of

weights (wy, : 2 < k < K) € RE~1 with Y ock<r Wk =1, wi > 0 for all k such that for every ¢t € {2,...,T},

K
> wk Afif(0) = Ay (0)
k=2

where Afif(0) = i¥(0) — @F_1(0). Let Auf(P) = AiF(0) for all K > 2 and ¢ > 2. Suppose we wish to test

the null hypothesis Hy : 7 = 79. Then, under the convex SPT assumption, we obtain the following system:

NZ(P) - AuK(P) Apz(P)
Ay (P) = Az (P) - Auk (P) B(P) = Apip, (P) ’
A (P) - AuE(P) #r(P) =0 = i (P)
1 1 1

and Ag(P) does not exist. Liu (2025) also analyzes the setting where we drop the assumption of convexity,
so that wy are not restricted to be non-negative. In this case, Ag(P) is given by the above matrix of

aggregate-outcome differences and A;(P) does not exist. W

Example 2.5 (Distribution-free binary choice). Gu and Russell (2023) consider binary choice models of the

form
Y =1{p(D,Z,U) >0} , (12)

where Y is a binary outcome, ¢ is an unknown function, D is an endogenous regressor, Z is vector of
exogenous regressors, and U is a vector of unobservables. The distribution of U is not restricted to lie in a
parametric family, raising the possibility of partial identification. The authors observe that if D and Z are

discrete, then the conditional distribution of Y implied by the model is determined by the mass placed on a



finite partition of the support of U into sets U, j = 1,...,dy. In particular:

du
P{Y=1D=d Z=z2}=) 1{j€J(d2)}0;(dz), (13)

j=1
where 6;(d, z) is the mass that the distribution of U places on U, conditional on D = d, Z = z, and the set

J(d, z) collects the appropriate indices for sets that lead to Y = 1 when D = d and Z = z. If the instrument
Z is independent with U, then also

> 0i(d,2)P{D=d|Z =2} =) 0;(d,)P{D=d|Z =2} forall 2,2, and j. (14)

d d
A natural target parameter in this model is the counterfactual choice probability 7(P) := P{Y (d*) = 1} =
P{p(d*,Z,U) > 0} at some fixed d*, which can also expressed as a linear function of the 6;(d, z) if the sets

U; have been constructed to be sufficiently fine:

dU dU
m(P) =Y Ep[1{j € T=(d*,2)}0;(D, 2)] = > > 1{j € Jo(d*,2)} 0;(d,2)P{D =d, Z =z} .  (15)
j=1 j=1d,z

Similar observations have been used for multinomial choice models by Manski (2007), Tebaldi et al. (2023),
and Gu et al. (2024).

Suppose we wish to test the null hypothesis Hy : 7(P) = my for a vector of probabilities {6,(d, 2)};.q,-
that satisfies (13) and (14) when D and Z are both discrete. This problem fits into form (2) with zg null,
x1 taken to be the 6;(d, z) arranged in a vector across (j,d, z), and A;(P) and B(P) constructed from the
linear functions (13)—(15), with (15) set equal to mp and additional sum-to-one constraints for each (d, z).
The rows of A;(P) corresponding to (14)—(15) both depend on P. W

3 A Useful Characterization of P,

In this section, we provide a characterization of Py that informs the construction of the test we present in
Section 4. Before discussing the characterization formally, we motivate the need for such a characterization
by demonstrating the impossibility of testing the null hypothesis that P € Pg in a seemingly simple example.

In particular, consider the case in which, for some scalars a(P) and b(P), the set Py is given by
Po={P € P :a(P)x =b(P) for some z € R} .
This is a special case of (2) where dg = 1 and A; (P) does not exist. In Figure 1(i) we plot the set
Co = {(a,b) € R? : ax = b for some = € R} ,

which represents the set of points (a(P),b(P)) € R? for which there exists a distribution P € Py. From

Figure 1(i) we notice immediately that the closure of Cy (as a subset of R?) is the entire space R2. This



(i) Ho : ax = b for some z € R (ii) Ho : az = b for some = > 0

Figure 1: Shaded region indicates the null set in the (a,b)-plane. The dotted line at a = 0 highlights points excluded
from the null (except (0,0)) but belonging to its closure.

observation suggests that the closure of Py (with respect to the total variation metric) coincides with the
entire set of distributions P, and indeed we discuss conditions under which this is the case below. In contrast,

Figure 1(ii) depicts the analogous set Cy for testing the null hypothesis given by
Po={P e€P:a(P)x=0b(P) for some x € R,z >0},

which is a special case of (2) where di = 1 and Ay(P) does not exist. Here, we see that the closure of Cy
(as a subset of R?) is a strict subset of R?, which suggests that the closure of P in this example is a strict

subset of P.

Because it is impossible to test a null hypothesis for which Py is dense in P with respect to the total
variation metric, and more generally that it is impossible for any test to have non-trivial power against
alternatives which lie on the boundary of Py (see for instance Romano, 2004), our test is based on a char-
acterization of the closure of Py relative to the total variation metric, which we denote by cl(Py). Towards

that end, define
Cy = {(Ao,Al,b) € RPXdo 5 RPX4 5 RP 2 Agzg + Az = b for some xg € R%, 2, € RY 2y > 0} , (16)

so that Po = {P € P : (Ao(P), A1(P),B(P)) € Cp}. Accordingly, we begin by deriving a characterization
of the closure of Cy with respect to the Fuclidean topology, and then relate this characterization back to
cl(Py). First, consider the following alternative representation of Cy based on pre-multiplying the equation

in (16) by the annihilator of Ay, which we denote by M.

Lemma 3.1. Let My denote the projection operator onto the orthogonal complement of the column space of
Aqg. Then
Co = {(A4p, A1,b) : MyAyxz1 = Mob for some x1 € R™ 2y > 0} .



Let ai,...,aq, denote the columns of A;. The columns of MyA; are then given by Mopas, ..., Mpyag,.
Given this alternative representation of Cp, we can apply Farkas’ lemma to conclude that (4g, A1,b) € Cq if
and only if for all y € RP, either there exists some 1 < j < d; such that a;Moy < 0 or &’ Myy > 0. Consider
the set of triples (Ag, A1, b) obtained by weakening the strict inequalities a;MOy < 0 to weak inequalities:

Co :={ (Ag, A1, b) € RP*% x RPX4 5 RP : sup min{ min a; Moy, —b'Moy p <05 . (17)
yERP 1<5<d
Theorem 3.1 formalizes the sense in which replacing these strict inequalities with weak inequalities relates

to the closure of the set Cg.

Theorem 3.1. Let
CRP .= [(A4y, A1, b) € RPXd0 x RP*D 5 RP : rank(Ag) < dp} . (18)

Then,
CI(CO) = Co U CRP R

where cl(Cy) denotes the closure of Cq in the Euclidean topology.

Theorem 3.1 shows that the closure of Cy can be characterized by combining the set Cg, which describes
the set of triples obtained by weakening the inequalities in the conclusion of Farkas’ lemma, along with the
set of triples for which Ag is rank deficient. Note the theorem implies that, if p < dp, then the closure of Cy
becomes RP*do x RP*d1 5 RP_ As a result, we implicitly assume that p > dy for the rest of the paper. This

characterization of the closure forms the basis for the test which we present in Section 4.

Finally, we relate cl(Cp) to the closure cl(Pg) in the total variation distance. Let Py := {P € P :
(Ao(P), A1(P), B(P)) € cl(Cy)} denote the pre-image of cl(Cg) in P. We claim that in general Py C Py C
cl(Py). Indeed, it follows by construction that Py C Py. As a result, any test that controls size on Py will
necessarily control size on Py. Meanwhile, we generally expect 130 C cl(Py), in which case we will not have
power against any distribution in f’o. By definition, this will be the case whenever P is “rich” enough in
the sense that for every P € P such that (Aq(P), A1(P),B(P)) € cl(Cy), there exists a sequence P, € Py

such that P, converges to P in the total variation metric.

Low-level sufficient conditions for this “richness” property could be obtained, for example, if we view
P as the distribution of a random vector in RP(%+d+1) and define vec(Ag(P), A1(P),3(P)) to be the
corresponding vector of means, where vec is the vec-operator (see, for instance, Chapter 2 of Magnus and
Neudecker, 2019). In this case, P is rich enough if it contains a sufficiently large collection of normal
location families. To illustrate, let u = vec(Ao(P), A1(P), B(P)) where (Ao(P), A1(P),B(P)) € cl(Cy).
Then by definition there exists a sequence of vectors u, corresponding to triplets in Cy such that p, — u.
Let H = span{u, — p : n > 1} and let X be a positive semi-definite matrix whose range is exactly H, so
that p, — p € range(X) for all n > 1. Then, the sequence of distributions N (puy,, %) converges to N (i, X) in

the total variation metric by Lemma C.7 in the appendix.



Remark 3.1. Following Fang et al. (2021), it may seem natural to first transform (2) into standard form
Py ={P e P:(A(P),5(P)) € C§"} (19)

where C3* = {(A,b) € RP*Cdotd) x RP . Az = b for some 2 € R?>%+4 5 > 0}. Indeed, given a triple
(Ap, A1,b) € Cp, we can obtain a pair (A,b) € Cal' by defining A = (49 —Ag A;). However, this
transformation would not help provide a useful characterization of the closure as presented in this section.
Let a; for 1 < j < 2dy + di denote the columns of A. By applying the reasoning we used to obtain Co in
(17), we obtain the set

Falt _ x (2do+d ) . . i p
Cy' = {(A,b) € RP*(2do+d1) o RP . ysgﬂg) 111111{1<j1<1121d%+d1 asy, —b y} < 0} )

Note that the dy + 1 to 2dp-th columns of A are simply the negatives of the first dy columns, so that there
always exists a j for which ajy < 0. As a result, C3' recovers the entire space RP*(2d0+d1) x RP and thus

does not help to provide a useful characterization of the closure. W

4 The Test

4.1 Description of the Test

Let {Z;}!, be i.i.d. with Z, distributed according to P € P. Recall from Section 3 that the closure of the

null space can be characterized as the set of distributions P for which either Ag(P) is rank-deficient, or

sup min{ min a;(P) Mo(P)y, —B(P)’MO(P)y} <0. (20)
JERP 1<j<d;

Recognizing that whether condition (20) holds is not affected by norm constraints on y, and defining b;(P) :=
a;(P) for 1 < j <dy, bg,+1(P) :== —B(P), and J = {1,2,...,dy + 1}, we may rewrite (20) as

min bj(P)'My(P)y <0  for all y € R” such that [yl <1, (21)
Jje
where [lylli = Y%, |yi| for any (y1,...,y,) € RP. In what follows, we consider the following equivalent

formulation of (21): For any J* C J and (J*)¢ := J \ J*, condition (21) is equivalent to the statement

m%}n bj(P) My(P)y <0  for all y € R” such that [jy|l; <1 and n(l}n) b (P)Mo(P)y >0 . (22)
Je * je *)c

Our test uses a sample-splitting procedure in which one sample split is used to select a y € RP and
a second split is used to test whether the inequalities in (22) hold at the selected y. We consider two
proposals for (J*)¢. Our first proposal takes (J*)¢ to be those j € J for which b;(P) My(P) is known
deterministically — i.e. for which b;(P)’My(P) does not depend on P. In other words, we test the condition
minje s« b;(P) Mo(P)y < 0 using a unit vector y that is known to satisfy min;ec(jeye b;(P)" Mo(P)y > 0.

10



We call this method the “direct” method in what follows. Our second proposal sets J* = {j*} for some
non-random j*. In this case, we test the condition b;-(P)'My(P)y < 0 using a unit vector y such that
mineyye bj(P)" Mo(P)y > 0 holds with high probability. We call this method the “screening” method. In
all of our examples, we set j* = dy; + 1, which is natural in settings where we perform test inversion to
construct a confidence set for a scalar parameter whose null value only enters the vector by, 1(P); see, e.g.,
the examples in Section 2. We show via simulation in Section 5 that the screening method often generates
shorter confidence intervals than the direct method, at the cost of introducing an additional tuning parameter

which determines the amount of “screening” that is performed in the first sample split.

We next present a high-level description of the test and defer the details of the construction of its specific
components to Sections 4.2 and 4.3. To construct the test, we first randomly split the data into two samples
{Zi}ier, ., {Zi}iel,, of sizes ny and ng, where Iy, Uly,, = {1,...,n} and I ,, N I, = (). In what follows,
we always assume that no — oo as n — oo and allow n; to be fixed for the direct method but require
ny — oo for the screening method. Throughout, we use the superscript (k) to denote when a given quantity
is a function of only the kth split. Using the first sample split {Z;}ie, ,,, We construct a vector g7(11) which
represents a direction in which the weak inequality in (22) appears to be “most violated” — we discuss how

to construct such a vector in Section 4.3.

2)

n

Next, given suitable estimators 135271 and Mé for b;(P) and My(P) computed in the second sample split

{Zi}ier, ., we define the test statistic

72\ r(2) A(1)
o (b7 My~ G,
T, := min 2(AZ’27)1)A(1)0’ny )
jed 0 (9n )

n\Yn

(23)

(1) g) AS)

where & 5272(?)n ) is an estimator for the asymptotic standard deviation of |/ns (13;271)’ Mé U, . Finally, we set

On = 1{Tn > Zlfa} , (24)

where, for a € (0,1), 21—, denotes the 1 — a quantile of a standard normal distribution.

