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Abstract

In a setting with a multi-valued outcome, treatment and instrument, this paper considers the problem
of inference for a general class of treatment effect parameters. The class of parameters considered are
those that can be expressed as the expectation of a function of the response type conditional on a
generalized principal stratum. Here, the response type simply refers to the vector of potential outcomes
and potential treatments, and a generalized principal stratum is a set of possible values for the response
type. In addition to instrument exogeneity, the main substantive restriction imposed rules out certain
values for the response types in the sense that they are assumed to occur with probability zero. It
is shown through a series of examples that this framework includes a wide variety of parameters and
assumptions that have been considered in the previous literature. A key result in our analysis is a
characterization of the identified set for such parameters under these assumptions in terms of existence
of a non-negative solution to linear systems of equations with a special structure. We propose methods

for inference exploiting this special structure and recent results in Fang et al. (2023).
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1 Introduction

In a setting of a multi-valued outcome, treatment and instrument, we propose a general approach for inference
for a broad class of treatment effect parameters. The class of parameters considered are those that can be
expressed as the expectation of a function of the response type conditional on a generalized principal stratum.
Here, the response type simply refers to the vector of potential outcomes and potential treatments, and a
generalized principal stratum is a set of possible values for the response type. In this way, our framework
accommodates many parameters that have been considered previously in the literature, including both
average and distributional treatment effect parameters, such as the probability of being strictly helped and
the probability of not being hurt by the treatment. It further accommodates versions of these parameters
conditional on sets of possible values of potential treatments, such as the local average treatment effect
in Imbens and Angrist (1994) and average effects conditional on principal strata in Frangakis and Rubin
(2002), or conditional on sets of possible values of potential outcomes, such as the parameters considered in
Heckman et al. (1997) and Heckman and Smith (1998).

In addition to instrument exogeneity, the main substantive restriction imposed in our analysis is that
certain values for the response types occur with probability zero. We show through a series of examples
that our framework accommodates a wide variety of assumptions that have been considered in the previous
literature, including the following: (i) restrictions in the analysis of randomized controlled trials (RCTs) with
non-compliance considered, e.g., in Imbens and Angrist (1994); Cheng and Small (2006); (ii) generalizations
of these restrictions considered in Bai et al. (2024); (iii) revealed preference-type restrictions on response
types considered in Kirkeboen et al. (2016); Kline and Walters (2016); Heckman and Pinto (2018); and finally,
(iv) restrictions on the ordering of potential treatments or on the ordering of potential outcomes considered
in Manski (1997); Manski and Pepper (1998); Machado et al. (2019). We note that such restrictions are

typically insufficient for identification of such parameters.

A key result in our analysis is a characterization of the identified set for such parameters under these
assumptions in terms of existence of a non-negative solution to linear systems of equations with a special
structure. Using this result, we exploit results in Fang et al. (2023) to develop a test for the null hypothesis
that a pre-specified value for the parameter of interest lies in the identified set. Importantly, the resulting
test remains well behaved even in “high-dimensional” settings, meaning it is uniformly consistent in level
over a large class of distributions satisfying weak assumptions and permitting the support of the outcome,
treatment and instrument or the support of the response types to be large relative to the sample size.
Through test inversion, we may also construct confidence regions for the identified set that are uniformly

consistent in level.

For a very limited number of special cases of our general framework, other methods for inference have
been proposed in the previous literature; see, e.g., Cheng and Small (2006), Bhattacharya et al. (2008, 2012),
and Machado et al. (2019). These approaches all rely upon closed-form expressions for the identified set
for the parameter of interest, which must be computed on a case-by-case basis. Moreover, as explained
in Remark 4.1, such an approach is only computationally feasible when the support of the response types

is very small. In contrast, our approach does not rely on such expressions and remains computationally



feasible even in high-dimensional settings. Finally, we note that a by-product of our analysis is that the
bounds for the parameter of interest in Cheng and Small (2006) are not sharp; see Remark 4.2 for further
discussion. Further, as explained in Remark 4.4, the approach to inference developed in Cheng and Small
(2006) is invalid in that the resulting confidence regions may fail to cover the parameter of interest with

(approximately) the desired coverage probability even in large samples.

The remainder of the paper is organized as follows. Section 2 introduces our formal setup and notation. In
Section 3, we provide several examples of parameters and restrictions previously considered in the literature
that are nested by our framework. We present our inference method in Section 4. Proofs of all results can

be found in the Appendix.

2 Setup and Notation

Denote by Y € ) a multi-valued outcome of interest, by D € D a multi-valued endogenous regressor (i.e.,
the treatment), and by Z € Z a multi-valued instrumental variable. To rule out degenerate cases, we assume
throughout that 2 < |Y| < 00, 2 < |D| < 00, and 2 < | Z| < oo. For later use, we also define M =Y xD x Z.
Further denote by Y (d) € Y the potential outcome if D = d € D and by D(z) € D the potential treatment

if Z=2z¢€ Z. As usual, we assume that

Y=Y Y(d)I{D=d} and D= D(z)l{Z=z}. (1)

deD zEZ

Let P denote the distribution of (Y, D, Z) and @ denote the distribution of ((Y(d) : d € D), (D(z) : z €
Z),Z). For T defined by (1), we have

(V,D,Z) =T((Y(d) : d € D),(D(2) : z € Z), %) ,

and therefore P = QT~!. In our discussion below, it will be convenient to define R = (Ry, Rq), where
R,=(Y(d):de D) and Rq = (D(z) : z € Z). Following Heckman and Pinto (2018), we will refer to Ry as
the “treatment response type.” By analogy with this terminology, we will also refer to R, as the “outcome

response type” and to R as simply the “response type.”

Below we will require that @Q € Q, where Q is a class of distributions satisfying assumptions that we will
specify. Different choices of Q represent different assumptions that we impose on the distribution of potential
outcomes and potential treatments. In this sense, Q may be viewed as a model for potential outcomes and

potential treatments.

Given P and a model Q, we define the set of @ € Q that can rationalize P as
Q(P,Q) ={QeQ:P=QT '}.

We say Q is consistent with P if and only if Qo(P, Q) # (). For every model Q considered in this paper,
every Q € Q is assumed to satisfy:



Assumption 2.1 (Instrument Exogeneity). R 1 Z under Q.

Our remaining restrictions on Q will be formulated in terms of restrictions on possible values of R. These
restrictions will be expressed in terms of R C YIPl x DIZI. In Section 3, we provide several different choices
of R that have been previously considered in the literature. For a given choice of R, we will impose the

following assumption on every @ € Q:

Assumption 2.2 (Response Type Restrictions). Q{R € R} = 1.

Following Frangakis and Rubin (2002), sets of the form {Rq4 = 74} for r4 a possible value of Ry are referred
to as “principal strata.” By analogy with this terminology, we will refer to sets of the form {R € R’} for

R’ C R as “generalized principal strata.”