Remark 4.1. It may occur that for some j € J* the asymptotic variance of ,/ng(l;;i)l)’ Méfgyﬁl” is zero.

To avoid degeneracy of the corresponding standard error, we define 6;2 (3}(11)) using a small truncation, as
described in Section 4.2. This modification is technically motivated and typically has no effect on the test in
practice. Indeed, if the numerator of (23) is negative for any j € J*, then we fail to reject for any choice of
truncation. If the numerator of (23) is positive for all j € J* then the choice of truncation can only induce
a failure to reject if the estimated variance falls below the truncation threshold for at least one index that

attains the minimum in the truncated version of 7;,,. ®

Remark 4.2. In practice, researchers may want to reduce the uncertainty introduced by sample splitting
by aggregating the test results obtained from multiple different splits of the data. This can be accomplished
by appropriately aggregating the (upper bounds on) p-values produced by the test described in (24). To
that end, we have found the exchangeable improvement to the “twice the average” p-value, as described in

Gasparin et al. (2025), works well in simulations. W
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4.2 Properties of the Test

In this section, we present results establishing the asymptotic validity of our test and a detailed construction
of the standard deviation in (23). When stating our assumptions, we will suppress the superscript (k), with
the understanding that all assumptions stated on the entire sample will also hold when applied on the sample

splits {Z;}r1, ,, and {Z;}icr, ,,, under suitable scaling.

Our first assumption imposes conditions on the estimators A, for Ag(P) and lA)jm for b;(P) with 1 <
j < dq+1. Inits statement, || -||2 denotes the Euclidean norm, || -||2,2 denotes the operator norm of a matrix

when the domain and range are endowed with || - ||2, and @ V b = max(a,b) for any a,b € R.
Assumption 4.1. Let {Z;}7 ; be i.i.d. with marginal distribution P € P. Then,

(a) There are W(Z;, P) € RP*% with Ep[¥(Z;, P)] = 0, ¢;(Z;, P) € RP with Ep[p;(Z;, P)] = 0 for
1<j<dy+1,and a, for which a,//n — 0 such that uniformly in P € P,

[vitdo, - 4P - = ¥ wiz.P),, = Ortan/vi) (25)
1<i<n ’

[V —bs(P)) - % > (2P|, = Or(an/ V) (26)

max
1<j<di+1 1520

(b) For each p > 1, there are 1 < Ky ,, K1, < oo such that ||¥(Z;, P)||2,2 < Ky, with probability one and

sup (|Bp[¥(Zi, P)U(Zi, Pl V | Ep[¥(Zi, PYW(Z;, P22
S

!
(7. N4 < .
v, max  Bplp,(Z: P)e;(Zi, P))) < K,y
Assumption 4.1(a) requires our estimators for Ay(P) and b;(P) for 1 < j < d; + 1 to be asymptotically
linear with influence functions whose moments are disciplined by Assumption 4.1(b). Assumption 4.1(a) is
automatically satisfied with a,, = 0 whenever the entries of Ay(P) and b;(P) are expectations and the entries

of Ay, and b;,, are the corresponding sample means.

Our second assumption imposes boundedness and non-degeneracy conditions on Ag(P) and b;(P). In its

statement, §(Ag(P)) and s(Ap(P)) denote the maximum and minimum singular value of Ag(P).
Assumption 4.2. Ay(P) and b;(P) are such that

(a) suppep 5(Ao(P)) < 5, for some 5, satisfying 1 < 5, < oo.
(b) infpep s(Ag(P)) > s > 0 for some s not depending on p.

(c) suppep maxi<j<d,+1 ||b;(P)|2 < Ky, for some K, satisfying 1 < Ky, < oo.

Assumption 4.2(a) requires the maximum singular value of Ay(P) is bounded above uniformly in P, with
the bound possibly depending on p. Assumption 4.2(b) ensures that Ag(P)’ Ag(P) is bounded away from
degeneracy. This rules out the set of rank deficient matrices CRP in our characterization of the closure of
the null hypothesis, as defined in Theorem 3.1. Assumption 4.2(c) requires that the Euclidean norm of b;(P)
is bounded uniformly in P € P, with the bound possibly depending on p.

12



We note that Assumption 4.2(b) can be dropped if we let n; — oo and apply the test ¢, in (24) only
when g(/i(()lzl) > 7 for some pre-specified small value 7 > 0 (and do not reject the null hypothesis when
s(flélzl) < 7). We emphasize, however, that even if we maintain Assumption 4.2(b), our assumptions impose
no requirements on the rank of 4;(P). In contrast, the assumptions underlying Cox et al. (2025) and Goff
and Mbakop (2025) implicitly restrict the ranks of both Ay(P) and A;(P).

Assumptions 4.1 and 4.2 are instrumental in obtaining an asymptotic expansion for our test statistic.
In particular, letting A(Jg(P) denote the Moore-Penrose pseudoinverse of Ag(P), we will show that for every

1 <j<d;+1 the vector \/H(ZA);”MOTL —b;(P)' My(P)) is asymptotically linear with influence function

¢i(Zi, P) i= Mo(P);(Zs, P) = Mo(P)¥(Z;, P)A{(P)b;(P) — A{(P)'U(Z;, PY My(P)b;(P) . (27)

Our third assumption imposes moment restrictions on the influence function §;(Z, P).

Assumption 4.3. There is a constant K¢ < oo not depending on p such that the following holds:

sup sup max Ep[|&(Zi, P)yl’]Y? < K.
PEP ||y], <1 1<iSdi+1 [l ]( i P) |] 3

Assumption 4.3 ensures that we are able to couple an influence function for our test statistic to a Gaussian
random variable uniformly in P € P. The requirement of Assumption 4.3 is satisfied, for example, if the

third moments of the entries of £;(Z, P) are uniformly bounded across 1 < j <d; +1 and P € P.

Our fourth assumption ensures that the inequalities not examined by our test statistic (i.e., those in

(J*)¢) are indeed positive when evaluated at a 3)7(11) not equal to zero, as required by the characterization of

the null hypothesis in (22). We describe methods to construct such a ;97(11) in Section 4.3 below.

Assumption 4.4. For Y(P;J*) = {y € RP: |ly[|y < 1 and b};(P)My(P)y > 0 for all j € (J*)°}, we have

lim inf P{{g) e y(P;J)}uU{g” =01} =1.

n—oo PEPy

Assumptions 4.4 automatically holds, for instance, for the direct method which either sets J* to equal J
(so (J*)¢ is empty) or (J*)¢ to only contains coordinates j for which b’ My(P) is known. In this case, gt
can be chosen to belong to Y (P; J*) with probability one for any n;, and our asymptotics only require that
ng — o0o. In contrast, the screening method intuitively conducts a pre-test in the first fold to ensure that

gﬁf) € Y(P; J*) with high probability. In this case, our asymptotics therefore require ny — oo in order for

Assumption 4.4 to be satisfied. We also note that Assumption 4.4 allows gjy(f) to equal zero when it does

not belong to Y(P;J*). This flexibility is important because our test never rejects when 3}7(11) is zero (since
then T,, = 0; see (23)). Therefore, setting gj%l) = 0 allows us to decide not to reject after examining the first

sample split — e.g., if we fail to reject in the screening method pre-test.

We now turn to the construction of the standard error 6, ,(y) employed in the construction of our test

statistic. To this end, we let vec denote the vec-operator and ® denote the Kronecker product (see, for

13



instance, Chapter 2 of Magnus and Neudecker, 2019). We further define the asymptotic covariance matrix

Vi(P) 1= Varp [ (vec\I/(Zi,P)> ]

©;(Zi, P)

for our estimator AO,n and Bj’n and let an denote an estimator for V;(P). For each fixed y € RP and
1 <j <di+1, we apply the Delta method to the function (A¢(P),b;(P)) — b;(P) My(P)y to obtain the

asymptotic variance of the estimator lAJ;-’nMo,ny. Accordingly, defining the gradient

Di(Piy) = —(AS(P)Z/ ® Mo(P)b;(P) + Af(P)b;(P) ® MO(P)y>
o Mo(P)y ’

it is possible to show that the asymptotic variance of I;;-ynMomy equals a?(P; y) = D;(P;y)'V;(P)D;(P;y).
By analogy, for Agn the Moore-Penrose pseudoinverse of Ao,m we estimate D;(P;y) by setting

~ N (A(Jg,ny ® Mo nbjn + Ag,ni)jfﬂ ® Mo,ny)
Dj,n(y) = I y .
0,n

As an estimator for the asymptotic variance we then set 67, (y) = (Djin(y)' Vi Djn(y))Va? for 1 < j < di+1,
where, as previously discussed in Remark 4.1, ¢ > 0 is a small positive constant which we include to address

potential (near) degeneracies in O’? (P;y).
Our fifth assumption imposes that our estimator f/}n is suitably uniformly consistent.

Assumption 4.5. |V, — V;(P)|l2.2 = oP(KQ_;) uniformly in Pe€ P and 1 <j <dj + 1.

Assumption 4.5 enables us to show that the standard errors &;,(y) are suitably uniformly consistent in

both P € P and 1 < j < dj + 1. It requires that an converge to V;(P) at a rate faster than K2

3 p» Where

K, depends on p and is specified in Assumption 4.2(c). We state Assumption 4.5 as a high level condition
because the structure of V;(P) is dictated by the influence functions of our estimators (as introduced in
Assumption 4.1). In applications for which our estimators are sample means, and hence V]n are sample
covariance matrices, sufficient conditions for Assumption 4.5 are readily available from the literature; see,
e.g., Chapter 6 in Wainwright (2019).

Our final assumption imposes conditions on the rates of convergence of our moment and error bounds.

Assumption 4.6. The following rate restrictions hold as n — oo:

(a) Kap(KopV Kip)log(l+p) =o(vn2).
(b) Ei(Ko,p V K1 ) log(1 4 p) = o(na).
(¢) K2pan, =o(yn2).

In Remark 4.3 below, we discuss high-level sufficient conditions which guarantee Assumption 4.6 holds,

as well as how these conditions differ when Ag(P) needs to be estimated versus when it is known (or does not
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exist). At this point we emphasize, however, that Assumptions 4.6 are automatically satisfied in asymptotic
regimes in which p and d; are fixed. Moreover, we note that Assumption 4.6 only restricts the dimension d;
through Assumptions 4.1 and 4.2(c), which impose that the linearization error, the second moment of the
influence function ¢;(Z, P), and the norm of ||b;(P)||2 be bounded uniformly in 1 < j < d;. If these bounds
do not grow with d;, then Assumption 4.6 in fact leaves the dimension d; unrestricted. As we discuss in
the next section, however, certain approaches for selecting g},(}) may impose restrictions on the dimension d;

relative to the sample size in the first split {Z;}icr, ;-
Our next, main, result establishes that our proposed test is uniformly consistent in level over Py.

Theorem 4.1. Suppose Assumptions 4.1—4.6 hold. Then, for any a < 0.5 it follows that

limsup sup Ep[d,] < a.
n—oo PEP,
Remark 4.3. While the constants specified by Assumptions 4.1 and 4.2 are application specific, in many
instances we can expect the bounds Ko, V K1), S p, K2, V3, < /P, and a, S p (or a, = 0) to hold. Under
these conditions, Assumption 4.6 holds provided that p® = o(n2) (up to logs), while Assumption 4.5 can also
be shown to hold when p? = o(nz) (up to logs) under suitable moment restrictions. These rates simplify
when the matrix Ag(P) does not exist or does not depend on P. In this case, an inspection of the proof of
Theorem 4.1 reveals that Assumptions 4.6(a)(b) are no longer needed, Assumption 4.6(c) can be weakened
to an, = o(y/nz), and Assumption 4.5 can be weakened by replacing K3, with one. Thus, when Ay(P)
does not exist or is known, Theorem 4.1 requires p = o(n2) and a,, = o(y/nz), with the latter requirement

automatically holding when there is no linearization error or being implied by p? = o(n2) when a, <p. ®

4.3 Procedure for selecting 7),(11)

In this section we describe a procedure for selecting g),(f) that satisfies Assumption 4.4. Given suitable

estimators lAngr)L and Mélg, we select g)ﬁll) as the solution to the following optimization problem:
S (1) ys 1y (1
~(1) . vm(b;-’g)’Mé’gy
g, € argmax min ————
lylli<1 7€ Wjn (28)

subject to \/E(Bﬁi)’Mél)

n

y > W, forall je(J)°,

where @; , > 0 are positive scaling parameters that we specify below. If the optimization problem in (28)
is found to be infeasible, then we set g)g) = 0. In Appendix A, we explain how this optimization problem
can be re-formulated as a linear program. Note that the specific choice of @, ,, for j € J* will not affect the
validity of the procedure, although these should be carefully selected to ensure the test has good power; see
the discussion following Lemma 4.1 for details. In contrast, as we demonstrate in Lemma 4.1, the choice of
Wj for j € (J*)¢ is relevant for the screening method. In the case of the direct method, that is, when (J*)°
contains only those j for which b;(P) My (P) is known, the specific choice of &; , for j € (J*)¢ is immaterial
in practice: we can simply set the constraints in (28) to ensure that b;(P)"My(P)y is strictly positive for

every j € (J*)°.
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Lemma 4.1. Let g}(}) be defined as in (28) and &j, > 0 for all j € J. Then, the following statements hold:

(a) Suppose that b;(P) My(P) is known for all j € (J*)°. Then, it follows that Assumption 4.4 holds.

(b) Suppose Assumptions 4.1, 4.2, 4.8 and 4.6 hold, K; ,(Kop V K1 p)log(1 —|—p)al}/3 = o(np*?), and
max e (e {(pd1)"/3/@;,} = op(1) uniformly in P € P. Then, it follows that Assumption 4./ holds.

(c) Suppose Assumptions 4.1, 4.2, 4.3 and 4.6 hold, and that the following moment restrictions hold

E (Z. P2 | <C? E (Z. P2 <C? . 2
sup Bp 1§?ga}l>l<+1llé}( Pl <Cep sup Bp 1352%’1‘“”%( Pz <C5, (29)

If pC2 , log?(p + d1) (Ko, V K1) = o(n) and maxe(y+ye{Ce pr/10g(p + d1)/@jn} = op(1) uniformly
in P € P, then it follows that Assumption 4./ holds.

Part (a) of Lemma 4.1 formally states that for the direct method, the sole constraint on the weights @; ,
is that they be positive. Parts (b) and (c) specify the requirements on the weights @, ,, when the coordinates
J € (J*)° may be such that b;(P)'My(P) depends on P, as in the screening method. In particular part (b)
shows that Assumption 4.4 is satisfied under rate restrictions on the growth of d; and that @, ,, diverge to
infinity faster than (pd;)'/3. As we show in part (c), however, these restrictions can be considerably weakened
provided we strengthen our moment conditions by assuming that (29) holds. Under such a requirement, part

(c) weakens the rate restrictions on d; and the rate at which &, ,, must diverge to be logarithmic.

Although the conditions of Lemma 4.1 are satisfied for a wide range of choices of @, ,,, careful choices of
these weights should be used to ensure that our test has good power properties. First, &; , should be selected
so that, under the alternative, (28) is feasible with probability tending to one: for this we specify @, , to
satisfy @;, = op(y/n1). Second, the weights w;,, should be selected in a way that “appropriately weights”
the degree of violation of each component. To this end, we’ve found that in simulations it works well to set
D = - 630
asymptotic standard deviation of \/n; (5§17)L)’ Mo’ny evaluated at o ,. To maintain the linear structure of the

(9o,n) for some sequence ¢, diverging to infinity and 6j(1,2(y) our (truncated) estimate of the

optimization problem, we employ a preliminary direction g , computed by solving the linear program
S ; RONSVAS
Yo,n € argmax min v ( ]'771) 0.nY
lyli<1 9€7 (30)
subject to \/nl(ls(}%)’M(l)y >0 forall j e (J)°.

g 0,n

With regards to the sequence c,, we have found that the following choices work well in practice: in a

low dimensional regime where p and dy could be considered fixed, we set ¢, = 4/log(log(n1)); in a high

dimensional regime where p or d; diverges with sample size, we set ¢, = \/log(log(log(n1))) x log(p + d1).

Remark 4.4. In the case of the direct method, in which b;(P)" My(P) is known for all j € (J*)¢, it is
straightforward to verify that Assumption 4.4 is in fact satisfied for any gﬁ}’ such that

\/nl(lA);l,)l)’Mo(l,zy > for all j € (J*)°
for some 1 > 0, not just gjsll) defined in (28) and discussed in Lemma 4.1. ®
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5 Simulations

In this section, we illustrate the finite-sample performance of our procedure via simulation. We consider
three distinct settings, each inspired by earlier related papers. In all designs, we examine the performance
of the direct and the screening method with nq = no = n/2. In all cases we set w; , to equal ¢, - &§},{(g0n)
for 9o, as defined in (30) and ¢,, = /log(log(log(n1))) x log(p + d1).

5.1 Cox et al. (2025)

We first consider the simple one-sided model described in Cox et al. (2025). Let C := (Ci,...Cyg)" and
X = (X1,...,Xn) be random vectors and let H > 0 index the number of inequalities to be considered.
In our notation, the design can be described as Ag(P) = v(P) = (Ep[Ci],...,Ep[Ch])’, A1(P) = 14,
B(P) = —u(P) — v0, where u(P) := (Ep[Xi],..., Ep[Xg]) and v := (1,1,0,...,0) € R”. It can be shown
that the identified set of 0 is (—o0, 0]. Under P, (C, X) are distributed according to

X ~ N(u(P), 1),
C ~ N(v(P),2Iy),

with u(P) = (-1,1,1,...,1), v(P) = (1,—-1,—1,...,—1). Accordingly, given a random sample from (X, C),

onn and l;j’n are computed by taking sample averages.

Figures 2 and 3 present the rejection probabilities from 1,000 draws for both of our proposed tests for the
null hypothesis that P € Pg at a 5% significance level, over a grid of values of § and across different choices of
dimension H and sample size n (the direct method is represented by the solid line and the screening method
by the dashed line). We see that both the direct and screening methods control size in all cases within the
identified set for 6. Outside of the identified set, the rejection probabilities for the screening method are
slightly larger than for the direct method, although the differences become negligible for large H and/or

large n.

5.2 Goff and Mbakop (2025)

We revisit a simple instance of Example 2.3 proposed by Goff and Mbakop (2025), which is loosely based
on the application in Mogstad et al. (2017) to the bed net data used by Dupas (2014). The outcome Y is a
binary indicator of using a new type of anti-malarial bed net, the treatment D is an indicator for purchasing
the bed net, and the instrument Z is a randomly-assigned price for the bed net. The context implies that
Y (0) = 0. Suppose that the instrument is binary and that there are no covariates. The researcher assumes
that E[Y(1)|U = u] = 6y + 01u + O2u? is a weakly decreasing, quadratic function of w, which must be
contained within [0, 1] because Y (1) is binary. These shape restrictions are imposed through four linear

constraints:
OSG()SL 0§00—|—91—|—02, 91SO7 and 91—|—202SO, (31)
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which imply E[Y (1)|U = u] < 1 for all u, because E[Y (1)|U = 0] = 6y < 1 and the derivative of E[Y (1)|U =
’LL} is 01 + 202 S 0.

It will be convenient to use an alternative parameterization. Set 51 = —01, § = 0y + 0, + 0>, so that

0o, 61,6 > 0. Then the constraints (31) can be simplified to
Bo+s1=1 and —20p+60; +26+ 55 =0, (32)

where s1,s82 > 0 are slack variables. The researcher matches the moments Ep[YD|Z = z] for z = 0,1,

creating the two restrictions

<p(0) _ W’) 6o + <p(0)3 - p(0)2) b, + p(%)ga — Ep[YD|Z = ]

3 3 2
<p(1)p(;)3> 6o + <p(31)3p(;)2) §1+p(%)35:Ep[YD\Z: 1. (33)

The null hypothesis of interest is Hy : Ep[Y (1)] = 79, where
! - - 2 1~ 1
Ep[Y(l)] = / 0y — O1u + ((5 — 0y + 91)u2 du = 590 — 690 + §5 (34)
0

We set 1 = (09, 01,0, 51, 52), so that the problem defined by (32)—(34) fits in the form (1) with

(0) — p<g>3 p(gf’ _ p<(2>>2 p<g>3 0 0 Ep[YD|Z =]
3 3 2 3
p(1) — 2% P pD2 M Ep|YD|Z = 1]
Ay (P) = 1 0 0 10 B(P) = 1 ;
-2 2 01 0
%3 00 E

and with both z¢ and Ag(P) null.

The simulation design is specified as P{Z = 1} = 0.5 = P{Z = 0}, p(0) = 1/3, p(1) = 2/3, Y(0) = 0,
Y (1) = 1{V < 0+ 6,U +6,U%} where V|Z,U ~ U|0,1] and (g, 601,62) = (1,—1,0.5). Given this design, the

identified set for the ATE is [0.58,0.67]. Using a random sample from (Y, D, Z), b; ,, is once again computed

using sample analogs (recall that Ag(P) does not exist given this parametrization).

Figure 4 presents the rejection probabilities from 1,000 draws for tests of the null hypothesis Hy :
E[Y(1)] = 79 at a 5% significance level, for a grid of values of 79. Both tests control size within the identified
set for all sample sizes, however, the rejection probability remains below 5% well outside of the identified
set in small samples. At all sample sizes, we find that the direct method is more conservative outside of the

identified set than the screening method in this example.
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and the solid line represents the direct method.
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5.3 Freyberger and Horowitz (2015)

Finally, we consider the model presented in Freyberger and Horowitz (2015), as described in Example 2.1.
The simulation design is specified as follows: X = {2,3,4,5,6,7} and W = {0,1}, with 7, = Pr(X =
xp, W = wy,) given by

0.20 0.15

0.10 0.12

0.06 0.07
II =

0.05 0.08

0.03 0.06

0.03 0.05

The vector g = (g(2),...,9(7)) is given by (23,17,13,11,9,8)". The instrument is distributed as Z; ~
N(0,1), independently of (X;, W;). Finally, the outcome equation is

where the error is given by
Ui = X;Z? — Ep[X;|Wi] .

The shape constraint we maintain is that the structural function g is decreasing, i.e., Sg < 0 for

0
-1 1 0 0
0
1

o o o ©
\
—

_ o o © o

0 -1

and our functional of interest is L(g) = g(2). Given this design the identified set for L(g) is [20.21,24.61].
Using a random sample from (Y, X, W, Z), /Alo,n and ZA)j,n are computed using sample analogs, using the known

value of S and c.

Figure 5 presents the rejection probabilities from 1,000 draws for tests of the null hypothesis Hy : L(g) =
Lo at a 5% significance level, for a grid of values of Lg. This design seems particularly challenging, with
the rejection probabilities outside of the identified set being highly asymmetric. One possible source for this
asymmetry is that the shape constraints are violated to the left of the identified set, but are not violated to
the right. Beyond this observation, our findings are similar to the previous two examples; both tests control
size within the identified set for all sample sizes, and we find that the direct method is more conservative

outside of the identified set than the screening method.

22



Rejection Probability

7 ey e N DT T
: PR

N A - N -

0 10 20 30 40 50 60

92

(a) n = 500

1.00 4

0.75

Rejection Probability
g

0.25

0.00
[

0.75

0.50

Rejection Probability

0.25

(¢) n = 5000

Figure 5: Freyberger and Horowitz (2015) simulation rejection curves, arranged by n. In each plot, the hypothesized
value of Lg is on the horizontal axis. The shaded region is the identified set for L(g). The dashed line represents the
screening method and the solid line represents the direct method.

23



References

ANDREWS, 1., ROTH, J. and PAKES, A. (2023). Inference for Linear Conditional Moment Inequalities. The
Review of Economic Studies, 90 2763-2791. URL https://doi.org/10.1093/restud/rdad004.

Bar, Y., SANTOS, A. and SHAIKH, A. M. (2022). On testing systems of linear inequalities with known

coefficients. Tech. rep., Working Paper.

BaJari, P., Fox, J. T. and RyaN, S. P. (2007). Linear Regression Estimation of Discrete Choice Models

with Nonparametric Distributions of Random Coefficients. American Economic Review, 97 459—-463.

BELLONI, A., CHERNOZHUKOV, V., CHETVERIKOV, D. and FERNANDEZ-VAL, I. (2019). Conditional

quantile processes based on series or many regressors. Journal of Econometrics, 213 4-29.

BERTSIMAS, D. and TSITSIKLIS, J. N. (1997). Introduction to Linear Optimization, vol. 6. Athena Scientific
Belmont, MA.

BHATIA, R. (2013). Matriz analysis, vol. 169. Springer Science & Business Media.
BocAcCHEV, V. 1. (1998). Gaussian measures. 62, American Mathematical Soc.

BOUCHERON, S., Lugosi, G. and MAassarT, P. (2013). Concentration Inequalities: A Nonasymp-
totic Theory of Independence. Oxford University Press. URL https://doi.org/10.1093/acprof:
080/9780199535255.001.0001.

BoyD, S. P. and VANDENBERGHE, L. (2004). Convex Optimization. Cambridge University Press.

BUHLMANN, P. and VAN DE GEER, S. (2011). Statistics for high-dimensional data: methods, theory and

applications. Springer Science & Business Media.

CHEN, Y. M., CHEN, X. S. and L1, W. (2016). On perturbation bounds for orthogonal projections.
Numerical Algorithms, 73 433-444.

CHoO, J., and RuUsSELL, T. M. (2024). Simple Inference on Functionals of Set-Identified Parameters
Defined by Linear Moments. Journal of Business € Economic Statistics, 42 563-578. Publisher:
ASA Website _eprint: https://doi.org/10.1080/07350015.2023.2203768, URL https://doi.org/10.1080/
07350015.2023.2203768.

Cox, G. and SHI, X. (2023). Simple Adaptive Size-Exact Testing for Full-Vector and Subvector Inference
in Moment Inequality Models. The Review of Economic Studies, 90 201-228. URL https://doi.org/
10.1093/restud/rdac015.

Cox, G. F., Sur, X. and SHIMIZU, Y. (2025). Testing Inequalities Linear in Nuisance Parameters.
ArXiv:2510.27633 [stat], URL http://arxiv.org/abs/2510.27633.

Dupas, P. (2014). Short-run subsidies and long-run adoption of new health products: Evidence from a field
experiment. Econometrica, 82 197-228. URL http://dx.doi.org/10.3982/ECTA9508.