Finally, we define our parameters of interest. Using the notation above, the parameters we will consider

can be written as
0(Q) = Eglg(R) | R € R'] (2)

for different choices of g : R — R and R’ C R. Note that for 6(Q) in (2) to be well defined we require @ to
satisfy Q{R € R’} > 0. A wide variety of parameters can be accommodated in this way. In Section 3, we will
describe some specific parameters that have been considered previously in the literature corresponding to
different choices of g and R’, but we note that natural choices of g correspond to the effect of one treatment
versus another, i.e., g(R) = Y(d) — Y (d') for d € D and d’ € D, and the probability that one treatment
leads to a larger outcome than another treatment, i.e., g(R) = 1{Y(d) > Y (d')} for d € D and d' € D. We
further note that when R’ = R, 6(Q) defined in (2) simplifies to Eg[g(R)]. For fixed P and Q, note that
the identified set for 6(Q) under P relative to Q is given by

B(P,Q)=1{0(Q) : Q € Qo(P,Q) and Q{R e R'} >0} . (3)

©0(P, Q) is nonempty whenever there exists at least one Q € Qu(P, Q) with Q{R € R’} > 0. By con-
struction, this set is “sharp” in the sense that for any value in the set there exists @ € Qo(P, Q) with
Q{R € R'} > 0 for which 0(Q) equals the prescribed value.

3 Examples

In this section, we show how to accommodate several examples from the previous literature in our framework.
Our discussion focuses in particular on Assumption 2.1 and the specification of R in Assumption 2.2, but,
where the cited literature has emphasized specific parameters of interest, we additionally describe how those

parameters of interest can be expressed as (2) for suitable choices of g and R’.

Example 3.1 (RCT with one-sided non-compliance). Consider a multi-arm randomized controlled trial
(RCT) with noncompliance, where D = Z = {0,...,|D|—1}, Z = d denotes random assignment to treatment
d, and D(d) = d denotes that the subject would comply with assignment if assigned to treatment d. In



this example, ) satisfies Assumption 2.1 because Z is randomly assigned. Suppose non-compliance to the
assignment is one-sided in the sense that one can always take the control d = 0, but, for any other treatment
d # 0, one can only take that treatment if assigned to that treatment. This restriction can be formulated in
terms of Assumption 2.2 with R = {(y(0),...,y(|D| —1),d(0),...,d(|D| — 1)) : d(j) € {0, j} for all j € D}.
|

Example 3.2. Cheng and Small (2006) study the special case of Example 3.1 in which D = Z = {0, 1, 2}.
As explained in Example 3.1, @ satisfies Assumption 2.1 because Z is randomly assigned. Their “Mono-
tonicity I” assumption corresponds exactly to Assumption 2.2 with R defined as in Example 3.1. They
further consider imposing the restriction that Q{D(1) = 1 | D(2) = 2} = 1, i.e., subjects who would
comply with assignment to treatment 2 would also comply with assignment to treatment 1. They ar-
gue that such an assumption is plausible in contexts where the “cost” of compliance with treatment 1
is lower than treatment 2. The combination of these two restrictions can be formulated in terms of As-
sumption 2.2 with R = {(y(0),y(1),y(2),d(0),d(1),d(2)) : (d(0),d(1),d(2)) € {(0,0,0),(0,1,0),(0,1,2)}}.
In their application, Cheng and Small (2006) are particularly interested in the following parameters: (i)
EqlY (j) — Y(0) | (D(0), D(1),D(2)) = (0,1,2)] for j € {1,2}; and (ii) Q{(D(0), D(1), D(2)) = rq} for
different possible values of r4. Each of these parameters can be written as (2) for appropriate choices
of g and R’. For example, the parameter in (i) equals Eq[g(R)|R € R'] for g(R) = Y (j) — Y(0) and
R’ = {(y(0),y(1), y(2),d(0), d(1),d(2)) € R : (d(0),d(1),d(2)) = (0,1,2)}. m

Example 3.3 (Encouragement design). Consider a multi-arm RCT with noncompliance, where D = Z =
{0,...,|D| = 1}, Z = d denotes random assignment to treatment d, and D(d) = d denotes that the subject
would comply with assignment if assigned to treatment d. More generally, not necessarily in the context of
an RCT, one can interpret Z = d as random encouragement to treatment d and interpret D(d) = d as the
subject would take treatment d if encouraged to do so. In this example, @) satisfies Assumption 2.1 because
Z is randomly assigned. Bai et al. (2024) generalize the “no-defier” restriction of Imbens and Angrist (1994)
as follows:

Q{D(d) # d, D(d") = d for some d' #d} =0, (4)

i.e., there is zero probability that a subject would not take treatment d if assigned to (encouraged to take)
d but would take d if assigned (encouraged) to some other treatment d’ # d. This restriction can be
formulated in terms of Assumption 2.2 with R = {(y(0),...,y(|D| —1),d(0),...,d(|D| = 1)) : d(j) #j =
dk)#jV jkeD} 1

Example 3.4 (RCT with close substitute). Kline and Walters (2016) consider an RCT with a “close sub-
stitute” to study the effects of preschooling on educational outcomes. In their setting, D € D = {0,1,2},
where D = 0 denotes home care (no preschool), D = 2 denotes a preschool program called Head Start, and
D =1 denotes preschools other than Head Start, i.e., the close substitute. Let Z € Z = {0,1} denote an
indicator variable for an offer to attend Head Start. Assumption 2.1 holds because Z is randomly assigned.

Kline and Walters (2016) impose the restriction that

Q{D(1) =2| D(0) # D(1)} = 1. (5)



The condition in (5) states that if a family’s schooling choice changes upon receiving a Head Start offer,
then they must choose Head Start when receiving the offer. In other words, it cannot be the case that upon
receiving a Head Start offer, a family switches from no preschool to preschools other than Head Start, or the

other way around. The restriction can be formulated in terms of Assumption 2.2 with

R ={(y(0),y(1),y(2),d(0),d(1)) : (d(0),d(1)) € {(0,0),(0,2),(1,1),(1,2),(2,2)}} -

Kline and Walters (2016) show that the Wald estimand identifies a weighted combination of what they call
“sub-LATES”:

ElY | Z=1]-E[Y|Z =0

= LATE 1-— LATE
PD=21Z=1}-P{D=2]z=0)  ~&u 12+ (1= S.)SubLATE, ,

where

SubLATEys = Eo[Y(2) — V(1) | D(1) = 2, D(0) = 1]
SubLATEq, = Eo[Y(2) — Y(0) | D(1) = 2, D(0) = 0]

and S. = Q{D(1) =2,D(0) =1| D(1) = 2,D(0) # 2}. Kline and Walters (2016) establish conditions under
which optimal policy depends upon these “sub-LATEs.” Here, S, and the “sub-LATES” can all be written
as (2) for appropriate choices of g and R’. ®