24


https://doi.org/10.1093/restud/rdad004
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1093/acprof:oso/9780199535255.001.0001
https://doi.org/10.1080/07350015.2023.2203768
https://doi.org/10.1080/07350015.2023.2203768
https://doi.org/10.1093/restud/rdac015
https://doi.org/10.1093/restud/rdac015
http://arxiv.org/abs/2510.27633
http://dx.doi.org/10.3982/ECTA9508

FANG, Z., SANTOS, A., SHAIKH, A. M. and TORGOVITSKY, A. (2021). Inference for Large-Scale Linear
Systems with Known Coefficients. ArXiv:2009.08568 [econ], URL http://arxiv.org/abs/2009.08568.

FANG, Z., SANTOS, A., SHAIKH, A. M. and TORGOVITSKY, A. (2023). Inference for large-scale linear

systems with known coeflicients. FEconometrica, 91 299-327.

Fox, J. T., Kiv, K. 1., RyaN, S. P. and Bajari, P. (2011). A simple estimator for the distribution of

random coefficients. Quantitative Economics, 2 381-418.

FREYBERGER, J. and HorowiTz, J. L. (2015). Identification and shape restrictions in nonparametric instru-
mental variables estimation. Journal of Econometrics, 189 41-53. URL https://www.sciencedirect.

com/science/article/pii/S0304407615001918.

GAFAROV, B. (2025). Simple subvector inference on sharp identified set in affine models. Journal of
Econometrics, 249 105952.

GASPARIN, M., WANG, R. and RaMDAS, A. (2025). Combining exchangeable p-values. Proceedings of the
National Academy of Sciences, 122 €2410849122.

GorF, L. and MBAKOP, E. (2025). Inference on the value of a linear program. ArXiv:2506.06776 [econ],
URL http://arxiv.org/abs/2506.06776.

Gu, J., RusseLL, T. and STRINGHAM, T. (2024). Counterfactual Identification and Latent Space Enumer-
ation in Discrete Outcome Models. 4188109.

Gu, J. and RusseLL, T. M. (2023). Partial identification in nonseparable binary response models with

endogenous regressors. Journal of Econometrics, 235 528-562.

HEckMAN, J. J. and VyTLACIL, E. (2005). Structural equations, treatment effects, and econometric policy

evaluation. Fconometrica, 73 669-738.

HIrRIART-URRUTY, J.-B. and L, H. Y. (2013). A variational approach of the rank function. TOP, 21
207-240. URL https://doi.org/10.1007/s11750-013-0283-y.

IMBENS, G. W. and ANGRIST, J. D. (1994). Identification and estimation of local average treatment effects.
Econometrica, 62 467-475.

Liu, Y. (2025). Synthetic parallel trends. arXiv preprint arXiv:2511.05870.

LUENBERGER, D. G. (1969). Optimization by vector space methods. John Wiley & Sons, Inc., New York-
London-Sydney.

MacNuUs, J. and NEUDECKER, H. (2019). Matriz Differential Calculus with Applications in Statistics and
Econometrics. Wiley Series in Probability and Statistics, Wiley.

Manski, C. F. (2007). Partial Indentification of Counterfactual Choice Probabilities. International Eco-
nomic Review, 48 1393-1410. 4542017.

25


http://arxiv.org/abs/2009.08568
https://www.sciencedirect.com/science/article/pii/S0304407615001918
https://www.sciencedirect.com/science/article/pii/S0304407615001918
http://arxiv.org/abs/2506.06776
4188109
https://doi.org/10.1007/s11750-013-0283-y
4542017

MoasTAD, M., SANTOS, A. and TORGOVITSKY, A. (2017). Using instrumental variables for inference about

policy relevant treatment parameters. NBER Working Paper.

MoasTAD, M., SANTOS, A. and TORGOVITSKY, A. (2018). Using instrumental variables for inference about

policy relevant treatment parameters. Econometrica, 86 1589-1619.

MoaGsTaD, M. and TORGOVITSKY, A. (2024). Instrumental variables with unobserved heterogeneity in
treatment effects. In Handbook of Labor Economics, vol. 5. Elsevier, 1-114. URL https://linkinghub.
elsevier.com/retrieve/pii/S1573446324000038.

PoOLLARD, D. (2002). A user’s guide to measure theoretic probability. 8, Cambridge University Press.
ROCKAFELLAR, R. T. (1970). Convex Analysis. Princeton University Press.

RomaNO, J. P. (2004). On non-parametric testing, the uniform behaviour of the t-test, and related problems.
Scandinavian Journal of Statistics, 31 567-584.

SHEA, J. and TORGOVITSKY, A. (2023). ivmte: An r package for extrapolating instrumental variable
estimates away from compliers. Observational Studies, 9 1-42. URL https://muse.jhu.edu/pub/56/
article/883476.

TEBALDI, P., TORGOVITSKY, A. and YANG, H. (2023). Nonparametric Estimates of Demand in the

California Health Insurance Exchange. FEconometrica, 91 107-146.

TROPP, J. A. (2012). User-friendly tail bounds for sums of random matrices. Foundations of computational
mathematics, 12 389—434.

VAN DER VAART, A. W. and WELLNER, J. (1996). Weak Convergence and Empirical Processes: With
Applications to Statistics. Springer Series in Statistics, Springer-Verlag, New York. URL https://www.
springer.com/gp/book/9780387946405.

VORONIN, A. (2025). Linear programming approach to partially identified econometric models.
ArXiv:2503.14940 [econ], URL http://arxiv.org/abs/2503.14940.

VyTtrAaciL, E. (2002). Independence, monotonicity, and latent index models: An equivalence result. Econo-
metrica, 70 331-341.

WAINWRIGHT, M. J. (2019). High-dimensional statistics: A non-asymptotic viewpoint, vol. 48. Cambridge

university press.
WEDIN, P.-A. (1973). Perturbation theory for pseudo-inverses. BIT Numerical Mathematics, 13 217-232.

WOOLDRIDGE, J. M. (2010). Econometric Analysis of Cross Section and Panel Data. MIT press.

26


https://linkinghub.elsevier.com/retrieve/pii/S1573446324000038
https://linkinghub.elsevier.com/retrieve/pii/S1573446324000038
https://muse.jhu.edu/pub/56/article/883476
https://muse.jhu.edu/pub/56/article/883476
https://www.springer.com/gp/book/9780387946405
https://www.springer.com/gp/book/9780387946405
http://arxiv.org/abs/2503.14940

A Details for Section 4.3

Here, we present the linear programming reformulation of (28):

max t
tyt,y~
(YN (gt — ) >t VjeJr
s.t. nl( ],n) O,n(y Yy )— Wij,ns J€
VB ME) (ot = y7) > Gy, vj € (J*)°

Lyt +1y <1
yt>0,y" >0,

where 1,, is the p x 1 vector of ones.

B Proofs of Main Results

In the rest of the appendix, for 1 < p,q < oo, let || - ||, denote the (p, g)-operator norm of a matrix. We

write a,, < b,, to denote that there exists a universal constant ¢ such that a,, < c¢b,, for all n > 1.

~

B.1 Proof of Lemma 3.1

First, note that if (Ag, A1, b) € Co, then there exists 29 € R%, z; € R% with 2; > 0 such that Agzo+ A2, =
b. By the definition of My, MyAgzg = 0, so that MyAyx; = Myb with xy > 0, which implies

Co C {(Ag, A1,b) : MyAyx1 = Myb for some x; € R4 2 > 0}.

For the reverse inclusion, suppose there exists a solution Z; > 0 to the equation MyAi1Z; = Myb. By
definition of My, we may write MyA1%Z, = A1Z1 — Iy A1Z1, where Il is the projection onto the column space
of Ag. Next use that IlgA1%; = AgZg for some &g € R% by definition of IIy and note that, similarly, we can
write Mob = b — IIghb = b — Agb for some b € R% . Therefore we obtain that

Ag(b— Fo) + A1 =0,

which implies {(Ag, A1,b) : MyA1x1 = Myb for some z1 € R4, x; > 0} C Cy, as desired. B

B.2 Proof of Theorem 3.1
First note that Lemma C.1 establishes that cl(Cy) N (CRP)¢ C Cy, which allows us to conclude that

CI(C()) - CQ U CRP, (35)



To establish the reverse inclusion, i.e. Co U CRP C cl(Cy), we begin by defining the set CNF to be given by
CNP .= {(Ag, A1,b) € RP*D0 5 RPXD 5 RP : {MyA 2, : 21 > 0} is not a pointed cone} . (36)
Since Cy N (CNP)¢ C Cy by Lemma C.3, and CNF U CRP C ¢l(Cy) by Lemmas C.2 and C.4, we obtain
CoUCREP = (Con (CNF)) U (Co N CNP) U CRP C cl(Cy),

which together with (35) establishes the claim of the theorem. B

B.3 Proof of Theorem 4.1

In what follows, it will be helpful to decompose the test statistic T,, into the following two components:

(VRGN — by (PY Mo(P)3RY)  righ (P Mo(P)ih”
Tn = mig O 5@ G : (37)
! G jn(Gn") ()
= G (9))
Next, note Assumption 4.4 and g, ) implying that T,, = 0 and hence 1{T}, > z1_,} = 0 yield that
sup P{T, > z1_4} = sup P{Tn > 21 o and g € Y(P; J*) U {0}} +0o(1)

PePy PePy

= sup P{Tn > 21 and 5V € Y(P; J*)} o(1) . (38)
PePy

Moreover, note that for any P € Py, the event yn € Y(P; J*) implies that b;, (P)’M()(P)gjgll) < 0 for some
ky € J* depending on g A( ) and P (though we leave the dependence implicit to avoid notational clutter). In

particular, we obtain from the decomposition in (37) that we must have

1 {Tn > 21 q and 50 € Y(P; J*)} <1 {G(2 (5D) > 21_o and ) € Y(P; J*)} . (39)

7L 7n

Next, note that result (39) together with § i and ki, being functions of only the first split {Z;}icr, , and
therefore being independent of G,(cn(y) for any k € J* and y € Y(P; J*) we can conclude that

sup P {Tn > 21 and 3 € Y(P; J*)}

PePy
< sup Bp [P{CP (49) > 21a[{Zibier,, } - 13 € (P}
PcP, n
< sup Ep |max sup {@,ﬁi(y) > 2l {Zi}ie[n’l} . 1{3}&1) eY(P;J")}
PcPy keJ* yey(P;J) ’

< sup max sup {G,(fzb(y) > Zl—a} ; (40)
PeP, keJ* ’ljey(P J* ’
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where in the final inequality we used the bound 1{;)5}) € Y(P;J*)} <1 and again used that G,(le(y) is
independent of the first split {Z; }icr, ;-

We next aim to apply Lemma C.8 to show G,(le(y) —G,SL(P; y) converges in probability to zero uniformly,

where

1 Y'&(Zi, P)

Gin(Piy) = YOR
" NG ;,;2 (0;(P5y) Vo)
To verify the conditions of Lemma C.8 note Assumption 4.3 and Jensen’s inequality imply Varp[y'¢;(Z, P)]
is bounded uniformly in P € P and 1 < j < d; 4+ 1. Also note Assumptions 4.6(a)(b) imply (K ,K3 ,V
52)(Kop V K1,p)log(1+p) = o(n) (for p > 2) and Assumptions 4.6(a)(b)(c) imply (Kll’/szgp V &p)an, = o(n).
By Assumptions 4.1, 4.2, and 4.5 we may therefore apply Lemma C.8, which together with Assumption 4.6
implies

lim sup su max  su P{‘G(z) —GgW¥ P; ‘ > e} =0
n2—>oop Perlz’ 1<j<di+1 HyHlI;l k’n(y) k’n< y)

for any € > 0. Hence, since Y(P;J*) C {y € R? : ||y||1 < 1} by definition, we obtain for any € > 0 that
limsup sup max sup P {fo;(y) > zl,a} <limsup sup max sup P {G;f;(y) > 21 — e}.
na—so0 PEP KET* yey(PyJ+) ' na—oc PEP KET yey(Pig+) '
(41)
Next set 1, (0) := (K¢/d V 1)3log(ns)/\/n2 and note that for any €, > 0 such that 21—, — € — 3§/a > 0,

Lemma C.14 implies that there is a universal C' < oo and standard normal Z such that

limsup sup max sup P {G,(CQL(QL/) > 21 a — e}
na—oo PEPo kE€J™ yey(piJ+)

<limsup sup max sup {(1—P{o;(P;y)Z < (z1—a —€)(0;(P;y) Vo) —3}) + Cnp,(6)}
nz—o0 PePg 1Sj<dit1 llylla<1

SP{Z>21,Q—E—§}, (42)

where in the final inequality we used that z1_o —€—36/c > 0 and 0;(P;y) < 0;(P;y) V. Since €, > 0 are
arbitrary and P{Z > z1_,} = «, the claim of the theorem follows from results (38), (40), (41), and (42). m

B.4 Proof of Lemma 4.1

PROOF. Part (a) of the lemma is immediate from the definition of Y(P; J*).

To establish parts (b) and (c) we first establish a number of preliminary steps that are common to both

arguments. First define the event &, on which the optimization problem in (28) is feasible by setting

En = {There is y € RP s.t. |ly]s <1 and \/nl(lA);-}BL)’Mé’l)y > w;p forall j e (J*)°}. (43)

n

Further define the positive scalar ¢,, := min;¢(j+)c ©j, and set A, (P) to equal the maximal deviation

An(P):= max  sup |y/ag((08)) My — b;(P) Mo(P)y)| . (44)

1SjSditl jly), <1
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~(1)

Next, note that since g, ° = 0 whenever the event £ occurs we obtain from the definition of ¢,, that

inf P{A(1)20}> f P Z c &

PEPU::)I)I(lP;J*):(Z) Yn PcP, JIJI(IP J*)= {{ }’eIn 1 n}
> inf BNy < b, for all [lylly <1} > inf P{AL(P) <t,} (45
= pepyy(Pi)=0 {jg?;? V(b)) Mgy <t for all [yl < 1 > inf P{AL(P) <t} (45)

where the final inequality follows from the definition of A, (P) and the fact that Y(P;J*) being empty
implies that for every y with |ly[l1 < 1 there is a j € (J*)¢ for which b;(P)' My(P)y < 0. Moreover, since
0 ¢ Y(P;J*) and the event £¢ implies that g (M = 0 we obtain by definition of Y(P; J*) that

in
PeEPo:Y(P;J*)#£0 PePy JE(JI*)e

P{a0 e ¥(P;J")} = in P{ min_/arh; (P) Mo(P)3" > 0 and {Zi}ier, , € 5n}

> g
> IgrelfPP {tn > Ay (P) and {Z;}icr, , € €n}, (46)

where the inequality follows from {Z;}icr, , € &, implying that \/n 1(b 1)) Mé Vi > W) for all j € (J*)°

n —

and the definitions of ¢,, and A, (P). Furthermore, also note that since the event £ implies y,(1 ) = 0 we have
it P{V =0} > £ P{ty>An(P) and {Ziier,, € £5} . 47
PePo:lllfr(lP;J*)7é® Y PEPy: Jlir(lP J*)£0 { (P) and {Z:}ier,, "} (47)

Results (45), (46), and (47) and the events § ) € Y(P;J*) and ¢ 55Y = 0 being mutually exclusive yield

in P{{y<1 e Y(P; J*) U [V —0}} > inf P{t, > An(P)}. (48)

Parts (b) and (c) of the lemma therefore follow from (48) provided that we can show that

lim inf P{t, > A,(P)} =1 (49)

n—oo PecP

In particular, part (b) follows by noting that Lemma C.15(a) implies A, (P) = Op((pdy)'/?) uniformly
in P € P and therefore the assumption max;ec(s)-{(pd1)'/3/@;,,} = op(1) uniformly in P € P implies
(49). Similarly, part (c) follows from Lemma C.15(b) implying A, (P) = Op(Cg¢ p+/log(p + d1)) uniformly
in P € P, which together with max;¢(«)c{C¢ p+/log(p + d1)/@jn} = op(1) uniformly in P € P yields (49).
|

C Auxiliary Lemmas

C.1 Lemmas for Section 3

The following lemmas are employed in the proof of Theorem 3.1. In what follows we let ||(Ao, A1, b)]lsup
denote the largest absolute value of the entries of the triple (Ag, A1,b), and Co, CEP, Cp, and CNF be as
defined in (16), (18), (17), and (36) respectively.
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Lemma C.1. cl(Cy) N (CRP)c C Cy.

PrOOF. Fix some triple (Ag, A1,b) € cl(Cp) N (CRP). Since this triple lies in the closure of Cy, there
exists a sequence of triples {(Aon, A1n, bn)}n>1 € Co which converges to it. Let My, denote the annihilator
matrix for Ag,. Because (Ao, A1,b) € (CRP)¢, we have rank(Ag) = dy. Since the rank function is lower-
semicontinuous (see equation (4) in Hiriart-Urruty and Le, 2013), it follows that rank(A,) = dy for n large
enough and thus Mo, = I — Ao, (Ap,, Aon) L Ap,,, which implies Mo, — Mo.

Let c1,...,cq, denote the columns of MyA; and similarly set ¢, 1, ..., ¢4, n to be the columns of My, A1,.
Since (Aon, Ain,bn) € Co, Lemma 3.1 and Farkas’ lemma imply that for each fixed y € RP, either there
exists a 1 < j(n) < dj such that c;,j(n)y < 0 or b),My,y > 0. If for all n large enough b/, Mo,y > 0,
then (Mo, b,) — (Mp,b) implies that b’ Myy > 0 by continuity. Otherwise, since d; is finite, there exists
1 < j* < d; and a subsequence (indexed by ny) along which j(ng) = j*; that is, ¢, ..y < 0 for all k. Tt

NksJ
/
Nk,J

obtain by the definition of Cq in (17) that (Ao, A;,b) € Co, as desired. B

then follows by continuity again that c,, j« — c;«, and thus ¢, ..y — c;-*y < 0. Since y was arbitrary, we

Lemma C.2. CRP C cl(Cy).

PROOF. Fix some triple (Ag, A1,b) € CRP. To establish the result, we construct a new triple (A§, A1,b) €
Co such that ||(A§, A1,0) — (Ao, A1,0)|lsup < ||b]|cc€ for any € > 0. Let v; for 1 < j < dy denote the
columns of Ay. Since (Ag, A1,b) € CRP there exists scalars Aj for 1 < j < dp, not all zero, such that
Di<j<d, AV = 0. Assume Ay # 0 without loss of generality and define Af as the matrix with columns

given by vy + be, va, ..., v4,. Letting xg = (1/€, A2/(A1€), ..., Aa/(M1€)) and 21 = 0, it is immediate that
Ajro+ A1 =0,

which implies (A§, A1,b) € Cy. Moreover, by construction, ||(Ag, A1,b) — (A§, A1,b)|lsup < ||blloc€. Since
€ > 0 is arbitrary, we conclude that CRP C cl(Cy). m

Lemma C.3. Co n (CNP)C - CQ.

PROOF. Suppose (Ag, A1,b) € CoN(CNP)¢ and let cy, ..., cq, denote the columns of MyA;. Since the triple
(Ag, Ay, b) € Cy, it follows that for all y € RP, if ciy >0 for 1 < j < dj, then b’ Moy > 0. Moreover, since
(Ag, Ay, b) € (CNP)¢ implies the cone K := {MyA;z; : x; > 0} is pointed, we can apply Lemma C.5 to
conclude that for all y € RP, if c;-y >0 for all 1 < j < dy, then b Myy > 0. It then follows from Farkas’
lemma and Lemma 3.1 that (Ag, A1,b) € Cy as desired. B

Lemma C.4. CN? C cl(Cy).
PRrOOF. Fix some triple (4o, A1,b) € CNF. We will construct a new triple (Ag, AS,b) € Cp such that
(Ao, A, b) — (Ao, A1,b)||sup < ||Mob||sc€ for any e > 0. To this end, note that since (Ag, A;,b) € CNP

implies { My Ajx1 : 1 > 0} is not pointed, it follows that there is a z # 0 such that z = MyA1z1 = —MyA124

for some x1,%; > 0. In particular, letting ¢, ..., cq, denote the columns of MyA;, we conclude that there
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are scalars A; > 0 for 1 < j < dy, not all zero, such that Z1§j§d1 Ajc; = 0. Assume A; > 0 without loss of
generality and define A = IIpA; + (¢1 + eMpb, ca, ..., cq, ), where recall Iy denotes the projection matrix

onto the column space of Ag. Letting &1y = (1/€, Aa/(A1€), ..., Aa/(A1€))” we then obtain by direct calculation
—IgA121 + IIgb+ Aj21 =0

and [|(Ao, A5, b) — (Ao, A1, 0)|lsup < || Mob||sce. Further note —IIgA;1#1 +Ilpb = Agio for some Zo. Therefore,

smce rp =~ construction, 1t rollows a S . ecause € 1S arpitrar e result follows. W
ince #; > 0 by construction, it follows that (Ag, AS,b) € Co. B is arbitrary, th 1t foll

Lemma C.5. Let A be a p x d matriz, b be a p X 1 vector, and a1, ...,aq denote the columns of A. Suppose
the cone K = {Ax : © > 0} is pointed (meaning K N (—K) = {0}). Then, the following are equivalent:

(a) For ally € RP, if aly >0 for 1 < j < d, then b'y > 0.
(b) For ally € RP, if afy >0 for 1 <j <d, then b'y > 0.

PROOF. It is clear that if statement (a) is true, then (b) must be true as well. To show (b) implies (a), note
that K is a nonempty closed convex cone, where closedness follows from Corollary 2.5 and Theorem 4.9 in
Bertsimas and Tsitsiklis (1997). Because K is finitely-generated, its dual cone K* satisfies K* = {y € RP :
ajy > 0 for 1 < j < d}. Similarly, Lemma C.6(a) implies the interior of K* equals K = {y € R? : ajy >
0 for 1 < j < d}. Moreover, since K is pointed, Lemma C.6(c) further implies that K} # (), which together
with Lemma 6.3 in Rockafellar (1970) allows us to conclude that cl(K}) = K*. Hence, since part (a) states
by > 0 for all y € K* and part (b) states b’y > 0 for all y € K, the fact that part (b) implies part (a)
follows from continuity of y — b’y and cl(K}) = K*. &

Lemma C.6. Let K # {0} be a nonempty closed conver cone in R* and recall that its dual cone K* is
defined to be K* := {y € R¥ : y/x > 0 for all x € K}. Then, it follows that:

a e interior o, relative to equals =we yx >0 forall x € .
The jor of K* relati R* ls K RF : g 0 for all K\A{0
(b) K** = K for K** the dual cone of K*.

(c) K is pointed if and only if K} # 0.

PROOF. The claims of the lemma are contained in Exercise 2.31 in Boyd and Vandenberghe (2004) but we

include a proof for completeness and correct a mistake in the statement.

To show (a), fix a y € K}

0

so that ¢’z > 0 for all x € K\ {0}. Then, y’z > 0 forallz € KN {x €
R* : ||lz|| = 1}. The function = + 3’z is continuous and attains its minimum in K N {z € R* : ||z| = 1}
because the set is compact. Denote the minimum by m,. Then, for all ||u|| < my/2, (y + )’z > 0 for all
r € KN{x € R*: ||z| = 1}, and therefore (y +u)’x > 0 for all # € K. Therefore, the ball about y of radius
my /2 is contained in K*, which implies K is contained in the interior of K*. For the converse direction,
suppose y € K* and y'z = 0 for some z € K \ {0}. Pick u such that v’z < 0, which is possible because
x # 0. For such a u, (y + eu)'z < 0, which implies y + eu ¢ K* for any € > 0. It follows that y is not in the

interior of K* and therefore that the interior of K* is contained in K, which establishes part (a).

Part (b) follows from Theorem 14.1 in Rockafellar (1970).
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To show (c), we prove its contrapositive: K is not pointed if and only if K* = ). First suppose K is not
pointed. Then, there exists 0 # € K N(—K), which implies z € K and —z € K. Since there cannot exist a
y such that y'z > 0 and y'(—x) > 0, it follows that K} = ). For the converse direction, suppose K* = (). By
part (a), it then follows that K* is a convex cone with empty interior relative to R*. Therefore, K* must be
contained in a proper subspace of R¥, which implies there is a 0 # z € R* such that 2’y = 0 for all y € K*.
In particular, we must then have (—z)’y = 0 for all y € K*, so both z and —z lie in K**, which implies K**
is not pointed and, by part (b), that K is not pointed either. B

Lemma C.7. Let ¥ be a k x k symmetric positive semi-definite matriz and p, — p € RF as n — oo.

Further suppose i, — p € range(X) for all n. Then, TV(N (tin, ), N(i, X)) = 0 as n — oo.

PrOOF. Let H denote the Cameron-Martin space of v := N(u,X), and note that by Lemma 2.4.1 in
Bogachev (1998), H = range(X) and the Cameron-Martin norm | - ||z satisfies ||h||%, = K'STh for any h € H
and Xf the Moore-Penrose pseudoinverse of Y. By Lemma 2.4.4 in Bogachev (1998) and yu, —p € H we

then obtain

2 = 2exp{—5 (i — 1'%t — )} £ TV Gt 2, N, 5)) < 200 = exp{= (in = 1S (i = ) D2,

and therefore the claim of the lemma follows from p,, — . ®

C.2 Lemmas for Section 4

For notational simplicity, in this subsection we suppress the superscript (k) indicating sample split for all
sample objects. Further recall that for any u = (u1,...,u,) € R", we set |lull, = (32—, [us?)1/7 for
any 1 < ¢ < oo and |l = maxi<i<, ;|- In addition, for any 1 < 71,72 < oo and matrix V, set

[VIlrsre = supjy,, <1 [Vullr, and s(V) and §(V') to denote the smallest and largest singular values of V..
Lemma C.8. Suppose Assumptions 4.1 and 4.2 hold, supj,, <1 Varply'€;(Z, P)] < B < oo for all P € P,

1<j57<di+1andp>1, and that ij s such that uniformly in P € P and 1 < j <14 d; we have

Vi = Vi(P)ll22 = Op(6,) -

Further suppose that (K ,K3 ,V 52)(KopV K1 p)log(14p) = o(n) and (Kll,/;Kg’p\/gp)an = o(n), and define

- Ksp(log(1 + p)(Kop V Ki1p) + an)

(Ko V K1) log(1 +
qn:\/ﬁ,pm,p<\/ . 12)°g( p)+n>+K2p5

It then follows that uniformly in P € P, 1 <j <dj +1, and y € RP with |ly|]1 <1 we have that

V(b Mo ny = b;(P) Mo(P)y) ~ y&(Zi,P) | _ In
’ Gjun(y) Z PV VU)‘_0P<Q+03>’



PROOF. To begin, note that Lemma C.9 implies that uniformly in P € P and 1 < j < d; + 1 we have

sup. [Vl Mo, = by (PY Mo(P)y) = —= D &(Z0 Pyl = Oplr) (50)

llyll2<1

Next note that 6;,(y) > g > 0 by construction together with Lemma C.18 allow us to conclude that

1 1 1.5 2 2
sup | = - < sup 565 ,(y) — (07 (Psy) Vo)
lylhi<1 ! Gin(y) o (Piy)Val = < 203" !