Example 3.5. Kirkeboen et al. (2016) study the effects of fields of study on earnings. In their setting,
D = {0, 1,2} represent three fields of study, ordered by their (soft) admission cutoffs from the lowest to the
highest. The instrument is Z € {0,1,2}, with Z = 1 when the student crosses the (soft) admission cutoff
for field 1, Z = 2 when the student crosses the (soft) admission cutoff for field 2, and Z = 0 otherwise. The
authors assume that Z is exogenous in the sense that @) satisfies Assumption 2.1 and impose the following

monotonicity conditions:

Q{D(1) =1[D(0) =1

Q{D(2) = 2|D(0)

L, (6)
1. (7)

}
2}

The conditions in (6)—(7) require that crossing the cutoff for field 1 or 2 weakly encourages them towards

that field. They further impose the following “irrelevance” conditions:

Q{1{D(1) = 2} = L{D(0) = 2}[D(0) # 1,D(1) #1} =1, (8)
Q{I{D(2) = 1} = 1{D(0) = 1}|D(0) #2,D(2) #2} = 1. (9)

The condition in (8) states that if crossing the cutoff for field 1 does not cause the student to switch to field 1,
then it does not cause them to switch to or away from field 2. A similar interpretation applies to (9). The re-
strictions of (6)—(9) can be formulated in terms of Assumption 2.2 with R = {(y(0), y(1), y(2), d(0),d(1),d(2)) :
(d(0),d(1),d(2)) € {(0,0,0),(0,0,2),(0,1,0), (0,1,2), (1,1,1),(1,1,2),(2,1,2),(2,2,2)}}. =



Example 3.6 (Restrictions from WARP). Heckman and Pinto (2018) consider a setting in which there is
a voucher Z that subsidizes in different ways that we specify below the purchase of three different cars, that
we denote by A, B and C. They further assume that the voucher is randomly assigned, so that Assumption
2.1 holds. The treatment D corresponds to the purchase of the different cars; let D = 1 correspond to the
purchase of car A, D = 2, correspond to the purchase of car B, and by D = 3 correspond to the purchase
of car C. In this setting, Heckman and Pinto (2018) consider a series of examples in which they use the
Weak Axiom of Revealed Preference (WARP) to restrict treatment response types, each of which can be

formulated in terms of Assumption 2.2 for appropriate choice of R.

(i) In their leading example, Z = 0 corresponds to no voucher, Z = 1 corresponds to a voucher that
subsidizes the consumption of A, and Z = 2 corresponds to a voucher that subsidizes the consumption of
either B or C. WARP generates the restriction in Table IIT of Heckman and Pinto (2018), which can be
formulated in terms of Assumption 2.2 with R = {(y(0), y(1),y(2),d(0),d(1),d(2)) : (d(0),d(1),d(2)) €
{(0,0,0), (0,0,1),(0,0,2),(1,0,1),(1,1,1),(2,0,2),(2,2,2)}}.

(ii) In second example, Z = 0 corresponds to no voucher, Z = 1 corresponds to a voucher that subsidizes
the consumption of B, and Z = 2 corresponds to a voucher that subsidizes the consumption of B
or C. WARP generates the restriction in Table V of Heckman and Pinto (2018), which can be for-
mulated in terms of Assumption 2.2 with R = {(y(0),y(1),y(2),d(0),d(1),d(2)) : (d(0),d(1),d(2)) €
{(0,0,0), (0,0,2),(0,1,1),(0,1,2),(1,1,1),(2,2,2),(2,1,2)}}.

(iii) Finally, in a third example, Z = 0 corresponds to a voucher that subsidizes the consumption of C,
Z = 1 corresponds to a voucher that subsidizes the consumption of B, and Z = 2 corresponds to
a voucher that subsidizes the consumption of B or C. WARP generates the restriction in Table
VI of Heckman and Pinto (2018), which can be formulated in terms of Assumption 2.2 with R =
{(y(0), y(1),y(2), d(0), d(1), d(2)) : (d(0),d(1),d(2)) € {(0,0,0), (0, 1,1), (1, 1,1), (2.0,2), (2.1,1),
(2,1,2),(2,2,2)}}.

Heckman and Pinto (2018) provide several additional examples that also fit within our framework. W

Example 3.7 (Ordered monotonicity with known direction). Consider a setting where both the treatment
and the instrument admit a natural ordering and write D = {0,...,|D| — 1} and Z = {0,...,|Z| — 1}.
Suppose further that Z is randomly assigned, so Assumption 2.1 holds. In many applications, it is reasonable
to assume that Q{D(j) > D(k)} = 1 for any pair of values for the instrument j,k € Z with j > k. For
example, the treatment may be number of condoms purchased, the instrument may be level of subsidy
for condoms, and the restriction is that one would purchase at least as many condoms with a greater
subsidy as with a lower subsidy. This restriction can be formulated in terms of Assumption 2.2 with R =
{(y(0),...,y(|D] = 1),d(0),...,d(|D| = 1)) : d(|Z] = 1) > ... > d(0)}. =

Example 3.8 (Monotone treatment response). Consider a setting where the treatment admits a natural
ordering and write D = {0,...,|D| — 1}. Suppose further that Z is randomly assigned, so Assumption 2.1
holds. Following Manski (1997), in many applications it is reasonable to assume that Q{Y (j) > Y(k)} =1
for any pair of treatments j,k € D with j > k. For example, in Manski and Pepper (1998), the treatment



is years of schooling and the outcome is log(wage), and the restriction is that higher years of schooling

leads to (weakly) higher log(wage). This restriction can be formulated in terms of Assumption 2.2 with
R ={((0),...,y(ID| = 1),d(0),....d(|2] - 1)) : y(ID| = 1) = ... 2 y(0)}. m

Remark 3.1. Angrist and Imbens (1995) consider the monotonicity assumption of Example 3.7 but with
the direction of the monotonicity not imposed a priori, i.e., they consider the restriction that, for any pair of
values for the instrument j, k € Z, either Q{D(j) > D(k)} = 1 or Q{D(j) < D(k)} = 1. Such a restriction is
also analyzed in Vytlacil (2006) and in Heckman and Pinto (2018), where the latter paper terms it “ordered
monotonicity.” This restriction is equivalent to imposing Q{R € R,} = 1 for some 7 € II(|Z]), where
II(|Z]) is the set of all permutations of {0,...,|Z|—1} and Rr = {(y(0),...,y(|D|—1),d(0),...,d(|P|-1)) :
din(|Z| = 1)) > ... > d(w(0))}. A similar generalization can be applied to Example 3.8. In particular,
Machado et al. (2019) study such a generalization with |D| = |Z| = 2. Such examples fall outside of the

framework we consider in this paper. B

Example 3.9 (Harmless treatment). Consider a setting where Z is randomly assigned, so Assumption 2.1
holds, and there is a baseline treatment, i.e., the control, corresponding to 0 € D. In many applications, it
is reasonable to assume the remaining treatments are all harmless relative to the control. For example, in
Angrist et al. (2009), the outcome is academic performance, the control is no treatment, and the non-control
treatments are (i) providing students with academic peer-advising service; (ii) financial incentives for good
academic performance; and (iii) both (i) and (ii). It is therefore natural to assume that Q{Y (d) > Y (0)} =1
for all d € D. This restriction can be formulated in terms of Assumption 2.2 with R = {(y(0),...,y(|D| —
1),d(0),...,d(|Z| - 1)) : y(d) > y(0) for all d € D}. W

Remark 3.2. In many of the examples discussed above, Y may be an ordinal outcome. In such instances,
average treatment effects may not be interpretable; researchers may therefore consider instead the following
types of parameters: (i) Q{Y; > Yj | R € R’}, the conditional probability of benefit of treatment j versus
treatment k; (ii) Q{Y; > Y, | R € R'}, the conditional probability of no harm of treatment j versus
treatment k; or (iil) Q{Y; > Yy | R€ R’} — Q{Yx > Y; | R € R’}, the conditional relative treatment effect
of treatment j versus k. Each of these parameters can be written as (2) for appropriate choices of g. For
previous analysis of such parameters when R’ = R and |D| = 2 or 3, see Lu et al. (2018), Huang et al. (2019)
and Gabriel et al. (2024). ®

4 Inference

Let (Y;,D;, Z;),i=1,...,n~ P € P, where P is a “large” class of possible distributions for P that we will

specify below. In this section, we consider the problem of testing
Hy: P ePqyversus H : Pe P\ Py (10)
at level a € (0,1), where, for a pre-specified value of 6y,

Poz{PEP:Q(JE@o(P,Q)} . (11)



As explained further below, using such a test, we will be able to construct confidence regions for 6(Q) through

test inversion.

The key insight underlying the construction of our test is the following lemma, which provides a convenient
reformulation of Py in terms of existence of a non-negative solution to a (possibly under-determined) system
of linear equations in which the “coefficients” are known. The statement of the lemma involves the following
quantity:

BP) = ((pyar=(P) : (y.d, 2) € M), 1,0), (12)

where p,q.(P) = P{Y =y, D = d|Z = z}. Using this notation, we have the following result:

Lemma 4.1. Suppose every Q € Q satisfies Assumptions 2.1 and 2.2. Then, for B(P) defined in (12) and
a matriz A defined in the beginning of Appendiz A that depends only on R in Assumption 2.2, 6y in (11),
and the quantities g and R’ in the definition of 8(Q) in (2),

Po Ccl(Py) C{P € P: Az = 5(P) for some x >0} , (13)

where cl(Pg) denotes the closure of Py with respect to the usual topology. Furthermore, the final inclusion

in (13) is an equality whenever Py # (.

Remark 4.1. For the special case in which Q{R € R’} > 0 for all @ € Q and is known or identified, in the
sense that {Q{R € R’} : Q € Qo(P,Q)} is a singleton for all P € P for which Qo (P, Q) # 0, it is possible to
use the characterization of Py in Lemma 4.1 to derive L(P) and U(P) such that ©¢(P, Q) = [L(P),U(P)]
for all P € P for which Q¢(P,Q) # (. As in Balke and Pearl (1997), the key idea is to express L(P) and
U(P) as the values of suitable linear programs and to use the duals of these programs to obtain expressions
for L(P) and U(P) in terms of p,q.(P) through vertex enumeration. Computing L(P) and U(P) in this
way rapidly becomes computationally prohibitive as the support of (Y, D,Z) becomes large. We describe
this procedure in more detail in Appendix B, and further develop a related procedure when Q{R € R'}
is not identified. Following the approach in Machado et al. (2019), it is possible to use such expressions
for inference, but a virtue of the approach we pursue here is that it does not rely on knowledge of these

expressions. H

Remark 4.2. As explained in Example 3.2, Cheng and Small (2006) consider an RCT with one-sided
noncompliance and |D| = 3. In this setting, they study a variety of parameters of interest, but are par-
ticularly interested in Eg[Y (j) — Y(0) | (D(0),D(1),D(2)) = (0,1,2)] for j € {1,2}, Eg[Y (1) — Y(0) |
(D(0),D(1),D(2)) = (0,1,0)] and Eg[Y(2) — Y (0) | (D(0),D(1),D(2)) = (0,0,2)]. For each of these pa-
rameters, they derive upper and lower bounds, L(P) and U(P), respectively, under their “Monotonicity I”
assumption alone and in combination with their “Monotonicity 11" assumption. We show in Appendix C that
the bounds they derived under “Monotonicity I” assumption alone, in which Q{(D(0), D(1), D(2)) = (0,4, )}
for i € {0,1},j € {0,2} is not identified, need not be sharp in the sense that (i) L(P) > L(P) and
U(P) < U(P) for all P € P for which Qo(P, Q) # ; and (ii) L(P) > L(P) or U(P) < U(P) holds for some
P € P for which Qq(P, Q) # 0, where L(P) and U(P) are the sharp bounds derived using our approach in
Remark 4.1. m



In order to test (10), it follows from Lemma 4.1 that we may exploit recently developed tests for the
right-hand side of the inclusion in (13). We follow the approach developed in Fang et al. (2023), which has
been shown to behave well even when the number of rows and/or columns of A are large relative to the

sample size n. For other approaches to the same problem, see Bai et al. (2022).

We begin our description of the proposed test by defining the test statistic. In order to do so, we
require some further notation. Denote by ]5“ the empirical distribution of (Y;, D;, Z;),i = 1,...,n and define
Bn = B(P,). Let Q°(P) be the standard deviation matrix of the limiting distribution of \/n(8, — 3(P)) and
Q!(P) be the standard deviation matrix of the limit in distribution of \/nAAT (8, — B(P)), where Al is the
Moore-Penrose inverse of A; define QT‘EL = Qe(ﬁ’n) and Q;I = Q‘(Pn) Using this notation, our proposed test

rejects for large values of
T, = max{ sup v/n(s, (I — AATB,), sup v/n(ATs, ATBn>} ,
sEVE sEVE,
where V¢ = {s € RIMIT2 . ||Q¢s]|; <1} and Vi = {s € RIMIT2: Ats <0 and ||, AATs||, < 1}.
Next, we define the critical value with which we compare T),,. To this end, define, for A\, < 1, @n(s) =

Anv/n(Afs, ATBT), where

Bl e argmin sup |(ATs, AT(3, — b))| s.t. Az = b for some = > 0 and b = (/,,1,0)’ for b, € RMI .
b sEVi

Forz € R, V¢ CR, V' CR,U:RMH+2 5 R and P € P, define

(2, V¢, V', U, P)= P {max { sup (s, (I — AANA,), sup ((ATS, AT(B, — B(P))) + U(s))} < 3:} ,

sEVe sEV?

and for a € (0,1), define

J 1 —a, Ve,V U, P)=inf{z € R: J, (2, V4,V U, P) >1—a}.