1 ~ - qn
< sup =—=|Djn () VinDjn(y) — o3 (P;y)| = Op(—), 51
HyHlSl?QS' i () VinDjn(y) — o5 (P y)] e (51)

where the second inequality follows from |(x1 V ¢?) — (22 V ¢?)| < |21 — 22| for any 271,79 € R, and the final

result holds uniformly in P € P and 1 < j < dj + 1 by Lemma C.11. Moreover, note that we have
1 <,
— i(Z;,P)=0p(1 52
7 V() = 0rl) (5)
uniformly in P € P, 1 < j < d; + 1, and y € RP with [|y|; < 1 due to Markov’s inequality and the

condition supy,, <1 Varp[y'§;(Z, P)] < B < oo. Since 6;,(y) > g, results (50), (51), and (52) then allow us
to conclude uniformly in P € P, 1 < j <d; + 1, and y € R? with ||y|; < 1 that

VA Moy = b (PY Mo(P)y) 1 S~ V(2P
Gjn(y) n = (o;(Pyy) Vo)
1 1 1 n ™ n
- (&J’n(y) ~0;(P;y) Vv U)7n ZfJ(Z“P) y+ Op(i) B OP(E + 73)’ (53)

which establishes the claim of the lemma. B

Lemma C.9. Let Assumptions 4.1 and 4.2 hold, and suppose §§(K07p V K1) log(l + p)/n = o(1) and
Span/n = o(1). Then, it follows that uniformly in P € P and 1 < j <di + 1 we have

PN 1 Ky, (log(1 4 p)(Kop V Kip) + ap)
sup  [v/n(b ,,Mony—b;(P)' Mo(P)y)— —= &(Zi, P)y|=0 L : : :
ey [V Moy =0 (0) Mo v g;n ’ o v )

PROOF. Let D(Ao(P))[H] := —(Mo(P)HA}(P) + (A} (P)) H' My(P)) for any p x do matrix H and define
Sjn(P) i= Mo(P)v/n(bjn — b;(P)) + D(Ag(P))[Vn(Aon — Ao(P))]b; (P)

S5 (P) = % Zgj(zi,P) .

Next note that Lemma C.12, Assumption 4.2(a), 5, > 1, and (Ko, V K1 ,)log(1+p)/n = o(1) by hypothesis

allow us to conclude that uniformly in P € P we have

. A _ KopV Kip)log(l+p) ay
40Pzl o — Ao(P)laz + Lo — AP = O (5, (1) Eor Frzlloalep) oy 5y

n n
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Together with Assumption 4.2(b), 52(Ko,, V K1) log(14p)/n = o(1) and 5ya,/n = o(1), result (54) implies
that ||Ao(P)|l2.2]|A0n — Ao(P)|l22 + || Aon — Ao(P)|I32 < s(Ao(P))?/2 with probability tending to one
uniformly in P € P. We may therefore apply Lemma C.13(a) together with Lemma C.12 and Assumptions
4.2(b)(c) to conclude

2

PO A K. a;
sup |\/ﬁ(bgynMO’ny—bJ(P)’MO(P)y)—Sjﬁn(P)'y| = OP(ﬂ((KO’p\/Kl’p) 10g(1+p)+37/2)> (55)
yERP:[|y[2<1 Vvn n

uniformly in P € P and 1 < j < dy + 1. Furthermore, by definition of £;(Z;, P) we also have that

1,(P) = (Pl < [Mo(PYWA(Ds = by(P) = 7= 3 s(Z0 P,

+||Mo(P) (VAo — Ao(P)) . jﬁ - w(Z.P))Al(P; (P
+ HA(T)(P)'(\/E(AO,,L — A(P)) — % 3 \Il(Zi,P))/MO(P)bj(P)HQ . (56)
1<i<n

Next, note that using Lemma C.20, ||My(P)||2,2 < 1 because My(P) is a projection matrix, result (56), and
Assumptions 4.1(a) and 4.2(b)(c) we can conclude that uniformly in Pe P and 1 <j <d; +1

“”K“’) . (57)

18n(P) = §7,(P)ll2 = Op (2

The claim of the lemma therefore follows from results (55), (57), the Cauchy-Schwarz inequality and a,,/v/n =
o(1) by Assumption 4.1. ®

Lemma C.10. Suppose rank(Ao(P)) = do and V;(P) < co. Then, Varp[£;(Z;, P)'y] = o3 (P;y).
PrOOF. Using vec(ABC) = (C' ® A) vec(B), (A® B) = A’ ® B’, and the definition of D;(P;y) we obtain

§(Zi, P)y
=y Mo(P)g;(Z, P) =y Mo(P)¥(Zi, P)AL(P)b;(P) — y AL (P)W(Z;, P)' Mo (P)b,(P)
=y Mo(P)p;(Zi, P) — vec (y Mo(P)¥(Z;, P) A (P)b;(P)) — vec (b;(P) My(P)¥(Z;, P)AJ(P)y)
(P)p;(Zi, P) = {(A}(P)b;(P)) @ (y' Mo(P)) + (AN(P)y)' @ (b;(P) Mo(P))} vec(¥(Z;, P))

which establishes the claim of the lemma. ®

Lemma C.11. Suppose Assumptions 4.1 and 4.2 hold, and suppose supy,, <1 Varp[y'§;(Z, P)] < B < o0
foralPeP, 1<j<dy+1andp>1. If‘A/jm is such that uniformly in P € P and 1 < j < 1+4d; we have

Vi = Vi(P)|l2,2 = Op(3n),
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and in addition (K1 ,K3 ,V 52)(Kop V K1 p)log(1+4p) = o(n) and (Kll,/pQKZp V 3p)an, = o(n), then it follows

. A A Ko,V Ky ,)log(l+ anp,
sup [Dsn(y) VinDsn ) — o (Piy)| = Op (\/Kl,pKQ,pq/ Wop VEL)BUER) |ty pes )
yERP:y|[1<1 n n

uniformly in P € P and 1 < j <d; + 1.

PROOF. To begin the proof, first note that direct calculation yields the following decomposition
Dju(y)'VinDjnly) — Dj(P;y)'V;(P)D;(P;y)
=2D;(P;y)’ g(P)(bJ,n(y) — D;(P3y)) + Dj(P;y) (Vi — V;(P))D;(Psy)

)'Vi(P)(Dju(y) = Dj(P;y)) +2D;(P;y) (Vi = Vi(P)(Djn(y) — D;j(P3y))
) (Vi = Vi(P))(Djn(y) — Dj(P3y)) - (58)

J

—D;
+ ( y,n() D;

(P;y)
(P;y)

’

Next, let le/ %(P) denote the unique positive semi-definite square root of V;(P). Then note that (58) and

Vi(P) = \/;.1/2(P)le/2(P) imply that uniformly in P and 1 < j < dj + 1 we have

1D;jn () VinDjnly) — Dj(P;y) Vi (P)D;(P;y)|
SNV (PYDjaly) — Di(Pip)lz - (IV;/2(P) D3 (Ps )iz + IV, (PY(Dn(y) — Dy(Psy))ll2)
FVin = Vi(P)ll2.z - (105 (P;9)|3 + 150 (y) — D (P;w)I[3) - (59)

To control the terms on the right hand side (59), first use that ||a ® b2 = ||a||2 - ||b]|2 for any vectors a
and b, the triangle inequality, and the definition of D;(P;y) to obtain for any y with ||y[|; <1 that

1D;(P;9)l2 < [ Mo(P)yllz + I1AS(P)yllz - | Mo(P)b; (P)l2 + | AG(P)b; (P2 - [ Mo(P)yll2

165 (P) ]2
<12 2 h) (60)

where the final inequality follows from Lemma C.20, || My(P)]|2,2 < 1 because My (P) is a projection matrix,

and |lyll2 < |lylls < 1. Furthermore, by similar arguments we also obtain the following inequality

D51 (y) = D (Psy)ll2 < I|(Mon — Mo(P)yllz + [ (Af ) © (Mo,nbjn) = (Ao(P)Ty) ® (Mo(P)b (P))ll2
(A nbin) © (Mony) — (AN(P)Y; (P)) @ (Mo(P)y)llz . (61)

Next note that by Weyl’s perturbation inequality (see, e.g., Corollary I111.2.6 in Bhatia (2013)) we have

$*(Aon) = $*(Ao(P)) — || Af) Ao — Ao(P) Ao(P)|2,2

> 5(Ao(P)) — 2| Ao (P) — Ao(P)ll2.2 = Ao — Ao(P)II3 - (62)

In particular, since ||Ag, — Ag(P)|2.2(1V [[Ao(P)|l2.2) = op(1) uniformly in P € P by Lemma C.12,
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52(Kop V K1,)1og(1+p) = o(n), and 5,a, = o(n), it follows from (62) and Assumption 4.2(a)(b) that

—— = Op(1) (63)

uniformly in P € P. Therefore, applying Theorem 2.5 in Chen et al. (2016) and Lemma C.12 yields that

(KopV K p)log(l+p) n ai)

n . (64)

1o~ Moo = Op

uniformly in P € P. Similarly, result (63), Assumption 4.2(b), Lemma C.12, and Theorem 4.1 in Wedin
(1973) allow us to conclude that uniformly in P € P we have

. Ko,V Ki,)log(l+ an
1A}, = AY(P) 2,2 = OP(\/( op V Kup)loall+p) | —) : (65)
n n
Next, again use that |ja @ b||2 = |lal|2 - ||b]|2 for any vectors a and b, Lemma C.20, Assumption 4.2(b), and

that My, is a projection matrix to obtain that for any y with ||y[; <1 we have

IAS b ® Moy — AL(P)b;(P) @ Mo(P)yll2
< NAS ubjn — AP (P - | Monylla + | AT (P (P)l2 - [|(Mo, — Mo(P))yll

N 1 ~ ~
SNAL, — AN(P)|l2,2 - 165 (P)l2 + mnbj,n —bi(P)ll2 + 1|6 (P)|2 - | Mo, — Mo(P)||2,2 . (66)
20410,n

Furthermore, by similar arguments it also follows that for any y with ||y||s < 1 we have the upper bound

I(AD ) © (Mo.nbjn) — (AN(P)y) @ (Mo(P)b;(P))ll2
< (4§, = AN(P)yll2 - [ Mo(P)b; (P)||2 + |A] 912 - | Mo,nbjn — Mo(P)bs(P)|l2

N 1 N
< HA(T),n — AL (P22 - 165 (P)l2 + ——— (| Mo, — Mo(P)

s(Agn) 2,2+ 105 (P)ll2 + [|bjn — b (P)]|2)- (67)

Therefore, combining result (61) with the bounds in (66) and (67), and using results (63), (64), (65),
Assumption 4.2(c), and Lemma C.12 we obtain uniformly in P € P and 1 < j < d; + 1 that

sup_[1D5(0) ~ Dy(Pip)lls = Op (1o Eor VFr) B0 Ep) ey [y gy

lyll2<1 n

Next, note that vec(ABC) = (C' ® A)vec(B), (A® B) = A’ ® B’ for any comformable matrices A, B,
and C, the definitions of ﬁjn(y) and D;(P;y), and direct calculation allow us to conclude that

(D;(Psy)~Dyn(y))’ <VGCW(Z“P )>

Saj(Zivp)
= /(A — AN(P))'U(Zi, P) Mo(P)b;(P) + 4 (A} ) W(Zi, P) (Mo,nbj.n — Mo(P)b;(P))
+y (Mo, — Mo(P))U(Z;, P)AN(P)b;(P) + ' Mo W(Zi, P)(Af ,bj.n — AL (P)b;(P))
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+y (Mo(P) — Mon)p;(Zi, P) (69)

Also note that for any v € RP and u € R% it follows from |uu’

2.2 < |lu||3 and Assumption 4.1(b) that
Ep[(v'¥(Z, P)u)*] = Ep["¥(Z, P)uu'¥(Z, P)'v] < |[ul3(v'Ep[¥(Z, P)¥(Z, P)|v) < K1 |ull3llv]3. (70)

Therefore, using (69), (70), the definition of V;(P), Lemma C.19, Assumption 4.1(b), and that || My ,|l2.2 < 1
due to Mo,n being a projection matrix implies for any y € RP satisfying ||y|l1 < 1 that

IV 2(P)(D;n(y) — Dy (Piy))I3
S Kipll(AL,, — ANP)Y B2 16, ()3 + K pll(AL ) 13,2 Mo,nbsm — Mo(P)b;(P)I3
+ Ky || Mo, — Mo(P)|[3.5(1 + | AS(P)b; (P)[13) + K1 pl|Af b — AN (P)b;(P)|3 . (71)

Further note that the arguments employed in (66) and (67) imply that uniformly in P € Pand 1 < j <d;+1