In terms of this notation, the critical value is given by é,(1 — a) = J; (1 — a, Ve, Vi, U, P,).

Fang et al. (2023) show that the test ¢, (0p) = 1{T}, > é,(1 — «)} satisfies

limsup sup Eplo,] <«
n—oo PEP
under weak assumptions on P. We omit a detailed discussion of these assumptions, but emphasize our prior
point that the assumptions in Fang et al. (2023) permit that the number of rows and/or columns of A are
large relative to the sample size n. This feature is important for the types of applications considered in our
paper since these dimensions can grow rapidly as the number of possible values for the outcome, treatment
and instrument grow. Indeed, if each of these quantities only take on k values, then the matrix A in the

statement of Lemma 4.1 has k% + 2 rows and k* x k¥ columns.

Using the test above, we can construct a confidence region for 6(Q). To this end, define the confidence



region as

Cp ={b0 € R: ¢p(0) =0} .

It it straightforward to show that

linrgigf 1—1’161{3 06@10%3@) Poetizl-a.
Remark 4.3. As explained previously, our main substantive restriction, Assumption 2.2, imposes that
response types take on certain values with probability zero. Our framework can easily be modified, however,
to accommodate the restriction that response types take on certain values with at most (or at least) some
pre-specified probability. Our framework thereby permits sensitivity analysis, as in Masten and Poirier
(2020). For instance, in Example 3.3, one may relax (4) so that it instead specifies that the left-hand side
is at most some pre-specified amount € > 0, and explore how inferences on 6(Q) change as one varies €. In
this way, we can generalize the analysis of Noack (2021) to multi-valued instruments and treatments. To
provide another example, consier the setting of Example 3.9. Instead of assuming that each treatment is
“harmless,” we may modify the example so that each treatment only causes “harm” with probability at most
€ > 0. If, for example, the treatment is a surgery, then € may be interpreted as the probability of a surgical

complication. W

Remark 4.4. As explained in Remark 4.2, Cheng and Small (2006) derive for a particular parameter upper
and lower bounds, E(P) and U (P), respectively, under different assumptions. They further suggest using
the bootstrap for inference on [L(P),U(P)] in the following way. Denote by £(a/2, P) the a/2 quantile
of the distribution of L(P,) under P and by u(l — a/2, P) the 1 — /2 quantile of the distribution of
U(P,) under P. In terms of this notation, the proposed confidence region for [L(P),U(P)] is given by
[(a/2, P,),u(1 — a/2, P,)]. Because the functionals L(P) and U(P) involve the maximum and minimum
over functionals of P, they are only directionally differentiable and not fully differentiable when the maximum
and minimum are attained at multiple functionals. Hence, it follows from Fang and Santos (2019) that the
bootstrap quantiles £(a/2, P,) and u(1 — o/2, P,) are not consistent for the population quantiles £(a/2, P)
and u(1 — /2, P) that justify the validity of the proposed confidence region. W

Remark 4.5. It is possible to modify the test described above to test the null hypothesis that the model
is correctly specified in the sense that Qu(P, Q) # 0. In order to do so, let Ag and By(P) denote all but
the last two rows of A and S(P). By arguing as in the proof of Lemma 4.1, it is possible to show that
the model is correctly specified if and only if Agx = So(P) for some x > 0. The test described above can
therefore be adapted in a straightforward way to test the null hypothesis that the model is correctly specified.
Furthermore, in Appendix D, we show how to use a strategy like the one described in Remark 4.1 to derive

a set of analytical inequalities that hold if and only if Qo(P, Q) # 0. m
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A Proof of Lemma 4.1

We begin by defining A. To this end, let M =Y x D x Z and N = YIP! x DIZl. We now define a matrix
A with |[M| + 2 rows and |[N| columns. In order to describe the matrix, index the first | M| rows of A by
(y,d,z) € M and the columns of A by r = ((y(d) : d € D),(d(z) € Z)) € N. The (y,d,z) x r element
of A is given by 1{y(d) = y,d(z) = d}; the (JM| + 1) x r element of A is given by 1{r € R}; finally, the
(IM] +2) x r element of A is given by (g(r) — 6p)1{r € R'}.

Suppose P € Py. Then, 0y € O¢(P, Q), so that there exists @ € Qo(P, Q) such that 8y = 6(Q). Recall
that Q € Qo(P, Q) if and only if Q € Q and P = QT~!. By assumption, Q € Q, and hence satisfies both
Assumptions 2.1 and 2.2. Because @ satisfies Assumption 2.1 and P = QT 1,

Pyaz(P) = P{Y =y, D =d|Z = 2} = Q{Y(d) =y, D(2) = d|Z = 2} = Q{Y(d) =y, D(z) =d} . (14)

Let ¢ be the column vector with |N| elements indexed by 7, where the r element is ¢(r) = Q{R = r}. It
follows from (14) and the definition of A that the (y, d, z) row of Aq = S(P) holds. Next, because @ satisfies

Assumption 2.2,
>l =1,
reR

and it follows from the definition of A that the |M]|+1 row of Aq = S(P) holds. Finally, because 6y = 6(Q),

by the definition of the conditional expectation,

Eqlg(R)I{R € R'}]

o= QR R

(15)
Rearranging, we have Eg[(g(R) — 6p)1{R € R'}] = 0, so that

> (g(r) = bo)a(r) =0,

rerR’
and it follows from the definition of A that the |[M| + 2 row of Aqg = B(P) holds. Finally, we show that
c(Py) = Py = {P € P : Az = B(P) for some z > 0}. Note Py C Py and Py is closed as a polyhedron
by Theorem 4.9 in Bertsimas and Tsitsiklis (1997), so cl(Pg) € Py. On the other hand, consider P € Py.
By definition, there exists Q € Q such that P = QT~' and Eslg(R)I{R € R'}] = 00Q{R € R'}. By
assumption, Py is nonempty, so there exists P € P such that P = QT ! for some Q € Q, Q{R € R'} > 0,
and 6(Q) = 6y. For a sequence A\, > 0 and A\, | 0, define P, = A\, P+ (1 — /\n)ﬁ’ and Q, =\, Q+ (1— /\n)Q
Then, P, = Q,T71, Q.{R € R’} > 0, and Eg,[9(R)L{R € R'}] = 60Q.{R € R'}, so 0(Q,) = bo.
Therefore, P, € Py for each n. Because P, — P in the usual topology as n — co, P € cl(Py), and the result
follows. ®
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B Details for Remark 4.1

In this section, we describe a method for deriving analytical expressions for ©y(P, Q) as an interval whose
lower and upper endpoints are some functions of P, L(P) and U(P) respectively. If @ satisfies Assumption
2.1 and P = QT ™', then P{Z = z} = Q{Z = z} and (14) holds. Therefore, in what follows, we disregard
the distribution of Z under @ and identify @ with the distribution of R, and in turn with the column vector
q. Correspondingly, we identify P with p = {pya. : (y,d,2) € M}. Let Ay and fo(P) denote the first
M|+ 1 rows of A and S(P). Because we assume every ) € Q satisfies Assumption 2.1,

Qo(P, Q) = {q: Aog = po(P), ¢ >0} . (16)

B.1 When Q{R € R’} is known or identified

Suppose Q{R € R’} > 0 for all Q € Q and is known or identified, so that it is a function of P for all P such
that Qo(P, Q) # 0. Denote such a function by a(P). Recall ¢ introduced in the proof of Lemma 4.1, which
is indexed by r such that ¢(r) = Q{R = r}. For all Q € Qo(P,Q), 6(Q) = ﬁ > rers 9(r)q(r). Let ¢ be a
column vector indexed by r, with the r element given by g(r)/a(P). Here we suppress the dependence of ¢

on P for convenience. With the notation above,

GO(Pv Q) = C/QO(PvQ) .

Before proceeding, we show Oy (P, Q) is a closed interval. Because Qo(P, Q) is a polyhedron (in standard
form), Corollary 2.5 in Bertsimas and Tsitsiklis (1997) implies O (P, Q) = ¢ Qo (P, Q) is a polyhedron in R.
Furthermore, Qq(P, Q) is obviously bounded, so ©¢(P, Q) is also bounded. A bounded polyhedron in R is

simply the intersection of bounded closed intervals, so it is itself a bounded closed interval.

Next, note L(P) is the solution to

min cq
q
subject to  Apq = Bo(P) (17)
q20.

Because the feasible set Qo(P, Q) in (17) is in addition bounded, the optimal cost has to be finite, so it
follows from Theorem 2.8 in Bertsimas and Tsitsiklis (1997) that (17) has an optimal solution. Therefore,
by the strong duality theorem (Theorem 4.4, Bertsimas and Tsitsiklis, 1997), the optimal value in (17) is

the same as the optimal value of its dual:

max [y(P)'r
' (18)
subject to  Ayr < c .

Note that in (18) the constraints do not involve P. It follows from the resolution theorem (Exercise 4.47,

12



Bertsimas and Tsitsiklis, 1997) that the feasible set in (18) can be written as

Z ejT]C,X—F Z /\m«an:HjEO, Z 0; =1,\>0,p ,

1<5<J 1<4<L 1<5<J

where each r* is a vertex and each r,"Y spans an extreme ray. Because (18) cannot be unbounded, b'r,* < 0
for each ¢, so the optimal solution of (18) must have A, = 0 for all £. Therefore, it follows from Theorem 2.8
of Bertsimas and Tsitsiklis (1997) that the optimal value for (18) is

max b’r?x .
1<

The conclusion follows because the class of vertices r§* are determined by Ay and ¢ and do not depend on

P. U(P) can be obtained in a similar fashion.

B.2 When Q{R € R'} is partially identified

Suppose now Q{R € R’} is not point identified. In this case, ©¢(P, Q) is not necessarily a closed interval,
since the set {Q : Q@ € Qu(P,Q), Q{R € R’} > 0} is not necessarily closed, but the latter remains a

connected set. Recall (15) that
Eqlg(R)I{R € R'}]
Qrewr} 7
so 0(Q) is a continuous function of @ whenever Q{R € R’} > 0. As a result, the identified set ©¢(P, Q) =
{0(Q) : Q € Qo(P,Q), Q{R € R’} > 0} as the image of a continuous function on a connected set is also

0(Q) =

connected. Since Og(P, Q) C R, it is an interval (despite not necessarily closed). The lower endpoint of it,

L(P), can be obtained by solving the optimization problem

: Eqlg(R)1{R € R'}]
L(P) = f
(P) QeQn(P.Q) Q{ReR'} ’
Q{RER'}>0

and similarly for the upper endpoint. The above problem can be written as the following two-step optimiza-

tion problem which is easier to analyze:

Eqlg(R)I{R € R'}] Eqlg(R)I{R € R'}] }

inf inf
QEQV(P,Q) Q{ReR'} meT(R/,P,Q)\{0} { QEQo(P,Q)NA() m
Q{ReER'}>0

1

<— inf { inf
T€I(R,P,Q)\{0} T | QEQo(P.Q)NA(T)

Eqlymt{r e R},
where for any 7 € [0, 1], we define
A(m)={QeQ:m=Q{ReR'}},

and

IR, P,Q)={Q{ReR'}: Q€ Q(P,Q)} (19)
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as the identified set for Q{R € R'}. Solving for II(R’, P,Q), however, is a special case of Section B.1
by specifying R’ = R and g(R) = I{R € R’} in 0(Q) = Eg[g(R)|R € R’], so that Q{R € R'} =1
by Assumption 2.2. Therefore, II(R’, P,Q) is a closed interval whose lower (resp. upper) endpoint is the

maximum (resp. minimum) of a finite number of linear functions of (pyq.(P)).

For the inner minimization problem, Qq(P, Q) N A(w) is characterized by

Qo(P, Q) NA(m) ={q: A(R')q = B(P,7), ¢ = 0},

where A(R') is a (JM| + 2) x |N| matrix, whose first |[M| + 1 rows are the same as Ay, and the last row is

given by 1{r € R'}, and B(P,7) = ((pyq)-(P) : (y,d,2) € M,1,m)". Using the same analysis in Section B.1,
inf E R)I{ReR

ocan Bl o Polat)T] 1

is given by the maximum of a finite number of linear functions of (p,q).(P)) U (), denoted as L(P, 7). As a

result, L(P) has the following form:

1

L(P) = inf =
mell(R/,P,Q)\{0} ™

L(P,7) , (20)

and U(P) can be obtained in a similar fashion.

C Details for Remark 4.2

The (multi-step) linear programming approach in Appendix B.2 is procedurally similar to the approach to
bound the average causal effect within principal strata in Cheng and Small (2006) (hereafter CS). We provide
a detailed comparison of our approach with that in CS. In particular, we show that the CS approach may
not lead to a sharp bound both by formula and a numerical example, and provide a way to correct their

approach as an application of our procedure.

Consider the RCT with one-sided noncompliance setting with D = Z = {0,1,2} and Y = {0,1}, which

is the same as the setup in CS with their “Monotonicity I” assumption. Define the strata

6ij ={(y(0),y(1),y(2),d(0),d(1),d(2)) € R : (d(0),d(1),d(2)) = (0,4, 5)} ,

for i € {0,1} and j € {0,2}, and mo;; = Q{R € Ry,;}. Then

Toij = Z q(r)L{r € Ryy;} (21)

reR

where we write ¢(r) = Q{R = r}. As in CS, we also write py, = P{D = d|Z = Z} for d € D and z € Z.
The working example in this section will be § = Eg[Y (1) — Y (0)|R € R{2), but similar analysis extends to

other parameters of interest.
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CS step 1. The first step in CS is to minimize and maximize each mg;; under the following constraints:

P11 = To12 + To1o0
Poj1 = T002 + 7000
D2j2 = Too2 + To12
Doj2 = o000 + 010
1 = w12 + mo10 + To02 + To00

0 < mo12, To10, Moo2, TMooo < 1 .