T b K, KopV Kip)log(l+p)  an
[[Mo,nbjpn — Mo(P)b;(P)l|2 = Op<\/7+ Kz,p(\/( P ») log( n 7)>

n n
PN K;, KopV Kip)log(l+p an
1A = AP (Pl = Op (1 F22 4 ey [ T2 VIO VRO L) )y

Therefore, combining results (71) and (72) and using Lemma C.20 and Assumptions 4.2(b)(c) imply

1V, /2(PY(Djn(y) — Ds(Psw)) 2 = op(m&,pM Hop ¥ Kl;’;) el t0) W) m

uniformly in P € P and 1 < j < d; + 1. Finally, note that Lemma C.10 implies ||le/2(P)Dj(P;y)||§ =
Varp(y'¢;(Z, P)] for any y. Since Varply'¢;(Z, P)] is uniformly bounded in P € P, 1 < j < d; +1, and y
satisfying ||y|l1 < 1, the lemma then follows from (59), (60), Assumptions 4.2(b)(c), and results (68), (73),
and our rate conditions implying [|D;.,.(y) — Dj(P;y)|l2 V |V} (P)(D;n(y) — Dj(P;))ll2 = op(1) uniformly
inPeP,1<j<d;+1andywith [[y]; <1. m

Lemma C.12. Suppose Assumptions 4.1 and 4.2(b) hold. Then,

(a) If (Kop V Ky p)log(p+do)/n = o(1), then it follows that uniformly in P € P we have

| Ao — Ag(P)||2.2 = Op (\/(K% e + a”) )

n n
(b) Uniformly in P € P,

. Kq.(d 1 n
max by — by(P)]l2 =op< (”+> ,

1<j<d; +1 n n
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and uniformly in P € P and 1 < j <d; +1,

b Ky, an,
g — b5(P) s = Op <\/7 ) n) |

ProoOF. To establish part (a), note that the triangle inequality and Assumption 4.1(a) imply that

R 1 a
Ao — Ao(P <H— S \I/Zi,PH an
| Ao, o(P)]l2,2 < " 2 ( ) 2’2+Op< n)

uniformly in P € P. Moreover, Assumption 4.1(b) and Theorem 1.6 in Tropp (2012) yield for any ¢ > 0,

1 —t2/2
sup P H* \IJZi,PH >tV < (p+ do) ex ( > 74
Peg { 1gzzgn ( ) 2,2 } (p+ do) exp Kip/n+ Kopt/(3n) (74)

Next set t = C((Ko,p V Ki1p)log(p + do)/n)'/? for any 0 < C' < oo and note that ¢ = o(1) by hypothesis.
Therefore, for n large enough we have that K; ,/n + Ko ,t/(3n) < 2(K;,, V Ko p)/n, which yields

1/2
sup P{Hl > wz,p), = Koy V Ky p)log(p + do)) )
PeP "o S 2,2 vn

< (p+do) exp (—C: log(p + do)) = exp (— (%2 - 1) log(p + do)) (75)

for n sufficiently large. Finally, note that dy < p because of Assumption 4.2(b), which implies log(p + dp) <
2log(1 + p). Part (a) then follows from (74) and letting C' — oo in (75).

To establish part (b), we once again apply the triangle inequality and Assumption 4.1 to obtain

. Qp
e Vo =P < e [ 57 w2+ 0n(57)

Applying Lemma 2.2.2 in van der Vaart and Wellner (1996) with 1(z) = 22 we can then conclude

1 271/2 1 241/2
— (7. < — (7.
Be 7 30 @ P ] < VAT, e 2|0 3 iz P
1<i< lsisn (76)
. \/dl +1

1/2
N \Joax Eplei(Zi, P)'¢;(Zi, P)]

Therefore, Markov’s inequality, result (76), and Assumption 4.1(b), imply the bound

(dv +1)K1y
(Z; >l < LT hp
P{ 1<j a1 H vn %(Z“P)Hz - t} - t2

1<i<n

The first claim of part (b) then follows by setting t = C'\/(d1 + 1)K , for some large C' large. The second

claim of part (b) follows by similar arguments. B
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Lemma C.13. Define D(Ao(P))[H] = —(MO(P)HAE(P) + (Ag(P))’H’MO(P)) and for 1 < j <dj+1 set

Ejn(P5y) := /(b Mony — bj(P) Mo(P)y) — b;(P)' D(Ao(P)[Vn( Ao — Ao(P))]y
— Vb — b (P)) Mo(P)y .

Suppose that inf pep s(Ag(P))? > 0 and 2|\A0(P)\|2,2|\/A10,n —Ao(P)|l2,2 + ||fl07n — AO(P)H%2 < s(Ap(P))?/2
with probability approaching one uniformly in P € P. Then, it follows that

(a) With probability approaching one uniformly in P € P and 1 < j < dj + 1, it follows

Ao — Ao(P)||2,|b; (P A, — Ag(P bin —bi(P
sup |éj)n(P;y)|§ﬁH 0, of )||22,2| i ( )Ilz+\/ﬁ|| o,n — Ao(P)|2,2[1bj,n — b ( )Ilz_
yeRP:||ylla<1 s(Ao(P)) s(Ao(P))

(b) With probability approaching one uniformly in P € P,

Vil Ao — Ao(P)|3 2 maxi<j<a,+1 |0 (P)||2

sup max |€n(P;y)| S
yERP:||y||2<1 1§j§d1+1‘ ! ( )‘ §<AO(P)>2
N Vil Ao — Ao(P)ll2,2 maxi < j<dy 41 [|Bjn — b5 (P)]|2 .
s(Ao(P))

PRrROOF. For notational convenience, in the proof we suppress the dependence of Ao(P), Mo(P), and b;(P)
on P and the subscript n in AO,n and Mo,n- To show part (a), we apply the decomposition

b, Moy — b; Moy = b (Mo — Mo)y + (bjn — b;)' Moy + (bjn — b;) (Mo — M)y - (77)

Consider the first summand in (77). According to Lemma C.16, the first differential or directional
derivative of a function f : RP*% — R defined as f(Ay) = b;MOy with respect to Ag in the direction H
is b7D(Ao)[H]y. By the Mean-Value Theorem (see, e.g., Theorem 5.10 in Magnus and Neudecker (2019)),
F(Ag) — f(Ao) = b, D(Ag)[Ao — Aoy, where Ag = tAq + (1 —t)Ag for some ¢ € [0,1], so we can write

b (Mo — Mo)y = b, D(Ag)[Ag — Aqly + b (D(Ag)[Ag — Ao] — D(Ao)[Ag — Ao])y . (78)

(R)

To bound the term (R) in result (78) uniformly in P € P we decompose it into the terms

(R) = — b {Mo(Ag — Ao)A] — Mo(Ag — Ag) Al }y (R-1)
— Vi {(A}) (Ao — Ao) My — (A}) (Ao — Ao) Mo}y . (R.2)

First examining the terms (R.1), we expand it further to obtain the decomposition:

(R.1) = V(Mo — Mo)(Ag — Ag) Ady (R.1.A)
— b, Mo (Ag — Ao)(A) — Ad)y (R1.B)
+ b (Mo — Mo)(Ag — Ao)(Af — Ab)y (R.1.0) .
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Next note that the Cauchy-Schwarz inequality implies that |a’b| < ||al|2]|b||2 for any a and b. We therefore
obtain that

[(R1.A)| < |[(AD) (Ag — Ag) (Mo — Mo)bjl2 - ||yl (79)
< (AN 2,2 - (Ao = Ao)ll2,2 - | Mo — Mollz,2 - [1b5]12 - lyll= -
Similarly, we have
[(R.1.B)| < [|(A} — A}) (A — Ao) Mob;]l2 - |yl (50)
< (AL = A} ll2,2 - [1(Ao — Ag) ll2,2 - [ Moll2,2 - 1B5l2 - Iyl -
and 3 R R
(R1.0)| < [|(A] — AN (Ao — Ag) (Mo — Mo)bjllos - llylla s

< (A§ = A} ll2,2 - 1(Ao — Ag)ll2,2 - 1Mo — Mol,2 - [Ibj ]2 - |yl -

Proceeding to bound the term (R.2) in our expansion for (R), we first decompose (R.2) into the three terms

(R.2) = —bj(Af — AJ)' (Ao — Ao)' Moy (R2.4)
— B (A} (Ag — Ao)' (Mo — Mo)y (R.2.B)
+ 0 (A — ALY (Ao — A0) (Mo — M)y (R2.C) .

Using similar arguments to those employed in deriving (79), (80), and (81), we then obtain the bounds

|(R.2.4)] < [[Mo(Ao — Ao) (A — A§)bj 2 - Ilyll2

i ! (82)
< || Moll2,2 - | Ao — Aoll2,2 - |AS = Afll22 - 165112 - [yl
and ) R
|(R2.B)| < ||(Mo — Mo) (Ao — Ao)Alb;12]lylla (53
< ||Mo — Mol2,2 - || Ao — Aoll22 - [ AN ll2.2 - 16512 - Ilyll2 -
and } R
(R.2.0)| < ||(Mo — Mo)(Ag — Ao) Abbjll2lyll2 =

< AY = Aflla2 - 1 Ao — Aollz2 - 1Mo — Mola,2 - 162 - lyll2 -

Next note that by Weyl’s perturbation inequality (see, e.g., Corollary I111.2.6 in Bhatia (2013)) we have

Ao — A

§(1‘~10)2 > s(Ao)? — ||f16/~10 — ApAoll2,2 > 5(A0)* — 2||Ao]l2,2 2,2 — ||A0 - AO“%,Q ) (85)

where in the final inequality we used that ||f~10 —Apll2,2 < ||Ao — Apl|2,2 due to Ay being a convex combination
of Ag and Ao. Since, by hypothesis, 2||Ag(P)||2.2]| Ao — Aoll2.2 + | Ao — Aol|3., < 5(Ao)?/2 with probability
tending to one (uniformly in P € P) we obtain from (85) that with probability tending to one

§<AO)2 Z §(“;0)2

>0 (86)

(uniformly in P € P). In particular, result (86) implies that rank{Ay} = rank{Ag} = do with probability
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tending to one, which together with Theorem 4.1 in Wedin (1973) gives us

| AF — Abll2, 2 AN ll22 - 1 Ao — Aollz,2 = (87)

1 1 - 1 "
— |4 — A S ——||4p— A
§(A0) §(AO) || 0 0”2,2 ~ §(A0)2 H 0 0
where the final inequality holds with probability tending to one uniformly in P € P by (86). Furthermore,
Theorem 2.5 in Chen et al. (2016) and [|Ag — Ao|2.2 < || Ao — Ag||2.2 imply that

[ Mo — Mo|l2,2 < min{|| A} [l2,2, [ A} ll2,2} - [ Ao — Aoll22 S [ Ao — Aol2,2, (88)

1
5(4o)
where the final inequality holds with probability tending to one uniformly in P € Py by Lemma C.20 and
result (86). Further note that ||S||2.2 = ||S’||2,2 for any matrix S by Theorem 6.5.1 in Luenberger (1969).
Since || Mpll2.2 < 1 due to My being a projection matrix, and ||Ag — Agll2.2 < s(Ao)/v/2 with probability
tending to one uniformly in P € P by hypothesis, we can then combine the bounds in results (79), (80),
(81), (82), (83), and (84) with results (87) and (88) to conclude that

| Ao — Ao}
5(Ap)?

(R)] 5 (89)

with probability approaching one uniformly in P € P and 1 < j < d; + 1. Moreover, by similar arguments

[(bjn — b;) (Mo — Mo)y| < ||(Mo — Mo)(bjn — b;)lollyllx
||A0 Aoll2,21b5n — byll2

< || Mo — My s(Ay) ,

bjn — bill2 S

(90)

where the final inequality holds uniformly in P € P by the same arguments used in (88). Part (a) of the
lemma therefore follows from the decomposition in equations (77) and (78), and the bounds in (89) and
(90). Part (b) can be proved similarly because the with probability approaching one statement above only

depends on Ao,n and Ag(P) andnot 1 <j<d;+1. ®

Lemma C.14. Suppose Z;, 1 < i < n is an i.i.d. sequence, Z ~ N(0,1), Assumption 4.3 holds, and define
St ,.(P) = n~1/2 Y 1<i<n §(Zi, P). Then, it follows that for some universal C' < oo and any 6 >0, z € R

K 3C'log(n)
su su ma P{S* (PYy<a}—P(o;(Piy)Z<az+36) < (==v1) ——=~
swp sup e {P{S](PYy<ah = Ploy(Pi)Z <o +30) f < (Vi) =2

K, 3C'log(n)

su su ma P(oj(P;y)Z <z —36)—P{S;, (P)y<z}t<(—=Vl1
PGII;)’UER;) |\7Il)||1<1 1<g<d)1(+1{ (0]( y) - ) { 75 ( )y }} ( 1) )

n

PROOF. First note that for any y € R?, n; ;(P;y) = §;(Z;, P)'y is ani.i.d. sequence satisfying Ep[n;.;(P;y)] =
0 and Varp[n; ;(P;y)] = o7 (P;y) by Lemma C.10. Further note that Assumption 4.3 implies that

sup sup ZE Hn“ (P5y) ’ ] I\;ﬁ (91)

PEP yeRe: HUH1<1 1<]<d1+1
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Letting g;,:(P;y) ~ N(0,07(P;y)/n) and Z ~ N(0,1), next use that E[|Z[*] < 2 to conclude that

ZE| (Pl < 20 (P;y) - 2[(&3 (92)
sup sup max [lg; Y) sup sup max <
PEP yeRe: HyH1<1 Isjsditl il PeP yeRr:y|,<11<isditl /N vn'’

where in the final inequality we used that o;(P;y) = (Ep[n?,(P;y)])/? < (Ep(|n;:(P;y)*])"/® and As-
sumption 4.3. Combining results (91) and (92) and applying Lemma 39 in Belloni et al. (2019), we then
obtain that for each > 0 there exists a random variable T;(P;y) ~ N (0,03 (P;y)) satisfying

1 n
sup  sup max {’%an,i(P;y)—Tj(P;y)‘>35}
=1

PEP yeRe:||y| <1 1Si<di+l
3

3
53\F

t ) < (K§ \/1)3013;%(”), (93)

< min (2P(|Z\ > )+
>0

where the final inequality holds for some C < oo by setting ¢ = y/log(n) and using the bound P{|Z| >t} <
2exp{—t*/2}. Since S}, (P)'y = Y i<i<n M,i(P5y)/+/n, we obtain from result (93) and Strassen’s theorem
(see, e.g., Theorem 10.3.8 in Pollard (2002)) that for any 6 > 0 and any x € R we have that

K 3C'log(n)
su su max {P <zt — P{T;(P; §x+36}§(—5\/1>7
P S e {S;n(P)y < a} = P{T;(Psy) } 5 7n

K 3C'log(n)
su su max {PTP <z-—30 P <z }g(—&v1> e
Sup suwb A {T;(P;y) } = P{S;.(P)y <z} 5 7n

The claim of the lemma then follows from T;(P;y) ~ N(0, 07 2(P;y)). m
Lemma C.15. Let Assumptions 4.1, /.2, 4.3, and 4.6 hold.