Note that pgj. Then we see that {Q :
Q satisfies (22)} € {Q : Q € Qo(P,Q)}. As a result, let TI(R}o, P, Q) be the interval whose lower (resp.
upper) endpoint is the solution of minimizing (resp. maximizing) mg;; subject to @ satisfies (22), we have
(Rhye, P, Q) 2 TI(RYy5, P, Q), for TI(R’, P,Q) defined in (19). Indeed, TI(R}),5, P, Q) is given by CS as

= Pod|- + Pid|-» and write m;; in terms of ¢(r) using (21).

(Ryy,, P, Q) = [max{0, pij1 — poj2}, min{pi|1, po2}] . (23)

while applying the procedure in Remark 4.1 on R{;5, we get

I(RGs, P, Q) = |max

0
Po1j1 + P11 — (Pooj2 + P1oj2)
P1ojo — P1oj1 — P10o|2

1 = pooj1 — Pooj2 — P1ojo

Po11 + P11
. Po2j2 + P12)2
min
1 — poo|1 — P1oj2
1 = p1o;1 — Pooj2

from which it’s obvious that II(R};,, P,Q) 2 II(R};5, P, Q). As we will show later, there exists a P such

that Qo(P, Q) # 0 under which II(R),,, P,Q) 2 2
P,Q) in Section 3.1.1 of CS.

other H(Rgm ,

CS step 2. The second step in CS is to bound Eq[Y(d)|R € Rp,;] for d € D assuming mo;; is known.

Specifically, they minimize and maximize Eq[Y (d)|R € th-j] subject to the following constraints:

H(Ro2, P, Q).

One can verify that the same holds for

Ep[Y|D=1,7 =1] = 12— gV (1| R € Riya] + —— 20— Fo[Y (1)|R € Riny]
Bp[Y|D =27 =2 = 22— BglV(2)|R € Riny] + ——— Fq[Y (2)| R € Ri)
EplY|D=0,7 = 1] = "2 —EgY (0)| R € Rigs] + ——2— Fo[Y (0)| R € Rio]
Ep[Y|D = 0.2 =2 = — 80— B[V (0)|R € Rino] + — 0% —Eg[¥ (0)|R € Rpgo]  *

Ep[Y|D =0,Z = 0] = mo12Eq[Y (0)|R € Rpy0] + m010EQ[Y (0)|R € Rpy0)
+ mo02 EQ[Y (0)|R € Rgo] + mo00E@[Y (0)|R € Rigo)
0 < EQlY(d)|R € Ry;;] < 1forallde D andi,j .
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The constraints in (25) can be reduced to a form comparable to Q € Qo(P, Q) N A(mp12). Note that

Pid|= P1d|z
Ddlz  Dodlz + P1d)=

EplY|D=d,Z=d=P{Y=1D=d 7 =2z}=

and 712 + To10 = P11 = Poijn + P11j1- Also, write Eg[Y (1)|R € Ryyo] = EQ[Y (1)1{R € Rp15}]/mo12, the

first equation in (25) can be written as

pin _ BolY(VU{RE Riy)] | BolV (VI{RE Riyo)]
Doij1 + P11 Doijx +P11p Doijx +P1ip
= pup = Z y(1)g(r)1{r € Rp12 U R0} -
reR
<~ pup = Z I{y(1) = 1,d(1) = 1}q(r) .
rTeER

where we write 7 = ((y(0),y(1),y(2),d(0),d(1),d(2)). Do the same to all equations in (25), use } 5 q(r) =1
and >, ;pyd. = 1 for all z € Z, we see that {Q : @ satisfies (25)} = {Q € Qo(P, Q) N A(mo12)}. Under the
constraints in (25), CS derive the following bound for Eg[Y (1)|R € R5) given mpi2:

Ljo12(P,mo12) = [L1jo12(P, mo12), Usjor2(P, mo12)] = [max{o, 1- 1—p1|11}, miﬂ{L ]71|11H , (26)
7T012/p1\1 7T012/P1\1

where pi.qg = P{Y = 1|D = d,Z = z}, and E1|012(P, mo12) (resp. 01‘012(]3, To12)) is the minimum (resp.

maximum) of Eq[Y (1)|R € R{5] subject to (25). Since {Q : @ satisfies (25)} = {Q € Qo(P, Q) N A(7o12)},

I 1j012(P; To12) is identical to our results from the inner optimization problem in Remark 4.1 after multiplying

mo12. In fact, applying our results on g(R) = Y (1) with R’ = R{;5, the two endpoints from the inner

optimization problem are
Ljo12(P, ) = [Lyjo12(P, ), Urjor2(P,m)] = [max {0, ® — poyj1 }, min {7, p11}],

and (26) can be written as

~ 1_
Ljo12(P, mo12) = ax{(), 1 b }, min{L pll“H
7T012/p1\1 7T012/p1|1

~ 1=pup/(Pory + i) . p11)1/(Porjy + P11p)
max< 0, 1 , min< 1

mo12/ (o1 + P11j1) " mo12/ (o1 + P1ipn)

= maX{O, 1-— Poipn }, min{l, Pup H = 7T012[1|012(P7 To12) -
T012 T012

The same result holds for other Eq[Y (d)|R € Ry,;].

CS step 3. The final step in CS is to combine the bounds in (23) and (26) to bound Eg[Y (d1)—Y (d2)|R €
Ri;;l- Specifically, the bound for Eq[Y (1) — Y (0)|R € Rp5] is given by [L(P),U(P)] where

E(P) = inf {E1|012(P7 To12) — ffo|012(P7 7T012)} )
7701261—[(72012 Q\{0}
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Uup) = _ sup {ﬁ1|012(P7 To12) — io|012(P7 7T012)} .
7012 €I(Rg10,P,Q)\{0}

This step uses the crude bound that given mg12,
il\ou(P, To12) — Uo|012(P7 mo12) < EQ[Y(1)|R € Ro12] — Eq[Y(0)|R € R1a] < U1|012(P, To12) — Z/o\om(R To12) -

It turns out that by specifying g(R) = Y (1)—Y (0) with R’ = R{;;5 in our approach, the two solutions from the
inner optimization is indeed Lyg|g12(P, mo12) = 7r012(I~/1|012(P, To12) — 00‘012(P, mo12)) and Uygjo12(P, To12) =
7T012(01‘012(P, To12) — Z0\012 (P, mo12)). It is interesting to study when one gets such a “separable” bound
that it suffices to consider bounds for each Eq[Y (j)|R € R'] in order to study Eg[Y (j1) — Y (j2)|R € R’],
but it is beyond the scope of the current paper. The final step involves a one-dimensional grid search over

To12 € (R}, P, Q), which is the same as the outer optimization in (20).

Summary. Putting the three steps together, we see that CS derive the tight bound of Eg[Y;, — Y,,|R €
Riij] given mo;; in their step 2, even if they use a crude bound for the difference of Eq[Yj,|R € Ryl

0ij
and EqlYj,|R € R,;;]. Nevertheless, their bound for the conditional probability mo;; = Q{R € Ry},
II( 0ij» P Q), is loose compared to TI(Rg,;, P, Q). As a result, their bounds for Eq[Y), — Yj,|R € Ry,;] are

not sharp in general. Moreover, if in their approach we use H(R{Jij, P, Q) as the bound for my;; in place of
II( 0ij» P> Q), we would reach the same bound for the conditional ATE. We illustrate these two points using
a numerical example below.

Poojo | P1ojo
0.764 | 0.236

Poo|r | Pioj1 | Poijr | Piij1
0.412 | 0.107 | 0.301 | 0.180

Pool2 | Pioj2 | Po2j2 | Pi2|2
0.117 | 0.169 | 0.475 | 0.239

Table 1: Distribution P for Appendix C.

(000, 000) | ¢(000,010) | ¢(000,002) | ¢(000,012)
0.002 0.002 0.017 0.025
(001, 000) | ¢(001,010) | ¢(001,002) | ¢(001,012)
0.002 0.002 0.002 0.195
(010, 000) | ¢(010,010) | ¢(010,002) | ¢(010,012)
0.101 0.002 0.272 0.120
(011, 000) | ¢(011,010) | ¢(011,002) | ¢(011,012)
0.002 0.004 0.014 0.002
(100, 000) | ¢(100,010) | ¢(100,002) | ¢(100,012)
0.002 0.002 0.022 0.011
(101,000) | ¢(101,010) | ¢(101,002) | ¢(101,012)
0.034 0.062 0.015 0.002
q(110,000) | ¢(110,010) | ¢(110,002) | ¢(110,012)
0.002 0.002 0.006 0.002
q(111,000) | ¢(111,010) | ¢(111,002) | ¢(111,012)
0.024 0.041 0.002 0.007

Table 2: Distribution @ for Appendix C.
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A numerical example. Consider the P distribution in Table 1 and the @) distribution in Table 2, where
we write q(yoy1yz2,dodidz) = Q{Y (d) = ya, D(2) = d, (d,z) € D x Z} and omit any ¢(-) = 0. One can
check that Q € Q and P = QT ! so that Qo(P, Q) # (). Moreover, Q{R € R} = 1 for R defined in Example
3.1. We are interested in Eg[Y (1) — Y (0)|R € Ry1a)- Firstly Q{R € R{15} > 0. Under this distribution, we
can calculate that TI(Rjo, P, Q) = [0.195,0.481], while II(R},,, P, Q) = [0.235,0.419], as shown in the black
and blue lines in Figure 1. The green and red lines are the upper and lower bound of Eg[Y (1) — Y(0)|R €
Rj12] as a function of mp1a, ie., Ul|012(P, To12) — io\om(P, mo12) and i1|012(P, To12) — UO|012(P, To12), OF
equivalently Usgjo12(P, To12)/To12 and Lygjo12(P, mo12)/mo12. As a result, if we use ﬁ(R612, P, Q) to do the
outer optimization, we get a bound [—0.219,0.923], which is the minimum of the red line and maximum of
the green line within the two black boundaries. Using II(R{;4, P, Q) for the outer optimization, however,
results in a bound [—0.219,0.766] as the minimum of the red line and the maximum of the green line within
the two blue boundaries. It is also interesting to note that the bound for E[Y (1) —Y (0)|R € Ry, given mo12
is not always valid when my12 € 1:I(R612, P,Q). The green line actually goes below the red line to the right
of the plot, though it is valid when w12 € II(R{;5, P, Q).

Simulated data
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Figure 1: Visualization of Eg[Y (1) — Y(0)|R € Ro12] given mo12 under the simulated distribution in Table 1.

D Details for Remark 4.5

In this section, we discuss a method to obtain sharp testable restrictions of Q in terms of analytical in-
equalities. In what follows, we will make heavy use of the fact that a nonempty bounded polyhedron can
be represented in two ways. Recall from Definition 2.1 of Bertsimas and Tsitsiklis (1997) that a polyhedron
in R¥ is a set {x € R¥ : Az < b}, known as the H-representation of a polyhedron. If the polyhedron is
nonempty and bounded, then Theorem 2.9 of Bertsimas and Tsitsiklis (1997) implies that it can equiva-
lently be represented as the convex hull of its (finite number of) vertices, known as the V-representation of

a polyhedron.
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As in Appendix B, we identify ¢ with the column vector ¢ = (q(r) : 7 € R), and P with p = {pyq. :
(y,d,z) € M}. Further let A; denote the first | M| rows of Ay and let ap denote the last row of Ay.
Correspondingly, we note

Q={q:apg=1,¢>0},

which is a bounded polyhedron in H-representation. Next, let P(Q) = {P: P = QT~!,Q € Q}, and note
P(Q) = A;Q. P(Q) is obviously a bounded polyhedron and is nonempty as long as Q is nonempty. In that
case, Theorem 2.9 of Bertsimas and Tsitsiklis (1997) implies it is the convex hull of its (finite number of)

vertices.

The previous discussion leads to the following algorithm for obtaining P(Q) in terms of inequalities, i.e.,
its H-representation. For a given polyhedron, we can compute one representation from the other using the

mpt3 package in MATLAB. To obtain the H-representation of P(Q), we use the following algorithm:

Algorithm D.1.

Step 1: Collect the set of all vertices of Q, denoted by V = {V; : 1 <1i < n}.
Step 2: Compute A1V = {A;V; : 1 <i<n}.

Step 3: From Lemma D.1, define A;Q = co(A;V).

Step 4: Obtain the H representation of A;Q.

In the algorithm, we have used the following lemma that allows us to define P(Q) through the vertices

of Q:

Lemma D.1. Suppose Q is a monempty bounded polyhedron and V is the set of vertices of Q'. Then,
AlQ = CO(A1V).

PRrROOF. We first show co(4;V) C A1 Q’. Indeed, each P € co(A1V) could be written as Zlgign NALV =
Ay Zlgign AiVi where A\; > 0 for all 4 and ), \; = 1, but Zlgign AV € Q since Q is a polyhedron and
hence convex. To show 4;Q C co(4,V), fix @ € Q. Because Q = co(V), Q@ = 37, ;c,, A\iVi, where \; > 0
foralliand ), \j = 1,50 A1Q = Zlgign AiA1V; € co(A1V). |
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