(a) If K1 p(KopV Ky p)log(l er)d}/3 = O(np?/?), then it follows that uniformly in P € P:

max sup |vn(b}, Mony — b;(P) Mo(P)y)| = Op((pd1)'/?) .

1<5<d1+1 lylli<1

b) Suppose in addition that for each p > 1 there are finite constants Ce , and C., ,, satisfying the inequalities
&p P

' 2 | o2
sup B [ 16,2 P ] < 2,

E (Z,P)|3| <C2
sup B || s (ZP)E| < €2,

If pC2 , log?(p + d1)(Kop V K1) = o(n), then it follows that uniformly in P € P we have:

7! 9 7. / —
1<§Tgf+1Hjﬁgllx/ﬁ(bj,nMo,ny b;(P) Mo(P)y)| = Op(Cep\/log(p + di)) -

PROOF. We begin with some preliminary steps that apply to both claims of the lemma. For any matrices
A, H € RP*% with rank(A4) = dy define M(A) := I, — A(A’A)~1A’ where I,, denotes the p x p identity
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matrix, and set D(A)[H] :== —M(A)H(A’A)~tA" — A(A’A)" H'M(A) and the two terms

Ry jn(y) o= v/ii(bjn — b;(P) — % S i(Z, P)) Mo(P)y
=1
Rojn(y) = b; (PY D(Ao(P))[Vit(Ag.n — Ao(P Z ¥(Z,, P)] (94)

Next note that Lemma C.12(a), Assumptions 4.2(a)(b), and Assumption 4.6 imply that ||Ao(P)]2,
Ao(P)||2.2 + || Ao.n — Ao(P)|13.5 < 5(Ao(P))?/2 with probability tending to one uniformly in P € P (see also

the the arguments in (54) and (55) for additional details). We can therefore apply Lemma C.13 and use
Assumptions 4.2(b)(c) and |ly|l2 < |ly||1 to obtain that uniformly in P € P that

. Ny — bi(P) My(P ’
1<§I21}1(+1 ‘ySHuI; vl gm0y 3(PY Mo(B)y)

1 n
< max su ’— ! le,P’ su R + |R2,;
IS \/ﬁ;yfj( oI o SR (i@ R ())

+ Ko pvV/nl| Ao — Ao(P)II32 + Vil Ao — Ao(P)ll22 _max lbjn —bj(P)ll2 . (95)
1<j<di+1

Since ||My(P)yll2 < 1 for any ||y|l2 < 1 due to My(P) being a projection matrix, Assumption 4.1(a) implies

max sup |R =Op(a,//n) . 96

1<5<d1+1 Hy“zgl‘ b ( )| P( /f) ( )

Similarly, again using that My(P) is a projection matrix, and that Af(P) = (4¢(P)'Ag(P)) "1 Ag(P)’ (see,
e.g., Proposition 6.12.1 in Luenberger (1969)) we obtain uniformly in P € P that

su max |Ra ;
i 15 2 0]

R 1 n
i
< . — _ — . =
<2 max  [lb;(P)l2llvi(Aon — Ao(P)) Tn ;‘I’(ZZ7P)||2,2||A0(P)||2,2 Op(Kapan/vn) , (97)
where in the final result we employed Assumptions 4.1(a), 4.2(b)(c), and Lemma C.20. Therefore, combining
results (95), (96), and (97) together with Lemma C.12, and Assumptions 4.1(a) and 4.6 yields

max  su (b Moy — b:i(P) My(P
s s VG, () o)

n

< R /¢ . —
S <1]f§:jy@(zup)\+1§%>1<+1H > (25, P)| 1 Aom = Ao(P)l2z + 0r(1)  (98)

uniformly in P € P.

The two parts of the lemma follow from the bound in (98) and employing the different assumptions to

control the terms in the right hand side of (98). To establish part (a) let &; x(Z, P) denote the k" coordinate
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of {;(Z, P) € RP and use that sup,, <1 [¢'b] = [|b]|oc for any b € R? to obtain the upper bound

1 n
E ma, (Z;,P)|| = Ep ma. max |—— k(2 P
r 1<J<d1+1”y” % nyfj v 1<j<dy 1 15k<p \/ﬁ;@’k( i P)
47 1/3
< 13 (Zi, P)
S (pd)'? Jmax 1?;3‘2‘,, ‘ IZQk i

< d 1/3 E ZP 1/3
S (pdi) L S pll&; (2, P)y 1

where the first inequality follows from applying Lemma 2.2.2 in van der Vaart and Wellner (1996) with
(z) = 23 and the second from Lemma C.17. Hence, Assumption 4.3 and Markov’s inequality yield

= Op((pd1)"/?) . (99)

% > y'¢(Zi, P)
=1

max  sup
1<j<di+1 | 1y| <1

Moreover, Lemma C.12 together with Assumptions 4.1(a) and Assumption 4.6 yield uniformly in P € P

1<j<di1+1

1 i ~ \/Kl (d1+1)(K0 \/Kl )log(l +p)
= j ZZ7P H A niA P =0 1v P 24 P
max Hﬁ;m )|, 140, = 40(P) P< v
(100)
Part (a) of the lemma therefore follows from results (98), (99), (100), and the rate condition K; ,(Ko p V

Ki,)log(1 + p)di/® = O(np?/3).

To establish part (b) define Fp := {f : f(Z) = §1(Z,P) forsome 1 < j <d; +1and 1<k <p} and
note that Fp has envelope Fp(Z) := maxi<j<d,+1 |;(Z, P)||cc. Moreover, since |Fp| < p(1 + d1), we can
apply Theorem 2.14.1 in van der Vaart and Wellner (1996) to conclude that uniformly in P € P we have

Ep

Zysj Z;, P)

E Sjk ZlaP
1<]<d1+1 1<k<p

log(pds) - (EP[F2 1/2 < +V/log(pdi)C¢p , (101)

LIS

where the final inequality follows by definition of Fpp and C¢ . Similarly, denote the || - ||2-unit ball in R?
by B, := {u € R : |Ju|2 < 1} and define the class Gp := Udﬁ'1 G; p where for each 1 < j < dj + 1 we set
Gip ={f: f(Z) = ¢;(Z, P) for some u € Bp}. Further note that, by the Cauchy-Schwarz inequality,
Gp has envelope Gp(Z) := maxi<;<a, 11 ||¢;(Z, P)||2. Setting ||gp2 := (Ep[g?(Z)])}/? for any g € Gp and
letting Npj(e,Gp, || - | p2) denote the bracketing numbers of Gp under the norm || - | p 2, we then obtain from
Gp := Udl"_1 G; p and Theorem 2.7.11 in van der Vaart and Wellner (1996) that for any ¢ < 1 we have

Ny(EllGplpe,Gp, |- llp2) < (di+1) | max  Ny(ellGllp2, Gp, - llr2)
4 p
< (@ + DN/ B o) < @+ 1) (241) T a02)
where the final inequality follows from Lemma 14.27 in Bithlmann and Van De Geer (2011). Therefore, using
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that supy,,<; [w'b] = ||b]|2 for any b € R? and applying Theorem 2.14.2 in van der Vaart and Wellner (1996)

we can conclude from result (102) and the definition of Cy, , and Gp that

Ep

=FEp max  sup
1sisditljjuflp<1

1 < 1 &
— inPH N (Zi, P
151%%}31(““\/5;%( P)|, \/ﬁ;us%( )

1
< / \/1 +log Njj(ellGpllpa2,Gp, || - | p2)de - [|Gpllp2 S vplog(l +di)Cyp.  (103)
0

The second part of the lemma then follows from results (98), (101), (103), Markov’s inequality, Lemma C.12
and the rate condition C’;,pplogQ(p +di)(KopV Kip) =o0(n). ®

Lemma C.16. For any A € RP*% with rank(A) = dy define the function A — M(A) :=1, — A(A’A)~LA’.

Then, M : RP*do — RP*do s differentiable at A and its derivative in the direction H € RP*% equals
D(A)[H] = -M(A)H(A'A)7 A — A(A’A)*H'M(A) .
Therefore, A — b’ M (A)y is differentiable at any A with rank(A) = dy and its derivative is H — b’ D(A)[H]y.

Proor. For any invertible dy x dp matrix S, Theorem 8.3 in Magnus and Neudecker (2019) implies that
the derivative of the inverse map S ++ S~! is given by H + —S~'HS~!. Moreover, by the chain rule, the
derivative of A — A’Ais given by H — A’H + H'A. Therefore, once again applying the chain rule we obtain
that derivative of A — M(A) at any A with rank(A) = dy is given by

D(A)[H] = —H(A'A)""A' — A(AA)""H' + A(A'A)"(H'A+ AH)(A'A)' A’

= -—M(A)HAA) A — AAA)TH M(A),

as desired. The fact that the derivative of &’ M (A)y equals H — b’ D(A)[H]y follows from a second application

of the chain rule. ®

Lemma C.17. Let V;, 1 <i < n be i.i.d. random variables with E[V;] = 0 and E[|V;|?] < co. Then,

EH% 3 Viﬂ < 3456 E[|Vi|?] .

1<i<n

PRrROOF. For (a)4 = max{a,0}, it follows from Rosenthal’s inequality (see, e.g., Theorem 15.11 in Boucheron
et al. (2013)), the random variables V;, 1 <4 < n being i.i.d., and the inequality E[V;?]'/? < E[|V;|?]'/3 that

1 371/3 n 1/3
: < 211/2 13 < —1/6 1311/3 1311/3
E{(—\/ﬁ 1<§i<jnvl)+] < 6E[V? +6(—n3/2E[m| ]) < 6(1+n" VB[ Vi3 < 12E[ Vi3 . (104)

Next, note that we can apply the same arguments to —V; in place of V; to obtain the upper bound

5[( én(—m)ﬂ ST AR (105)
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For (a)- = min{a,0}, then note that for any random variable X we have E[|X|*] = E[X3 — X?] =
E[X3 4 (=X)3] . The claim of the lemma therefore follows form combining (104) and (105). m

Lemma C.18. Ifc; > 02 > 0 and ¢y > o2, then

—1/2

[} _02/|<

= ﬁ‘cl _02|~

ProOOF. Consider the function f(z) = 2~/2. For « > o2, we have |f'(z)| = 227%/% < 1(0?)7%/% = 1/(20?).
The conclusion now follows from the mean-value theorem. B

Lemma C.19. Let X € R? be random vector and suppose E[XX'] < co. Then, ||[E[XX']||2,2 < E[X'X].

PROOF. Because E[X X'] is symmetric and positive semi-definite, all its eigenvalues are non-negative and
IE[X X']||2,2 equals the largest eigenvalue of E[XX']. Using that trace{ E[XX']} equals the sum of the
eigenvalues of F[X X'], we can then conclude that ||E[X X']||22 < trace{ E[XX'|} = E[X'X]. m

Lemma C.20. Let Ay be an arbitrary p X dyg matriz of rank dy. Then, ||Ag||2,2 = H(AJ(E)IHQQ =1/s(Ap).

PROOF. The claim that [|A}|j2.2 = ||(A})||2.2 follows from Theorem 6.5.1 in Luenberger (1969). Since Ag
has rank dj it follows from Proposition 6.12.1 in Luenberger (1969) that A(T) = (A Ag) "1 Aj. Hence, we have

1
1A |22 = sup (2’ (A)A0) ™" AfAo(A)Ag) ') /% = sup (2'(AAg)'e)"/? = ——

: 106
llz)|l2<1 lella<1 s(Ao) (106)

where the first equality follows by definition of || - |22 and the final one from ||(A)Ao) 2.2 = 1/s(Ap). M
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